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Preface

What’s new in the second edition?

We are happy to introduce you to the second edition of our textbook. Students and instructors
using the first edition have responded favorably to the “friendly” approach that couples
engineering intuition to mathematical principles. They are especially pleased with the
abundance of exercises in the form of “examples,” “quizzes,” and “problems,” many of
them very simple. The exercises help students absorb the new material in each chapter and
gauge their grasp of it.

Aiming for basic insight, the first edition avoided exercises that require complex com-
putation. Although most of the original exercises have evident engineering relevance, they
are considerably simpler than their real-world counterparts. This second edition adds a
large set oM ATLAB programs offering students hands-on experience with simulations and
calculations.MATLAB bridges the gap between the computationally simple exercises and
the more complex tasks encountered by engineering professionaldv heaB section
at the end of each chapter presents programs we have written and also guides students to
write their own programs.

Retaining the friendly character of the first edition, we have incorporated into this edition
the suggestions of many instructors and students. In addition tbithie.AB programs,
new material includes a presentation of multiple random variables in vector notation. This
format makes the math easier to grasp and provides a convenient stepping stone to the chapter
on stochastic processes, which in turn leads to an expanded treatment of the application of
probability theory to digital signal processing.

Why did we write the book?

When we started teaching the couRmebability and Stochastic ProcessesRutgers un-
dergraduates in 1991, we never dreamed we would write a textbook on the subject. Our
bookshelves contain more than a twenty probability texts, many of them directed at elec-
trical and computer engineering students. We respect most of them. However, we have
yet to find one that works well for Rutgers students. We discovered to our surprise that
the majority of our students have a hard time learning the subject. Beyond meeting degree
requirements, the main motivation of most of our students is to learn how to solve practical
problems. For the majority, the mathematical logic of probability theory is, in itself, of
minor interest. What the students want most is an intuitive grasp of the basic concepts and
lots of practice working on applications.

The students told us that the textbooks we assigned, for all their mathematical elegance,
didn't meet their needs. To help them, we distributed copies of our lecture notes, which
gradually grew into this book. We also responded to students who find that although much
of the material appears deceptively simple, it takes a lot of careful thought and practice to

vii



viii PREFACE

use the mathematics correctly. Even when the formulas are simple, knowing which ones to
use is difficult. Thisis a reversal from some mathematics courses, where the equations are
given and the solutions are hard to obtain.

What is distinctive about this book?

e The entire text adheres to a single model that begins with an experiment consisting
of a procedure and observations.

e The mathematical logic is apparent to readers. Every fact is identified clearly as a
definition, an axiom, or a theorem. There is an explanation, in simple English, of the
intuition behind every concept when it first appears in the text.

e The mathematics of discrete random variables are introduced separately from the
mathematics of continuous random variables.

e Stochastic processes and statistical inference fit comfortably within the unifying
model of the text.

e An abundance of exercises puts the theory to use. New ideas are augmented with
detailed solutions of numerical examples. Each section concludes with a simple quiz
to help students gauge their grasp of the new material. The book’s Web site contains
complete solutions of all of the quizzes.

e Each problem at the end of a chapter is labeled with a reference to a section in the
chapter and a degree of difficulty ranging from “easy” to “experts only.”

e There is considerable support on the World Wide Web for students and instructors,
includingMAaTLAB files and problem solutions.

How is the book organized?

We estimate that the material in this book represents about 150% of a one-semester under-
graduate course. We suppose that most instructors will spend about two-thirds of a semester
covering the material in the first five chapters. The remainder of a course will be devoted
to about half of the material in the final seven chapters, with the selection depending on the
preferences of the instructor and the needs of the students. Rutgers electrical and computer
engineering students take this course in the first semester of junior year. The following
semester they use much of the materigPimciples of Communications.

We have also covered the entire bookin one semesterinan entry-level graduate course that
places more emphasis on mathematical derivations and proofs than does the undergraduate
course. Although most of the early material in the book is familiar in advance to many
graduate students, the course as a whole brings our diverse graduate student population up
to a shared level of competence.

The first five chapters carry the core material that is common to practically all intro-
ductory engineering courses in probability theory. Chapter 1 examines probability models
defined on abstract sets. It introduces the set theory notation used throughout the book and
states the three axioms of probability and several theorems that follow directly from the ax-
ioms. It defines conditional probability, the Law of Total Probability, Bayes’ theorem, and
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1. Experiments, Models, and Probabilities
2. Discrete Random Variables

3. Continuous Random Variables

4. Pairs of Random Variables

5. Random Vectors

6. Sums of Random Variableg 8. Hypothesis Testing 10. Stochastic Processes
7. Parameter Estimation 9. Estimation of a Random 12. Markov Chains
using the Sample Mean Variable

v

10. Stochastic Processes

11. Random Signal Processing

A road map for the text.

independence. The chapter concludes by presenting combinatorial principles and formulas
that are used later in the book.

The second and third chapters address individual discrete and continuous random vari-
ables, respectively. They introduce probability mass functions and probability density
functions, expected values, derived random variables, and random variables conditioned on
events. Chapter 4 covers pairs of random variables including joint probability functions,
conditional probability functions, correlation, and covariance. Chapter 5 extends these
concepts to multiple random variables, with an emphasis on vector notation. In studying
Chapters 1-5, students encounter many of the same ideas three times in the contexts of
abstract events, discrete random variables, and continuous random variables. We find this
repetition to be helpful pedagogically. The flow chart shows the relationship of the subse-
guent material to the fundamentals in the first five chapters. Armed with the fundamentals,
students can move next to any of three subsequent chapters.

Chapter 6 teaches students how to work with sums of random variables. For the most part
itdeals with independentrandom variables and derives probability models using convolution
integrals and moment generating functions. A presentation of the central limit theorem
precedes examples of Gaussian approximations to sums of random variables. This material
flows into Chapter 7, which defines the sample mean and teaches students how to use
measurement data to formulate probability models.

Chapters 8 and 9 present practical applications of the theory developed in the first five
chapters. Chapter 8 introduces Bayesian hypothesis testing, the foundation of many signal
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detection techniques created by electrical and computer engineers. Chapter 9 presents
techniques for using observations of random variables to estimate other random variables.

Some of these techniques appear again in Chapter 11 in the context of random signal

processing.

Many instructors may wish to move from Chapter 5 to Chapter 10, which introduces
the basic concepts of stochastic processes with the emphasis on wide sense stationary pro-
cesses. It provides tools for working on practical applications in the last two chapters.
Chapter 11 introduces several topics related to random signal processing including: linear
filters operating on continuous-time and discrete-time stochastic processes; linear estima-
tion and linear prediction of stochastic processes; and frequency domain analysis based on
power spectral density functions. Chapter 12 introduces Markov chains and their practical
applications.

The text includes several hundred homework problems, organized to assist both instruc-
tors and students. The problem numbers refer to sections within a chapter. For example
Problem 3.4.5 requires material from Section 3.4 but not from later sections. Each problem
also has a label that reflects our estimate of degree of difficulty. Skiers will recognize the
following symbols:

Easy Moderate Difficult Experts Only.

Every ski area emphasizes that these designations are relative to the trails at that area.
Similarly, the difficulty of our problems is relative to the other problems in this text.

Further Reading

Libraries and bookstores contain an endless collection of textbooks at all levels covering the
topics presented in this textbook. We know of two in comic book format [GS93, Pos01]. The
reference list on page 511 is a brief sampling of books that can add breadth or depth to the
material in this text. Most books on probability, statistics, stochastic processes, and random
signal processing contain expositions of the basic principles of probability and random
variables, covered in Chapters 1-4. In advanced texts, these expositions serve mainly to
establish notation for more specialized topics. [LG93] and [Pee00] share our focus on
electrical and computer engineering applications. [Dra67], [Ros02], and [BT02] introduce
the fundamentals of probability and random variables to a general audience of students with
a calculus background. [Bil95] is more advanced mathematically. It presents probability
as a branch of number theory. [MR94] and [SM95] introduce probability theory in the
context of data analysis. [Sig02] and [HLO1] are beginners’ introductions to MATLAB.
[Ber96] is in a class by itself. It presents the concepts of probability from a historical
perspective, focusing on the lives and contributions of mathematicians and others who
stimulated major advances in probability and statistics and their application various fields
including psychology, economics, government policy, and risk management.

The summaries at the end of Chapters 5-12 refer to books that supplement the specialized
material in those chapters.
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A Message to Students from the Authors

A lot of students find it hard to do well in this course. We think there are a few reasons for
this difficulty. One reason is that some people find the concepts hard to use and understand.
Many of them are successful in other courses but find the ideas of probability difficult to
grasp. Usually these students recognize that learning probability theory is a struggle, and
most of them work hard enough to do well. However, they find themselves putting in more
effort than in other courses to achieve similar results.

Other people have the opposite problem. The work looks easy to them, and they under-
stand everything they hearin class and read in the book. There are good reasons for assuming
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this is easy material. There are very few basic concepts to absorb. The terminology (like
the wordprobability), in most cases, contains familiar words. With a few exceptions, the
mathematical manipulations are not complex. You can go a long way solving problems
with a four-function calculator.

For many people, this apparent simplicity is dangerously misleading because it is very
tricky to apply the math to specific problems. A few of you will see things clearly enough
to do everything right the first time. However, most people who do well in probability need
to practice with a lot of examples to get comfortable with the work and to really understand
what the subject is about. Students in this course end up like elementary school children
who do well with multiplication tables and long division but bomb out on “word problems.”
The hard part is figuring out what to do with the numbers, not actually doing it. Most of
the work in this course is that way, and the only way to do well is to practice a lot. Taking
the midterm and final are similar to running in a five-mile race. Most people can do it in a
respectable time, provided they train for it. Some people look at the runners who do it and
say, “I'm as strong as they are. I'll just go out there and join in.” Without the training, most
of them are exhausted and walking after a mile or two.

So, our advice to students is, if this looks really weird to you, keep working at it. You
will probably catch on. If it looks really simple, don’t get too complacent. It may be harder
than you think. Get into the habit of doing the quizzes and problems, and if you don't
answer all the quiz questions correctly, go over them until you understand each one.

We can't resist commenting on the role of probability and stochastic processes in our
careers. The theoretical material covered in this book has helped both of us devise new
communication techniques and improve the operation of practical systems. We hope you
find the subject intrinsically interesting. If you master the basic ideas, you will have many
opportunities to apply them in other courses and throughout your career.

We have worked hard to produce a text that will be useful to a large population of stu-
dents and instructors. We welcome comments, criticism, and suggestions. Feel free to send
us e-mail atyates@winlab.rutgers.edur dgoodman@poly.edu. In addition, the Website,
http://ww. wi | ey. cont col | ege/ yat es, provides a variety of supplemental ma-
terials, including theMIATLAB code used to produce the examples in the text.

Roy D. Yates David J. Goodman
Rutgers, The State University of New Jersey Polytechnic University

March 29, 2004
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Experiments, Models,
and Probabilities

Getting Started with Probability

You have read the “Message to Students” in the Preface. Now you can begin. The title
of this book isProbability and Stochastic Processes. We say and hear and read the word
probability and its relatives (possible, probable, probably) in many contexts. Within the
realm of applied mathematics, the meaningafbability is a question that has occupied
mathematicians, philosophers, scientists, and social scientists for hundreds of years.

Everyone accepts that the probability of an event is a number between 0 and 1. Some
people interpret probability as a physical property (like mass or volume or temperature)
that can be measured. This is tempting when we talk about the probability that a coin flip
will come up heads. This probability is closely related to the nature of the coin. Fiddling
around with the coin can alter the probability of heads.

Another interpretation of probability relates to the knowledge that we have about some-
thing. We might assign a low probability to the truth of the statemérg raining now in
Phoenix, Arizona, because we know that Phoenix is in the desert. However, our knowledge
changes if we learn that it was raining an hour ago in Phoenix. This knowledge would cause
us to assign a higher probability to the truth of the statemeistyaining now in Phoenix.

Both views are useful when we apply probability theory to practical problems. Whichever
view we take, we will rely on the abstract mathematics of probability, which consists of
definitions, axioms, and inferences (theorems) that follow from the axioms. While the
structure of the subject conforms to principles of pure logic, the terminology is not entirely
abstract. Instead, it reflects the practical origins of probability theory, which was developed
to describe phenomena that cannot be predicted with certainty. The point of view is differ-
ent from the one we took when we started studying physics. There we said that if we do
the same thing in the same way over and over again — send a space shuttle into orbit, for
example —the result will always be the same. To predict the result, we have to take account
of all relevant facts.

The mathematics of probability begins when the situation is so complex that we just
can't replicate everything important exactly — like when we fabricate and test an integrated
circuit. In this case, repetitions of the same procedure yield different results. The situ-
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CHAPTER 1 EXPERIMENTS, MODELS, AND PROBABILITIES

ation is not totally chaotic, however. While each outcome may be unpredictable, there
are consistent patterns to be observed when we repeat the procedure a large number of
times. Understanding these patterns helps engineers establish test procedures to ensure that
a factory meets quality objectives. In this repeatable procedure (making and testing a chip)
with unpredictable outcomes (the quality of individual chips), ghebability is a number
between 0 and 1 that states the proportion of times we expect a certain thing to happen,
such as the proportion of chips that pass a test.

As an introduction to probability and stochastic processes, this book serves three pur-
poses:

e Itintroduces students to the logic of probability theory.
¢ It helps students develop intuition into how the theory applies to practical situations.
e Itteaches students how to apply probability theory to solving engineering problems.

To exhibit the logic of the subject, we show clearly in the text three categories of theoretical
material: definitions, axioms, and theorems. Definitions establish the logic of probability
theory, while axioms are facts that we accept without proof. Theorems are consequences
that follow logically from definitions and axioms. Each theorem has a proof that refers
to definitions, axioms, and other theorems. Although there are dozens of definitions and
theorems, there are only three axioms of probability theory. These three axioms are the
foundation on which the entire subject rests. To meet our goal of presenting the logic of
the subject, we could set out the material as dozens of definitions followed by three axioms
followed by dozens of theorems. Each theorem would be accompanied by a complete proof.

While rigorous, this approach would completely fail to meet our second aim of conveying
the intuition necessary to work on practical problems. To address this goal, we augment
the purely mathematical material with a large number of examples of practical phenomena
that can be analyzed by means of probability theory. We also interleave definitions and
theorems, presenting some theorems with complete proofs, others with partial proofs, and
omitting some proofs altogether. We find that most engineering students study probability
with the aim of using it to solve practical problems, and we cater mostly to this goal. We
also encourage students to take an interest in the logic of the subject — it is very elegant —
and we feel that the material presented will be sufficient to enable these students to fill in
the gaps we have left in the proofs.

Therefore, as you read this book you will find a progression of definitions, axioms,
theorems, more definitions, and more theorems, all interleaved with examples and comments
designed to contribute to your understanding of the theory. We also include brief quizzes
that you should try to solve as you read the book. Each one will help you decide whether
you have grasped the material presented just before the quiz. The problems at the end of
each chapter give you more practice applying the material introduced in the chapter. They
vary considerably in their level of difficulty. Some of them take you more deeply into the
subject than the examples and quizzes do.

1.1 Set Theory

The mathematical basis of probability is the theory of sets. Most people who study proba-
bility have already encountered set theory and are familiar with such terses,adement,
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union, intersection, andomplement. For them, the following paragraphs will review ma-
terial already learned and introduce the notation and terminology we use here. For people
who have no prior acquaintance with sets, this material introduces basic definitions and the
properties of sets that are important in the study of probability.

A setis a collection of things. We use capital letters to denote sets. The things that
together make up the set agkements When we use mathematical notation to refer to set
elements, we usually use small letters. Thus we can haveAwsih elements, y, and
z. The symbok denotes set inclusion. Thuse A means X is an element of seA.” The
symbol¢ is the opposite o€. Thusc ¢ A means “ds not an element of set.”

It is essential when working with sets to have a definition of each set. The definition
allows someone to consider anything conceivable and determine whether that thing is an
element of the set. There are many ways to define a set. One way is simply to name the
elements:

A = {Rutgers University, Polytechnic University, the planet Mergury (1.2)

Note that in stating the definition, we write the name of the set on one sigdeanfd the
definition in curly bracket$ } on the other side of.

It follows that “the planet closest to the SenA” is a true statement. It is also true that
“Bill Clinton ¢ A.” Another way of writing the set is to give a rule for testing something
to determine whether it is a member of the set:

B = {all Rutgers juniors who weigh more than 170 pounds (1.2)

In engineering, we frequently use mathematical rules for generating all of the elements of
the set:
C= {x2|x —1,2,3,4, 5} (1.3)

This notation tells us to form a set by performing the operation to the left of the vertical bar,
[, on the numbers to the right of the bar. Therefore,

C ={1.4,9,16,25}. (1.4)

Some sets have an infinite number of elements. For example
D= {x2|x —1,2,3,.. } . (1.5)

The dots tell us to continue the sequence to the left of the dots. Since there is no number to
the right of the dots, we continue the sequence indefinitely, forming an infinite set containing
all perfect squares except 0. The definitiorDofmplies that 144 D and 10¢ D.

In addition to set inclusion, we also have the notion cfudoset which describes a
relationship between two sets. By definitiohjs a subset oB if every member ofA is
also a member oB. We use the symbat to denote subset. Thus C B is mathematical
notation for the statement “the sAtis a subset of the s@&.” Using the definitions of sets
C andD in Equations (1.3) and (1.5), we observe tBat D. If

| = {all positive integers, negative integers, arjd 0 (1.6)

it follows thatC c I, andD c |I.
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The definition of set equality,

A= B, (1.7)

A=Bifandonlyif B c AandA C B.

This is the mathematical way of stating thatand B are identical if and only if every
element ofA is an element oB and every element @ is an element oA. This definition
implies that a set is unaffected by the order of the elements in a definition. For example,
{0,17,46} = {17,0, 46} = {46,0, 17} are all the same set.

To work with sets mathematically it is necessary to defineigersal set This is the set of
all things that we could possibly consider in a given context. In any study, all set operations
relate to the universal set for that study. The members of the universal set include all of the
elements of all of the sets in the study. We will use the le&Sterdenote the universal set. For
example, the universal set fércould beS = {all universities in New Jersewll planets.
The universal set fo€ couldbeS=1 = {0, 1,2, ...}. By definition, every set is a subset
of the universal set. Thatis, forany ¢t X C S.

Thenull set which is also important, may seem like it is not a set at all. By definition it
has no elements. The notation for the null set.iBy definition¢ is a subset of every set.
For any setA, ¢ C A.

It is customary to refer to Venn diagrams to display relationships among sets. By con-
vention, the region enclosed by the large rectangle is the universal €dbsed surfaces
within this rectangle denote sets. A Venn diagram depicting the relatiodstiB is

B

When we do set algebra, we form new sets from existing sets. There are three operations
for doing this: union,intersection, andomplement. Union and intersection combine two
existing sets to produce a third set. The complement operation forms a new set from one
existing set. The notation and definitions are
Theunionof setsA andB is the set of all elements that
AV B are either inA or in B, or in both. The union oA andB
is denoted byA U B. In this Venn diagramA U B is the
complete shaded area. Formally, the definition states

x € AUBifandonlyifx € Aorx € B.

The set operation union corresponds to the logical “or”
operation.
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Theintersectionof two setsA andB is the set of all ele-
ANB ments which are contained bothAnandB. The intersec-

tion is denoted byAN B. Another notation for intersection
is AB. Formally, the definition is

x € AnBifandonlyifx € Aandx € B.

The set operation intersection corresponds to the logical
“and” function.

y Thecomplemenof a setA, denoted byA®, is the set of all
elements irS that are not inA. The complement o8 is
the null setp. Formally,

A x € ACifandonly ifx ¢ A.

A fourth set operation is called thifference. Itis a com-
bination of intersection and complement. Tdi&erence
betweenA andB is a setA — B that contains all elements
of Athat arenotelements oB. Formally,

A-B

x e A—Bifandonlyifx € Aandx ¢ B
Note thatA — B = AN B%andA® = S— A

In working with probability we will frequently refer to two important properties of collec-
tions of sets. Here are the definitions.

A collection of setsAq, ..., Ay is mutually exclusivef
and only if
A
A NAj =09, i # . (2.8)
B When there are only two sets in the collection, we say that

these sets ardisjoint. Formally,A andB are disjoint if
andonly ifAN B = ¢.

A collection of setsAy, ..., Ap is collectively exhaustive
if and only if

ALUAU---UA, =S (1.9)

In the definition ofcollectively exhaustive, we used the somewhat cumbersome notation
A1UARU- - -UA, for the union ofN sets. Justal [, xi isashorthand faxi+xa+- - -+Xn,
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we will use a shorthand for unions and intersections séts:

n
JA=AuUAU--UA, (1.10)
i=1
n
(A =AN AN A, (1.11)
i=1

From the definition of set operations, we can derive many important relationships between
sets and other sets derived from them. One example is

A—BcCA. (1.12)

To prove that this is true, it is necessary to show thatéf A — B, then it is also true that
x € A. A proof that two sets are equal, for exampte= Y, requires two separate proofs:
X c Y andY c X. As we see in the following theorem, this can be complicated to show.

Theorem 1.1 De Morgan'’s law relates all three basic operations:

(AUB)® = AN B

Proof There are two parts to the proof:

e Toshow(AUB)® c AN BC, suppose € (AU B)C. Thatimpliesx ¢ AUB. Hencex ¢ A
andx ¢ B, which together imply € A® andx € BC. Thatis,x € A®n BC.

e To showA® N B® ¢ (AU B)¢, supposex € A® N BC. In this casex € A® andx e BC.
Equivalentlyx ¢ Aandx ¢ B sothatx ¢ AU B. Hencex e (AU B)®.

Quiz1.1
A pizza at Gerlanda’s is either regular (R) or Tuscan (T). In addition, s 0
each slice may have mushrooms (M) or onions (O) as described-lay
the Venn diagram at right. For the sets specified below, shad¢ tfk
corresponding region of the Venn diagram. T
1) R (2) MUO
3 MNnO (4) RUM
(5) RNM (6) TC— M

1.2 Applying Set Theory to Probability

The mathematics we study is a branch of measure theory. Probability is a number that
describes a set. The higher the number, the more probability there is. In this sense prob-
ability is like a quantity that measures a physical phenomenon; for example, a weight or
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a temperature. However, it is not necessary to think about probability in physical terms.
We can do all the math abstractly, just as we defined sets and set operations in the previous
paragraphs without any reference to physical phenomena.

Fortunately for engineers, the language of probability (including the waybdability
itself) makes us think of things that we experience. The basic model is a repeatpbie
iment An experiment consists of procedureand observations There is uncertainty in
what will be observed; otherwise, performing the experiment would be unnecessary. Some
examples of experiments include

1. Flip a coin. Did it land with heads or tails facing up?
Walk to a bus stop. How long do you wait for the arrival of a bus?
Give a lecture. How many students are seated in the fourth row?

w N

Transmit one of a collection of waveforms over a channel. What waveform arrives

at the receiver?

5. Transmit one of a collection of waveforms over a channel. Which waveform does
the receiver identify as the transmitted waveform?

For the most part, we will analyzmodelsof actual physical experiments. We create

models because real experiments generally are too complicated to analyze. For example,
to describaall of the factors affecting your waiting time at a bus stop, you may consider

o

e The time of day. (Is it rush hour?)
e The speed of each car that passed by while you waited.
e The weight, horsepower, and gear ratios of each kind of bus used by the bus company.

e The psychological profile and work schedule of each bus driver. (Some drivers drive
faster than others.)

e The status of all road construction within 100 miles of the bus stop.

It should be apparent that it would be difficult to analyze the effect of each of these factors
on the likelihood that you will wait less than five minutes for a bus. Consequently, it is
necessary to studyraodelof the experiment that captures the important part of the actual
physical experiment. Since we will focus onthe model of the experiment almost exclusively,
we often will use the wor@xperimento refer to the model of an experiment.

Example 1.1 An experiment consists of the following procedure, observation, and model:

e Procedure: Flip a coin and let it land on a table.

e Observation: Observe which side (head or tail) faces you after the coin lands.

e Model: Heads and tails are equally likely. The result of each flip is unrelated to
the results of previous flips.

As we have said, an experiment consists of both a procedure and observations. It is
important to understand that two experiments with the same procedure but with different
observations are different experiments. For example, consider these two experiments:
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Example 1.2 Flip a coin three times. Observe the sequence of heads and tails.

Example 1.3 Flip a coin three times. Observe the number of heads.

These two experiments have the same procedure: flip a coin three times. They are different
experiments because they require different observations. We will describe models of exper-
iments in terms of a set of possible experimental outcomes. In the context of probability,
we give precise meaning to the wasdtcome.

Definition 1.1 ~ Outcome
Anoutcome of an experiment is any possible observation of that experiment.

Implicit in the definition of an outcome is the notion that each outcome is distinguishable
from every other outcome. As a result, we define the universal set of all possible outcomes.
In probability terms, we call this universal set themple space.

Definition 1.2~ Sample Space
Thesample space of an experiment is the finest-grain, mutually exclusive, collectively ex-
haustive set of all possible outcomes.

Thefinest-grainproperty simply means that all possible distinguishable outcomes are iden-
tified separately. The requirement that outcomes be mutually exclusive says that if one
outcome occurs, then no other outcome also occurs. For the set of outcomes to be collec-
tively exhaustive, every outcome of the experiment must be in the sample space.

Example 1.4
e The sample space in Example 1.1 is S= {h, t} where h is the outcome “observe
head,” and t is the outcome “observe tail.”
e The sample space in Example 1.2 is
S = {hhh,hht, hth,htt, thh, tht, tth, ttt} (1.13)
e The sample space in Example 1.3is S= {0, 1, 2, 3}.
Example 1.5 Manufacture an integrated circuit and test it to determine whether it meets quality

objectives. The possible outcomes are “accepted” (a) and “rejected” (r). The sample
spaceis S={a,r}.

In common speech, an event is just something that occurs. In an experiment, we may
say that an event occurs when a certain phenomenon is observed. To define an event
mathematically, we must identifgll outcomes for which the phenomenon is observed.
That is, for each outcome, either the particular event occurs or it does not. In probability
terms, we define an event in terms of the outcomes of the sample space.



Definition 1.3  Event

1.2 APPLYING SET THEORY TO PROBABILITY 9

Set Algebra Probability
Set Event
Universal set Sample space
Element Outcome

Table 1.1 The terminology of set theory and probability.

Anevent is a set of outcomes of an experiment.

Table 1.1 relates the terminology of probability to set theory. All of this may seem so
simple that it is boring. While this is true of the definitions themselves, applying them is
a different matter. Defining the sample space and its outcomes are key elements of the
solution of any probability problem. A probability problem arises from some practical
situation that can be modeled as an experiment. To work on the problem, it is necessary to
define the experiment carefully and then derive the sample space. Getting this rightis a big

step toward solving the problem.

Example 1.6

Example 1.7

Example 1.8

Suppose we roll a six-sided die and observe the nhumber of dots on the side facing
upwards. We can label these outcomesi = 1,...,6 where i denotes the outcome
thati dots appear on the up face. The sample space is S= {1, 2, ...,6}. Each subset
of Sis an event. Examples of events are

e The event E1 = {Roll 4 or higher} = {4, 5, 6}.
e The event E; = {The roll is even} = {2, 4, 6}.
e E3 = {Therollis the square of an integer} = {1, 4}.

Wait for someone to make a phone call and observe the duration of the call in minutes.
An outcome x is a nonnegative real number. The sample space is S= {x|x > 0}. The
event “the phone call lasts longer than five minutes” is {x|x > 5}.

A short-circuit tester has a red light to indicate that there is a short circuit and a green
light to indicate that there is no short circuit. Consider an experiment consisting of a
sequence of three tests. In each testthe observationis the color of the light that is on at
the end of a test. An outcome of the experiment is a sequence of red (r) and green (g)
lights. We can denote each outcome by a three-letter word such as rgr, the outcome
that the first and third lights were red but the second light was green. We denote the
event that light n was red or green by Rp or Gn. The event Rp = {grg, grr,rrg,rrr}.
We can also denote an outcome as an intersection of events Rj and G . For example,
the event R1G»R3 is the set containing the single outcome {rgr}.

In Example 1.8, suppose we were interested only in the status of light 2. In this case,
the set of event$Go, Ro} describes the events of interest. Moreover, for each possible
outcome of the three-light experiment, the second light was either red or green, so the set of

eventg G2, Ry} is both mutually exclusive and collectively exhaustive. Howej@g, Ro}
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Definition 1.4

is not a sample space for the experiment because the elements of the set do not completely
describe the set of possible outcomes of the experiment. TH&setR,} does not have

the finest-grain property. Yet sets of this type are sufficiently useful to merit a name of their
own.

Event Space
Anevent spaceis a collectively exhaustive, mutually exclusive set of events.

An event space and a sample space have alotin common. The members of both are mutually
exclusive and collectively exhaustive. They differ in the finest-grain property that applies

to a sample space but not to an event space. Because it possesses the finest-grain property,
a sample space contains all the details of an experiment. The members of a sample space
areoutcomes. By contrast, the members of an event spae@vants. The event space is

a set of events (sets), while the sample space is a set of outcomes (elements). Usually, a
member of an event space contains many outcomes. Consider a simple example:

Example 1.9 Flip four coins, a penny, a nickel, a dime, and a quarter. Examine the coins in order

(penny, then nickel, then dime, then quarter) and observe whether each coin shows
a head (h) or a tail (t). What is the sample space? How many elements are in the
sample space?

The sample space consists of 16 four-letter words, with each letter either h or t. For
example, the outcome tthh refers to the penny and the nickel showing tails and the
dime and quarter showing heads. There are 16 members of the sample space.

Example 1.10  Continuing Example 1.9, let B; = {outcomes with i heads}. Each B; is an event

containing one or more outcomes. For example, B1 = {ttth, ttht, thtt, httt} contains
four outcomes. The set B = {Bg, B1, B, B3, B4} is an event space. Its members are
mutually exclusive and collectively exhaustive. It is not a sample space because it
lacks the finest-grain property. Learning that an experiment produces an event B 1
tells you that one coin came up heads, but it doesn’t tell you which coin it was.

The experiment in Example 1.9 and Example 1.10 refers to a “toy problem,” one that is
easily visualized but isn’t something we would do in the course of our professional work.
Mathematically, however, it is equivalent to many real engineering problems. For example,
observe a pair of modems transmitting four bits from one computer to another. For each bit,
observe whether the receiving modem detects the bit corregtlyr(makes an error feOr,
test four integrated circuits. For each one, observe whether the circuit is accepjabte (a
areject(). In all of these examples, the sample space contains 16 four-letter words formed
with an alphabet containing two letters. If we are interested only in the number of times
one of the letters occurs, it is sufficient to refer only to the event sBaeehich does not
contain all of the information about the experiment but does contain all of the information
we need. The event space is simpler to deal with than the sample space because it has fewer
members (there are five events in the event space and 16 outcomes in the sample space). The
simplification is much more significant when the complexity of the experiment is higher.
For example, in testing 20 circuits the sample space R3s=21,048576 members, while
the corresponding event space has only 21 members.
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Figure 1.1 In this example of Theorem 1.2, the event spacB is {B1, By, B3, B} andC; =
AN Bjfori =1,...,4. Itshould be apparent that= C1 U C> U C3 U Cy4.

The concept of an event space is useful because it allows us to express any event as a union
of mutually exclusive events. We will observe in the next section that the entire theory of
probability is based on unions of mutually exclusive events. The following theorem shows
how to use an event space to represent an event as a union of mutually exclusive events.

For an eventspace B-= {B1, By, ...} and any event A in the sample space, Iet€AN B;.
Fori # j, the events Cand Cj are mutually exclusive and

A=CiuCrU-.-.

Figure 1.1 is a picture of Theorem 1.2.

Example 1.11  In the coin-tossing experiment of Example 1.9, let A equal the set of outcomes with

Quiz1l.2

less than three heads:
A = {tttt, httt, thtt, ttht, ttth, hhtt, htht, htth, tthh, thth, thht} . (1.14)

From Example 1.10, let B; = {outcomes with i heads}. Since {By, ..., B4} is an event
space, Theorem 1.2 states that

A= (ANBgy U(AN B U(ANBy) U(AN By U(AN By) (1.15)

In this example, Bj C A, fori =0,1,2. Therefore AN B;j = B; fori =0, 1, 2. Also, for
i =3andi =4, AnNB;j = ¢ sothat A= BgU B1U B>, a union of disjoint sets. In words,
this example states that the event “less than three heads” is the union of events “zero
heads,” “one head,” and “two heads.”

We advise you to make sure you understand Theorem 1.2 and Example 1.11. Many
practical problems use the mathematical technique contained in the theorem. For example,
find the probability that there are three or more bad circuits in a batch that comes from a
fabrication machine.

Monitor three consecutive phone calls going through a telephone switching office. Classify
each one as a voice calh) if someone is speaking, or a data cal)) if the call is carrying
a modem or fax signal. Your observation is a sequence of three letters (each letter is either
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v or d). For example, two voice calls followed by one data call correspondsdo Write
the elements of the following sets:

(1) Ar = {first call is a voice call (2) B1 = {first call is a data call}

(3) A2 = {second call is a voice call} (4) B2 = {second call is a data call}
(5) Az = {all calls are the samje (6) Bz = {voice and data alternaje
(7) A4 = {one or more voice calls (8) B4 = {two or more data calls}

For each pair of events Aand By, A, and B, and so on, identify whether the pair of events
is either mutually exclusive or collectively exhaustive or both.

1.3 Probability Axioms

Definition 1.5

Thus far our model of an experiment consists of a procedure and observations. This leads
to a set-theory representation with a sample space (universg),smitcomes (ghat are
elements of5), and eventsA that are sets of elements). To complete the model, we assign

a probability P[A] to every eventA, in the sample space. With respect to our physical
idea of the experiment, the probability of an event is the proportion of the time that event is
observed in a large number of runs of the experiment. This iethéve frequencyotion

of probability. Mathematically, this is expressed in the following axioms.

Axioms of Probability
A probability measure P] is a function that maps events in the sample space to real
numbers such that

Axiom 1 For any event A, PA] > 0.
Axiom 2 P[S] = 1.

Axiom 3 For any countable collection A Ay, ... of mutually exclusive events

P[ArU AU -] =P[Al]+ P[A2] +---.

We will build our entire theory of probability on these three axioms. Axioms 1 and 2
simply establish a probability as a number between 0 and 1. Axiom 3 states that the prob-
ability of the union of mutually exclusive events is the sum of the individual probabilities.
We will use this axiom over and over in developing the theory of probability and in solving
problems. In fact, it is really all we have to work with. Everything else follows from
Axiom 3. To use Axiom 3 to solve a practical problem, we refer to Theorem 1.2 to analyze
a complicated event in order to express it as the union of mutually exclusive events whose
probabilities we can calculate. Then, we add the probabilities of the mutually exclusive
events to find the probability of the complicated event we are interested in.

A useful extension of Axiom 3 applies to the union of two disjoint events.
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For mutually exclusive events;A&and Ap,

P[A1UA] =P[A1] + P[A2].

Although it may appear that Theorem 1.3 is atrivial special case of Axiom 3,thisis notso. In

fact, asimple proof of Theorem 1.3 may also use Axiom 2! If you are curious, Problem 1.4.8

gives the first steps toward a proof. Itis a simple matter to extend Theorem 1.3 to any finite
union of mutually exclusive sets.

fA=AIUAU---UAnand AN Aj =¢fori # j, then

P[Al =) P[A].
i=1

In Chapter 7, we show that the probability measure established by the axioms corre-
sponds to the idea of relative frequency. The correspondence refers to a sequential exper-
iment consisting oh repetitions of the basic experiment. We refer to each repetition of
the experiment as tial. In thesen trials, Na(n) is the number of times that eveht
occurs. The relative frequency @ is the fractionN a(n)/n. Theorem 7.9 proves that
liMn- oo Na(n)/n = P[A].

Another consequence of the axioms can be expressed as the following theorem:

The probability of an event B= {s1, S, ..., Sn} is the sum of the probabilities of the
outcomes contained in the event:

P[B]=) P[{s}.
i=1

Proof Each outcome is an event (a set) with the single elemgntSince outcomes by definition
are mutually exclusiveB can be expressed as the uniomoflisjoint sets:

B={si}U{s}U---U{sm} (1.16)

with {s} N {sj} = ¢ fori # j. Applying Theorem 1.4 withB; = {5} yields

m
P[B]=) P[is}]. (1.17)
i=1

Comments on Notation

We use the notatio?[-] to indicate the probability of an event. The expression in the
square brackets is an event. Within the context of one experiR¢Af,can be viewed as
a function that transforms eveAtto a number between 0 and 1.
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Note that{s;} is the formal notation for a set with the single elemsnt For conve-
nience, we will sometimes writB[s; ] rather than the more compleld{s; }] to denote the
probability of this outcome.

We will also abbreviate the notation for the probability of the intersection of two events,
P[AN B]. Sometimes we will write it a®[A, B] and sometimes aB[AB]. Thus by
definition,P[AN B] = P[A, B] = P[AB].

Example 1.12  Let T; denote the duration (in minutes) of the ith phone call you place today. The
probability that your first phone call lasts less than five minutes and your second
phone call lasts at least ten minutes is P[T1 < 5, To > 10].

Equally Likely Outcomes

A large number of experiments have a sample sfaee(s1, ..., Sy} in which our knowl-

edge of the practical situation leads us to believe that no one outcome is any more likely
than any other. In these experiments we say that ihietcomes arequally likely. In such

a case, the axioms of probability imply that every outcome has probability 1/

Theorem 1.6 For an experiment with sample space=Ssi, ..., Sy} in which each outcome $s equally
likely,
P[s]=1/n 1<i<n

Proof Since all outcomes have equal probability, there expstsch thaP[g] = pfori =1, ..., n.
Theorem 1.5 implies

P[Sl=P[si]+-- -+ P[sa] =np. (1.18)
Since Axiom 2 say$’[S] = 1, we must havep = 1/n.

Example 1.13  Asin Example 1.6, roll a six-sided die in which all faces are equally likely. What is the
probability of each outcome? Find the probabilities of the events: “Roll 4 or higher,”
“Roll an even number,” and “Roll the square of an integer.”

The probability of each outcome is
Plil=1/6 i=1,2....6. (1.19)
The probabilities of the three events are
e P[Roll 4 or higher] = P[4] + P[5] + P[6] =1/2.

e P[Roll an even number] = P[2] + P[4] + P[6] = 1/2.
e P[Roll the square of an integer] = P[1] + P[4] = 1/3.
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A student’s test score T is an integer betw8amd100corresponding to the experimental
outcomes . .., S100. A score of 90to 100isan A,80to89isa B, 70to 79isa C, 60 to
69 is a D, and below 60 is a failing grade of F. Given that all scores between 51 and 100
are equally likely and a score of 50 or less never occurs, find the following probabilities:

(1) Pl{s7o}] (2) Pl{s100}]

(3) PLA] (4) PIF]

(5) PIT > 80] (6) P[T < 90]

(7) Pla C grade or better] (8) P[student passes]

1.4 Some Consequences of the Axioms

Theorem 1.7

Theorem 1.8

Here we list some properties of probabilities that follow directly from the three axioms.
While we do not supply the proofs, we suggest that students prove at least some of these
theorems in order to gain experience working with the axioms.

The probability measure [P] satisfies
(@) Plg]=0.
(b) P[A®]=1- P[A]
(c) Forany A and B (not necessarily disjoint),

P[AUB] = P[A]+ P[B] - P[AN B].

(d) If Ac B,then RA] < P[B].

The following useful theorem refers to an event spageBo, . . ., By and any eventA.
It states that we can find the probability Afby adding the probabilities of the parts Af
that are in the separate components of the event space.

For any event A, and event spad®1, By, ..., Bm},

P[A]=) P[ANB].
i=1

Proof The proof follows directly from Theorem 1.2 and Theorem 1.4. In this case, the disjoint sets
areC; = {ANB;}.

Theorem 1.8 is often used when the sample space can be written in the form of a table. In
this table, the rows and columns each represent an event space. This method is shown in
the following example.
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Example 1.14 A company has a model of telephone usage. It classifies all calls as either long (1),
if they last more than three minutes, or brief (b). It also observes whether calls carry
voice (v), data (d), or fax (). This model implies an experimentin which the procedure
is to monitor a call and the observation consists of the type of call, v, d, or f, and
the length, | or b. The sample space has six outcomes S = {lv, bv, Id, bd, If, bf}. In
this problem, each call is classifed in two ways: by length and by type. Using L for
the event that a call is long and B for the event that a call is brief, {L, B} is an event
space. Similarly, the voice (V), data (D) and fax (F) classification is an event space
{V, D, F}. The sample space can be represented by a table in which the rows and
columns are labeled by events and the intersection of each row and column event
contains a single outcome. The corresponding table entry is the probability of that
outcome. In this case, the table is

|V D F
L]03 012 015 (1.20)
B|02 008 015

For example, from the table we can read that the probability of a brief data call is
P[bd] = P[BD] = 0.08. Note that {V, D, F} is an event space corresponding to
{B1, By, B3} in Theorem 1.8. Thus we can apply Theorem 1.8 to find the probability
of a long call:

P[L] = P[LV] + P[LD] + P[LF] = 057. (1.21)

Quiz14 Monitor a phone call. Classify the call as a voice c@ll) if someone is speaking, or a data
call (D) ifthe call is carrying a modem or fax signal. Classify the call as lohyif the call
lasts for more than three minutes; otherwise classify the call as bBgf Based on data
collected by the telephone company, we use the following probability mogél} £ 0.7,
P[L] = 0.6, P[V L] = 0.35. Find the following probabilities:

(1) PIDL] (2) PIDU L]
(3) PIVB] (4) PIV UL]
(5) PIV U D] (6) PILB]

1.5 Conditional Probability

As we suggested earlier, it is sometimes useful to interpfét] as our knowledge of the
occurrence of evenh before an experiment takes place.PIfA] ~ 1, we have advance
knowledge thatA will almost certainly occur.P[A] ~ 0 reflects strong knowledge that
Ais unlikely to occur when the experiment takes place. VIA{A] ~ 1/2, we have little
knowledge about whether or nétwill occur. ThusP[A] reflects our knowledge of the
occurrence ofA prior to performing an experiment. Sometimes, we refdP[é\] as thea
priori probability, or theprior probability, of A.

In many practical situations, it is not possible to find out the precise outcome of an
experiment. Rather than the outcosje itself, we obtain information that the outcome
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is in the setB. That is, we learn that some evedthas occurred, wherB consists of
several outcomes. Conditional probability describes our knowledgewaien we know
that B has occurred but we still don’t know the precise outcome. The notation for this new
probability is P[A|B]. We read this as “the probability &k given B.” Before going to

the mathematical definition of conditional probability, we provide an example that gives an
indication of how conditional probabilities can be used.

Example 1.15  Consider an experiment that consists of testing two integrated circuits that come from

Definition 1.6

Theorem 1.9

the same silicon wafer, and observing in each case whether a circuit is accepted (a) or
rejected (r). The sample space of the experimentis S= {rr,ra, ar, aa}. Let B denote
the event that the first chip tested is rejected. Mathematically, B = {rr,ra}. Similarly,
let A = {rr, ar} denote the event that the second circuit is a failure.

The circuits come from a high-quality production line. Therefore the prior probability
P[A] is very low. In advance, we are pretty certain that the second circuit will be
accepted. However, some wafers become contaminated by dust, and these wafers
have a high proportion of defective chips. Given the knowledge of event B that the first
chip was rejected, our knowledge of the quality of the second chip changes. With the
event B that the first chip is a reject, the probability P[A|B] that the second chip will
also be rejected is higher than the a priori probability P[A] because of the likelihood
that dust contaminated the entire wafer.

Conditional Probability

The conditional probability of the event A given the occurrence of the event B is
P[AB]

P[B]

P[AIB] =

Conditional probability is defined only whé?{B] > 0. In most experiment&[B] = 0
means that it is certain th& never occurs. In this case, it is illogical to speak of the
probability of A given thatB occurs. Note thalP[ A|B] is a respectable probability measure
relative to a sample space that consists of all the outcomBs Trhis means thalP[ A| B]
has properties corresponding to the three axioms of probability.

A conditional probability measure [[A| B] has the following properties that correspond to
the axioms of probability.

Axiom 1: FA|B] > 0.
Axiom 2: AB|B] = 1.
Axiom 3: If A= AjU Ay U --- with A N Aj = ¢ fori # |, then

P[AB] = P[A1|B] + P[Az|B] +---

You should be able to prove these statements using Definition 1.6.
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Example 1.16

Example 1.17

Example 1.18

With respect to Example 1.15, consider the a priori probability model
P[rr]=0.01, P[ra]=0.01, P[ar] =001, P[aa] =0.97. (1.22)

Find the probability of A = “second chip rejected” and B = “first chip rejected.” Also
find the conditional probability that the second chip is a reject given that the first chip
is a reject.

We saw in Example 1.15 that A is the union of two disjoint events (outcomes) rr and
ar. Therefore, the a priori probability that the second chip is rejected is

P[Al=P[rr]+ P[ar] =0.02 (1.23)
This is also the a priori probability that the first chip is rejected:
P[B] = P[rr] + P[ra] = 0.02. (1.24)

The conditional probability of the second chip being rejected given that the first chip
is rejected is, by definition, the ratio of P[AB] to P[B], where, in this example,

P[AB] = P [both rejected] = P[rr] = 0.01 (1.25)
Thus P[AB]
PIAIB] = “5 g = 001/002=05. (1.26)

The information that the first chip is a reject drastically changes our state of knowledge
about the second chip. We started with near certainty, P[A] = 0.02, that the second
chip would not fail and ended with complete uncertainty about the quality of the second
chip, P[A|B] = 0.5.

Shuffle a deck of cards and observe the bottom card. What is the conditional prob-
ability that the bottom card is the ace of clubs given that the bottom card is a black
card?

The sample space consists of the 52 cards that can appear on the bottom of the deck.
Let A denote the event that the bottom card is the ace of clubs. Since all cards are
equally likely to be at the bottom, the probability that a particular card, such as the ace
of clubs, is at the bottom is P[A] = 1/52. Let B be the event that the bottom card is a
black card. The event B occurs if the bottom card is one of the 26 clubs or spades,
so that P[B] = 26/52. Given B, the conditional probability of A is

P[AB] P[A] 1/52 1

PIAIB] = P[B] ~ P[B] 2652 26 (127

The key step was observing that AB = A, because if the bottom card is the ace of
clubs, then the bottom card must be a black card. Mathematically, this is an example
of the fact that A C B implies that AB = A.

Roll two fair four-sided dice. Let X 1 and X5 denote the number of dots that appear on
die 1 and die 2, respectively. Let A be the event X1 > 2. Whatis P[A]? Let B denote
the event Xo > X1. Whatis P[B]? What is P[A|B]?
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We begin by observing that the sample space has 16
L elements corresponding to the four possible values of
Be|o o o X1 and the same four values of X5. Since the dice are
fair, the outcomes are equally likely, each with proba-
bility 1/16. We draw the sample space as a set of black
circles in a two-dimensional diagram, in which the axes

el A N
°
°
°
°

oo o o represent the events X; and X,. Each outcome is a
pair of values (X1, X2). The rectangle represents A.
i 2 3 a ° 1t contains 12 outcomes, each with probability 1/16.

To find P[A], we add up the probabilities of outcomes in A, so P[A] = 12/16 = 3/4.
The triangle represents B. It contains six outcomes. Therefore P[B] = 6/16 = 3/8.
The event AB has three outcomes, (2, 3), (2,4), (3,4), so P[AB] = 3/16. From the
definition of conditional probability, we write

P[AB] 1

- (1.28)

PIAIBI = BT =2

We can also derive this fact from the diagram by restricting our attention to the six
outcomes in B (the conditioning event), and noting that three of the six outcomes in
B (one-half of the total) are also in A.

Law of Total Probability

In many situations, we begin with information about conditional probabilities. Using these
conditional probabilities, we would like to calculate unconditional probabilities. The law
of total probability shows us how to do this.

Theorem 1.10  Law of Total Probability
For an event spacdi, By, ..., By} with P[B;] > Ofor all i,

P[Al=) P[AB]P[B].
i=1

Proof This follows from Theorem 1.8 and the identi®{ ABj] = P[A|B;j]P[B;j], which is a direct
consequence of the definition of conditional probability.

The usefulness of the result can be seen in the next example.

Example 1.19 A company has three machines B4, By, and B3 for making 1 k2 resistors. It has
been observed that 80% of resistors produced by B4 are within 50 € of the nominal
value. Machine By produces 90% of resistors within 50 @ of the nominal value. The
percentage for machine B3 is 60%. Each hour, machine B4 produces 3000 resistors,
B, produces 4000 resistors, and B3 produces 3000 resistors. All of the resistors are
mixed together at random in one bin and packed for shipment. What is the probability
that the company ships a resistor that is within 50 2 of the nominal value?
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Let A = {resistor is within 50 2 of the nominal value}. Using the resistor accuracy
information to formulate a probability model, we write

P[AIB] =08, P[A|By]=09, P[AB3]=06 (1.29)

The production figures state that 3000+ 4000+ 3000= 10,000 resistors per hour are
produced. The fraction from machine B4 is P[B1] = 3000/10,000 = 0.3. Similarly,
P[B2] = 0.4 and P[B3] = 0.3. Now it is a simple matter to apply the law of total
probability to find the accuracy probability for all resistors shipped by the company:

P[A] = P[AIB1] P[B1] + P[AIB2] P [B2] + P[AIB3] P[B3] (1.30)
= (0.8)(0.3) + (0.9)(04) + (0.6)(0.3) = 0.78. (1.31)

For the whole factory, 78% of resistors are within 50 @ of the nominal value.

Bayes’ Theorem

Theorem 1.11

In many situations, we have advance information ak®uA|B] and need to calculate
P[B]|A]. To do so we have the following formula:

Bayes theorem

P[AIB] P[B
P [BIA] [F|>[1A][ ]
Proof
PIBIA] = P[AB] _ P[AB] P[B] (1.32)

PIAl —  P[A

Bayes’ theorem is a simple consequence of the definition of conditional probability. It
has a name because it is extremely useful for making inferences about phenomena that
cannot be observed directly. Sometimes these inferences are described as “reasoning about
causes when we observe effects.” For example{Bat ..., By} be an event space that
includes all possible states of something that interests us but which we cannot observe
directly (for example, the machine that made a particular resistor). For each possible state,
Bi, we know the prior probability?[ B; ] andP[ A| B; ], the probability that an evertoccurs
(the resistor meets a quality criterion)Bf is the actual state. Now we observe the actual
event (either the resistor passes or fails a test), and we ask about the thing we are interested
in (the machines that might have produced the resistor). That is, we use Bayes’ theorem to
find P[B1|A], P[B2|Al, ..., P[Bm|A]. In performing the calculations, we use the law of
total probability to calculate the denominator in Theorem 1.11. Thus for Btagte

P[AIBi] P[Bi]

PIBIA= s s TABT P BT

(1.33)
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Example 1.20  In Example 1.19 about a shipment of resistors from the factory, we learned that:

e The probability that a resistor is from machine B3 is P[B3] = 0.3.

e The probability that a resistor is acceptable, i.e., within 50 €2 of the nominal value,
is P[A] = 0.78.

e Given that a resistor is from machine Bgs, the conditional probability that it is
acceptable is P[A|B3] = 0.6.

What is the probability that an acceptable resistor comes from machine B 3?

Now we are given the event A that a resistor is within 50 © of the nominal value, and
we need to find P[B3|A]. Using Bayes’ theorem, we have

P [A| Bg] P [Bg] '

P [B3lA] = P 1A

(1.34)

Since all of the quantities we need are given in the problem description, our answer is
P [B3|A] = (0.6)(0.3)/(0.78) = 0.23. (1.35)

Similarly we obtain P[B1|A] = 0.31and P[By|A] = 0.46. Of all resistors within 50
of the nominal value, only 23% come from machine B3 (even though this machine
produces 30% of all resistors). Machine B1 produces 31% of the resistors that meet
the 50 Q criterion and machine B, produces 46% of them.

Quizl1l5 Monitor three consecutive phone calls going through a telephone switching office. Classify
each one as a voice cal) if someone is speaking, or a data cal)) if the call is carrying
a modem or fax signal. Your observation is a sequence of three letters (each one is either
or d). For example, three voice calls correspondsio. The outcomesvv and ddd have
probability 0.2 whereas each of the other outcomes, vdv, vdd, dvv, dvd, and ddhas
probability 0.1. Count the number of voice callsyNn the three calls you have observed.
Consider the four events\N= 0, Ny = 1, Ny = 2, Ny = 3. Describe in words and also
calculate the following probabilities:

(1) PINy =2] (2) P[Ny > 1]
(3) P[{vvd}|Ny = 2] (4) Pl{ddv}|Ny = 2]
(5) P[Nv =2|Ny > 1] (6) P[Nv > 1|Ny = 2]

1.6 Independence

Definition 1.7 Two I ndependent Events
Events A and B armndependent if and only if

P[AB] = P[A] P[B].

When event#A andB have nonzero probabilities, the following formulas are equivalent to
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the definition of independent events:
P[AB] = P[A], P[B|A] = P[B]. (1.36)

To interpret independence, consider probability as a description of our knowledge of the
result of the experimentP[A] describes our prior knowledge (before the experiment is
performed) that the outcome is included in evAntThe fact that the outcome is B is
partial information about the experimer®[ A|B] reflects our knowledge oA when we
learn thatB occurs. P[A|B] = P[A] states that learning th& occurs does not change
our information abouA. It is in this sense that the events are independent.

Problem 1.6.7 at the end of the chapter asks the reader to prove thatritl B are
independent, theA and B¢ are also independent. The logic behind this conclusion is that
if learning that evenB occurs does not alter the probability of evéptthen learning that
B does not occur also should not alter the probabilithof

Keep in mind thaindependent and disjoint arenot synonyms. In some contexts these
words can have similar meanings, but this is not the case in probability. Disjoint events have
no outcomes in common and theref&tpAB] = 0. In most situations independent events
are not disjoint! Exceptions occur only whé&jA] = 0 or P[B] = 0. When we have to
calculate probabilities, knowledge that eveAtandB aredisjointis very helpful. Axiom 3
enables us taddtheir probabilities to obtain the probability of thi@ion. Knowledge that
eventsC and D areindependenis also very useful. Definition 1.7 enables ustaltiply
their probabilities to obtain the probability of tirgersection.

Example 1.21  Suppose that for the three lights of Example 1.8, each outcome (a sequence of three

lights, each either red or green) is equally likely. Are the events R that the second
lightwas red and G that the second light was green independent? Are the events R
and Ry independent?

Each element of the sample space

S={rrr,rrg,rgr,rgg, grr, grg, gar, ggg (1.37)

has probability 1/8. Each of the events

Ro ={rrr,rrg,grr,grg} and Gp = {rgr,rgg. ggr, 999 (1.38)

contains four outcomes so P[Ry] = P[Gy] = 4/8. However, R, N G, = ¢ and
P[R>G>] = 0. That is, Ry and G, must be disjoint because the second light cannot
be both red and green. Since P[R2G2] # P[R2]P[G2], Ry and G» are not inde-
pendent. Learning whether or not the event G, (second light green) occurs dras-
tically affects our knowledge of whether or not the event R, occurs. Each of the
events Ry = {rgg,rgr,rrg,rrr} and Ry = {rrg,rrr, grg, grr} has four outcomes so
P[R1] = P[R>] = 4/8. In this case, the intersection R{ N Ry = {rrg, rrr } has probabil-
ity P[R1Ro] = 2/8. Since P[R1Ro] = P[R1]P[Ry], events Ry and Ry are independent.
Learning whether or not the event Ry (second light red) occurs does not affect our
knowledge of whether or not the event R (first light red) occurs.

In this example we have analyzed a probability model to determine whether two events
are independent. In many practical applications we reason in the opposite direction. Our
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knowledge of an experiment leads uggsumehat certain pairs of events are independent.
We then use this knowledge to build a probability model for the experiment.

Example 1.22  Integrated circuits undergo two tests. A mechanical test determines whether pins have
the correct spacing, and an electrical test checks the relationship of outputs to inputs.
We assume that electrical failures and mechanical failures occur independently. Our
information about circuit production tells us that mechanical failures occur with prob-
ability 0.05 and electrical failures occur with probability 0.2. What is the probability
model of an experiment that consists of testing an integrated circuit and observing the
results of the mechanical and electrical tests?

To build the probability model, we note that the sample space contains four outcomes:
S={(ma, ea), (ma, er), (mr, ea), (mr, er)} (1.39)

where m denotes mechanical, e denotes electrical, a denotes accept, and r denotes
reject. Let M and E denote the events that the mechanical and electrical tests are
acceptable. Our prior information tells us that P[M ¢] = 0.05, and P[E®] = 0.2. This
implies P[M] = 0.95 and P[E] = 0.8. Using the independence assumption and
Definition 1.7, we obtain the probabilities of the four outcomes in the sample space as

P[(ma ea)] = P[ME] = P[M] P[E] = 0.95x 0.8 = 0.76, (1.40)
Pl(maen]=P[ME®] = P[M] P[E®] =0.95x 0.2=0.19, (1.412)
P[(mr,ea] = P[M°E] = P[M°] P[E] = 0.05 x 0.8 = 0.04, (1.42)

P[(mr,en] = P[MCE®] = P[M®] P[E] =0.05x 02=001.  (1.43)

Thus far, we have considered independence as a property of a pair of events. Often we
consider larger sets of independent events. For more than two eventéntdependent,
the probability model has to meet a set of conditions. To define mutual independence, we
begin with three sets.

Definition 1.8 3 Independent Events
A1, Az, and Ag areindependent if and only if

(@) A1 and A are independent,
(b) Az and Ag are independent,
(c) A1 and Ag are independent,
(d) P[A1N A2N As] = P[A1]P[A2]P[As].

The final condition is a simple extension of Definition 1.7. The following example shows
why this condition is insufficient to guarantee that “everything is independent of everything
else,” the idea at the heart of independence.

Example 1.23  In an experiment with equiprobable outcomes, the event space is S = {1,2,3,4}.
P[s] = 1/4for all s € S. Are the events A1 = {1,3,4}, A» = {2,3,4}, and A3 = ¢
independent?
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Definition 1.9

Quiz1.6

These three sets satisfy the final condition of Definition 1.8 because A1NA>N A3 = ¢,
and
P [Al NAxN A3] =P [Al] P [Az] P [Ag] =0. (1.44)

However, A; and A, are not independent because, with all outcomes equiprobable,
P[A1NA2] = P[{3,4)]] = 1/2 # P[A1] P[Az] = 3/4 x 3/4. (1.45)

Hence the three events are dependent.

The definition of an arbitrary number of independent events is an extension of Defini-
tion 1.8.

Morethan Two I ndependent Events
Ifn > 3,the sets A A, ..., A, are independent if and only if

(a) every set of i~ 1 sets taken from A Ay, ... A, is independent,

(b) PIALN AN --- N Anl = P[A1]P[A2] - - - P[An].

This definition and Example 1.23 show us that when- 2 it is a complex matter to
determine whether or not a setmevents is independent. On the other hand, if we know
that a setis independent, itis a simple matter to determine the probability of the intersection
of any subset of the events. Just multiply the probabilities of the events in the subset.

Monitor two consecutive phone calls going through a telephone switching office. Classify
each one as a voice cal) if someone is speaking, or a data cal)) if the call is carrying

a modem or fax signal. Your observation is a sequence of two letters (eitbed).

For example, two voice calls correspondsute. The two calls are independent and the
probability that any one of them is a voice callds8. Denote the identity of call i by C

If calli is a voice call, then € = v; otherwise, ¢ = d. Count the number of voice calls

in the two calls you have observed.yNs the number of voice calls. Consider the three
events N = 0, Nv = 1, Ny = 2. Determine whether the following pairs of events are
independent:

(1) {Nv =2}and{Ny > 1} (2) {Nv > 1} and{Cy = v}

(3) {C2 = v} and{Cy = d} (4) {C2 =v}and{Ny is even

1.7 Sequential Experiments and Tree Diagrams

Many experiments consist of a sequencesubexperimentsThe procedure followed for

each subexperiment may depend on the results of the previous subexperiments. We often
find it useful to use a type of graph referred to a®a diagranto represent the sequence of
subexperiments. To do so, we assemble the outcomes of each subexperimentinto sets in an
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0.8 A eBiA 024
03 B1 02 N BN 006
0.9 A eBA 036
01 N BN 004
03 Bs 06 A eBzA 018

04 N B3N 0.12

Figure 1.2 The sequential tree for Example 1.24.

event space. Starting at the root of the treeie represent each event in the event space of
the first subexperimentas a branch and we label the branch with the probability of the event.
Each branch leads to a node. The events in the event space of the second subexperiment
appear as branches growing from every node at the end of the first subexperiment. The
labels of the branches of the second subexperiment aredtihditional probabilities of
the events in the second subexperiment. We continue the procedure taking the remaining
subexperiments in order. The nodes at the end of the final subexperiment are the leaves
of the tree. Each leaf corresponds to an outcome of the entire sequential experiment. The
probability of each outcome is the product of the probabilities and conditional probabilities
on the path from the root to the leaf. We usually label each leaf with a name for the event
and the probability of the event.

This is a complicated description of a simple procedure as we see in the following five
examples.

Example 1.24  Forthe resistors of Example 1.19, we have used Ato denote the event that a randomly
chosen resistor is “within 50 Q of the nominal value.” This could mean “acceptable.”
We use the notation N (“not acceptable”) for the complement of A. The experiment
of testing a resistor can be viewed as a two-step procedure. First we identify which
machine (B1, By, or Bg) produced the resistor. Second, we find out if the resistor is
acceptable. Sketch a sequential tree for this experiment. What is the probability of
choosing a resistor from machine B that is not acceptable?

This two-step procedure corresponds to the tree shown in Figure 1.2. To use the
tree to find the probability of the event BoN, a nonacceptable resistor from machine
By, we start at the left and find that the probability of reaching B, is P[By] = 0.4.
We then move to the right to BoN and multiply P[B>] by P[N|B>] = 0.1 to obtain
P[B>N] = (0.4)(0.1) = 0.04.

We observe in this example a general property of all tree diagrams that represent sequen-
tial experiments. The probabilities on the branches leaving any node add up to 1. Thisis a
consequence of the law of total probability and the property of conditional probabilities that

1unlike biological trees, which grow from the ground up, probabilities usually grow from left to right. Some of
them have their roots on top and leaves on the bottom.
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corresponds to Axiom 3 (Theorem 1.9). Moreover, Axiom 2 implies that the probabilities
of all of the leaves add up to 1.

Example 1.25  Suppose traffic engineers have coordinated the timing of two traffic lights to encourage
arun of green lights. In particular, the timing was designed so that with probability 0.8
a driver will find the second light to have the same color as the first. Assuming the first
light is equally likely to be red or green, what is the probability P[G 2] that the second
light is green? Also, what is P[W], the probability that you wait for at least one light?
Lastly, what is P[G1|R>], the conditional probability of a green first light given a red
second light?

In the case of the two-light experiment, the complete tree is
08 -G, ¢G1G, 04
05 G1<
0.2 R, eG1R, 0.1
02 -Gy eRiGy 01
0.8 R, eR1Ry 04

The probability that the second light is green is
P[G2] = P[G1G2] + P[RiG2] =04+ 0.1=05. (1.46)
The event W that you wait for at least one light is
W = {R1G2UG1Ry UR{Ry} . (1.47)
The probability that you wait for at least one light is
P[W] = P[RGz] + P[G1Rz] + P[RiR2] = 0.1+ 0.1+ 0.4 = 06. (1.48)

To find P[G1|Ry], we need P[Rp] = 1 — P[G2] = 0.5. Since P[G1Ry] = 0.1, the
conditional probability that you have a green first light given a red second light is

P[GiR:] 01
“PlR] ~05° 0.2. (1.49)

P [G1| Rz] =
Example 1.26  Consider the game of Three. You shuffle a deck of three cards: ace, 2, 3. With the
ace worth 1 point, you draw cards until your total is 3 or more. You win if your total is

3. What is P[W], the probability that you win?

Let C; denote the event that card C is the ith card drawn. For example, 3 is the event
that the 3 was the second card drawn. The tree is
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1/2 :22 eA12> 1/6
13 _~A1 172 3 eA13> 1/6

72 Y2 e2iA 176
12737 213, 1/6
1/3>3; 31 1/3

You win if A2, 21 Ay, or 31 occurs. Hence, the probability that you win is

P[W] = P[A122] + P[21A2] + P[31] (1.50)

RO

Example 1.27  Suppose you have two coins, one biased, one fair, but you don’t know which coin is

Quiz1.7

which. Coin 1 is biased. It comes up heads with probability 3/4, while coin 2 will
flip heads with probability 1/2. Suppose you pick a coin at random and flip it. LetC;
denote the event that coin i is picked. Let H and T denote the possible outcomes of
the flip. Given that the outcome of the flip is a head, what is P[C 1|H], the probability
that you picked the biased coin? Given thatthe outcome is a tail, what is the probability
P[C4|T] that you picked the biased coin?

First, we construct the sample tree.

3/4_ H eCiH 3/8
12__¢ 7 oCiT  1/8

< T
17—C, 12 | oCoH 1/4

12— T oCoT 1/4

To find the conditional probabilities, we see

_P[ciH]  P[GH] 38 3
Plen] = P[H] ~— P[CiH]+P[CoH] 3/8+1/4 5 (1.52)
Similarly,
_Pl&T] _ P[CyT] o181
PleT]= P[T] ~ P[CiT]+P[CoT] 1/8+1/4 3 (1.53)

As we would expect, we are more likely to have chosen coin 1 when the first flip is
heads, but we are more likely to have chosen coin 2 when the first flip is tails.

In a cellular phone system, a mobile phone must be paged to receive a phone call. However,
paging attempts don’'t always succeed because the mobile phone may not receive the paging
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signal clearly. Consequently, the system will page a phone up to three times before giving
up. If a single paging attempt succeeds with probab0i8, sketch a probability tree for
this experiment and find the probabilityf P] that the phone is found.

1.8 Counting Methods

Suppose we have a shuffled full deck and we deal seven cards. What is the probability that
we draw no queens? In theory, we can draw a sample space tree for the seven cards drawn.
However, the resulting tree is so large that this is impractical. In short, it is too difficult to
enumerate all 133 million combinations of seven cards. (In fact, you may wonder if 133
million is even approximately the number of such combinations.) To solve this problem,
we need to develop procedures that permit us to count how many seven-card combinations
there are and how many of them do not have a queen.

The results we will derive all follow from the fundamental principle of counting.

Definition 1.10 Fundamental Principle of Counting
If subexperiment A has n possible outcomes, and subexperiment B has k possible outcomes,
then there are nk possible outcomes when you perform both subexperiments.

This principle is easily demonstrated by a few examples.

Example 1.28  There are two subexperiments. The first subexperiment is “Flip a coin.” It has two
outcomes, H and T. The second subexperiment is “Roll a die.” It has six outcomes,
1,2,...,6. The experiment, “Flip a coin and roll a die,” has 2 x 6 = 12 outcomes:

(H.D, (H,2), H3), H.4, H5), (H6),
(T, (T2, (T.3, (T4, T5, (6.

Generally, if an experimer hask subexperiment& 1, ..., Ex whereE; hasn; out-
comes, therkE has]'[ikz1 n; outcomes.

Example 1.29  Shuffle a deck and observe each card starting from the top. The outcome of the ex-
periment is an ordered sequence of the 52 cards of the deck. How many possible
outcomes are there?

The procedure consists of 52 subexperiments. In each one the observation is the
identity of one card. The first subexperiment has 52 possible outcomes correspond-
ing to the 52 cards that could be drawn. After the first card is drawn, the second
subexperiment has 51 possible outcomes corresponding to the 51 remaining cards.
The total number of outcomes is

52x 51x .- x 1 =52L. (1.54)

Example 1.30  Shuffle the deck and choose three cards in order. How many outcomes are there?
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In this experiment, there are 52 possible outcomes for the first card, 51 for the second
card, and 50 for the third card. The total number of outcomes is 52 x 51 x 50.

In Example 1.30, we chose an ordered sequence of three objects out of a set of 52
distinguishable objectsIn general, an ordered sequencekadistinguishable objects is
called ak-permutation. We will use the notatign)k to denote the number of possitie
permutations of distinguishable objects. To find) k, suppose we havedistinguishable
objects, and the experiment is to choose a sequenkeobthese objects. There are
choices for the first object) — 1 choices for the second object, etc. Therefore, the total
number of possibilities is

Mk=nn—-1("n—-2)---(n—k+1). (1.55)

Multiplying the right side by(n — k)!/(n — k)! yields our next theorem.

The number of k-permutations of n distinguishable objects is

n!

(M =n( =1 =2)--- (" —k+1) = .

Sampling without Replacement

Choosing objects from a collection is also cakednpling, and the chosen objects are known

as asample. Ak-permutation is a type of sample obtained by specific rules for selecting
objects from the collection. In particular, once we choose an objectdmeamutation, we
remove the object from the collection and we cannot choose it again. Consequently, this is
also calledsampling without replacemeniWhen an object can be chosen repeatedly, we
havesampling with replacemepntvhich we examine in the next subsection.

When we choose k-permutation, different outcomes are distinguished by the order in
which we choose objects. However, in many practical problems, the order in which the
objects are chosen makes no difference. For example, in many card games, only the set
of cards received by a player is of interest. The order in which they arrive is irrelevant.
Suppose there are four objects, B, C, andD, and we define an experiment in which
the procedure is to choose two objects, arrange them in alphabetical order, and observe the
result. In this case, to observeD we could chooseA first or D first or both A and D
simultaneously. What we are doing is picking a subset of the collection of objects. Each
subset is called k-combination. We want to find the numbernetombinations.

We will use(y), which is read as “rthoosek,” to denote the number ¢écombinations
of n objects. To find(E), we perform the following two subexperiments to assemble a
k-permutation of distinguishable objects:

1. Choose &-combination out of the@ objects.
2. Choose &-permutation of thé objects in thek-combination.
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Theorem 1.12 tells us that the number of outcomes of the combined experin@nt.is
The first subexperiment ha@) possible outcomes, the number we have to derive. By
Theorem 1.12, the second experiment flgx = k! possible outcomes. Since there are
(n)k possible outcomes of the combined experiment,

(M = (E) Kl (1.56)

Rearranging the terms yields our next result.

Theorem 1.13  The number of ways to choose k objects out of n distinguishable objects is
ny (N)k . n!
k) kI k(n—k!

We encountel([l) in other mathematical studies. Sometimes it is calldoirmmial

coefficienbecause it appears (as the coefficient’of" ) in the expansion of the binomial
(x + y)". In addition, we observe that

0-(")

The logic behind this identity is that choosikgut of n elements to be part of a subset is
equivalent to choosing — k elements to be excluded from the subset.

In many (perhaps all) other book;) is undefined except for integersandk with
0 < k < n. Instead, we adopt the following extended definition:

Definition 1.11 n choose k
For an integer n> 0, we define

n!

n — k=0,1,...
(0)-{ g K=oroon
0 otherwise.

This definition captures the intuition that given, say= 33 objects, there are zero ways

of choosingk = —5 objects, zero ways of choosikg= 8.7 objects, and zero ways of
choosingk = 87 objects. Although this extended definition may seem unnecessary, and
perhaps even silly, it will make many formulas in later chapters more concise and easier for
students to grasp.

Example 1.31
e The number of five-card poker hands is

(52) _52-51-50-49-48

=2 . 1.
. 53 AT ,598.960 (1.58)

e The number of ways of picking 60 out of 120 students is (1620 .
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e The number of ways of choosing 5 starters for a basketball team with 11 players
is () = 462,

e A baseball team has 15 field players and 10 pitchers. Each field player can take
any of the 8 nonpitching positions. Therefore, the number of possible starting
lineups is N = (1°)(%) = 64,350 since you must choose 1 of the 10 pitchers
and you must choose 8 out of the 15 field players. For each choice of starting
lineup, the manager must submit to the umpire a batting order for the 9 starters.
The number of possible batting orders is N x 9! = 23,351,328,000 since there
are N ways to choose the 9 starters, and for each choice of 9 starters, there are
9! = 362,880 possible batting orders.

Example 1.32  To return to our original question of this section, suppose we draw seven cards. What
is the probability of getting a hand without any queens?

There are H = (572) possible hands. All H hands have probability 1/H. There are
Hno = (478) hands that have no queens since we must choose 7 cards from a deck
of 48 cards that has no queens. Since all hands are equally likely, the probability of
drawing no queensis Hng/H = 0.5504.

Sampling with Replacement

Now we address sampling with replacement. In this case, each object can be chosen
repeatedly because a selected object is replaced by a duplicate.

Example 1.33  Alaptop computer has PCMCIA expansion card slots A and B. Each slot can be filled
with either a modem card (m), a SCSI interface (i), or a GPS card (g). From the set
{m, i, g} of possible cards, what is the set of possible ways to fill the two slots when
we sample with replacement? In other words, how many ways can we fill the two card
slots when we allow both slots to hold the same type of card?

Let xy denote the outcome that card type x is used in slot A and card type y is used
in slot B. The possible outcomes are

S={mm,mi,mg,im,ii,ig, gm, gi, gg}. (1.59)

As we see from S, the number of possible outcomes is nine.

The fact that Example 1.33 had nine possible outcomes should not be surprising. Since
we were sampling with replacement, there were always three possible outcomes for each
of the subexperiments to choose a PCMCIA card. Hence, by the fundamental theorem of
counting, Example 1.33 must havex33 = 9 possible outcomes.

In Example 1.33mi andim are distinct outcomes. This result generalizes naturally
when we want to choose with replacement a sample afjects out of a collection ah
distinguishable objects. The experiment consists of a sequencéaehtical subexperi-
ments. Sampling with replacement ensures that in each subexperiment, tiepoasible
outcomes. Hence there aré' ways to choose with replacement a sampla objects.
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Theorem 1.14  Given m distinguishable objects, there ar& mays to choose with replacement an ordered

sample of n objects.

Example 1.34  There are 210 = 1024binary sequences of length 10.

Example 1.35  The letters A through Z can produce 264 = 456 976 four-letter words.

Sampling with replacement also arises when we perfonmm@petitions of an identical
subexperiment. Each subexperiment has the same sample$pgdsmgx; to denote the
outcome of thath subexperiment, the result farrepetitions of the subexperiment is a
sequencey, ..., Xp. Note that each observatiagnis some elemerstin t“he sample space
S

Example 1.36 A chip fabrication facility produces microprocessors. Each microprocessor is tested

to determine whether it runs reliably at an acceptable clock speed. A subexperiment
to test a microprocessor has sample space S = {0, 1} to indicate whether the test was
a failure (0) or a success (1). For testi, we record X;j = 0 or x; = 1 to indicate the

result. In testing four microprocessors, the observation sequence X 1XoXgX4 is one of
16 possible outcomes:

0000, 0001, 0010, 0011, 0100, 0101, 0110, 0111,
1000, 1001, 1010, 1011, 1100, 1101, 1110, 1111.

Note that we can think of the observation sequenge. ., X, as having been generated
by sampling with replacememt times from a collectiorS. For sequences of identical
subexperiments, we can formulate the following restatement of Theorem 1.14.

Theorem 1.15  For n repetitions of a subexperiment with sample space 8o, .

..,Sm_1}, there are M
possible observation sequences.

Example 1.37 A chip fabrication facility produces microprocessors. Each microprocessor is tested

and assigned a grade s € S= {sp, ..., s3}. A grade of s; indicates that the micropro-
cessor will function reliably at a maximum clock rate of s; megahertz (MHz). In testing
10 microprocessors, we use X; to denote the grade of the ith microprocessor tested.
Testing 10 microprocessors, for example, may produce an observation sequence

X1X2 - - - X10 = S3505351525350525251 - (1.60)

The entire set of possible sequences contains 410 _ 1,048 576 elements.

Inthe preceding examples, repeating a subexperimtmes and recording the observa-
tion can be viewed as constructing a word witstymbols from the alphabg&o, . . ., Sm-1}.
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For example, fom = 2, we have a binary alphabet with symbsdsands; and itis common
to simply definesg = 0 ands; = 1.

A more challenging problem is to calculate the number of observation sequences such
that each subexperiment outcome appears a certain number of times. We start with the case
in which each subexperiment is a trial with sample spaee {0, 1} indicating failure or
success.

Example 1.38  For five subexperiments with sample space S = {0,1}, how many observation se-
guences are there in which 0 appears ng = 2 times and 1 appears n; = 3 times?

The set of five-letter words with 0 appearing twice and 1 appearing three times is
{00111,01011,01101,01110,10011,10101,10110,11001,11010,1110Q.
There are exactly 10 such words.

Writing down all 10 sequences of Example 1.38 and making sure that no sequences
are overlooked is surprisingly difficult. However, with some additional effort, we will see
that it is not so difficult to count the number of such sequences. Each sequence is uniquely
determined by the placement of the ones. That s, given five slots for the five subexperiment
observations, a possible observation sequence is completely specified by choosing three of
the slots to hold a 1. There are exac@ = 10 such ways to choose those three slots.
More generally, for lengtin binary words withn; 1's, we must choos(annl) slots to hold a
1.

Theorem 1.16  The number of observation sequences for n subexperiments with sample spd€el$
with 0 appearing 1y times andL appearing n = n — ng times is(r:‘l).

Theorem 1.16 can be generalized to subexperimentawith? elements in the sample
space. Fon trials of a subexperiment with sample spa&e= {so, ..., Sm—1}, we want
to find the number of observation sequences in wlighppearsg times,s; appearsiy
times, and so on. Of course, there are no such sequencesngless- + nm-1 = n. The
number of such words is known as tmeiltinomial coefficienand is denoted by

n07"'7nm71 .

To find the multinomial coefficient, we generalize the logic used in the binary case. Rep-
resenting the observation sequenceitslots, we first chooseg slots to holdsy, thenng
slots to holds;, and so on. The details can be found in the proof of the following theorem:

Theorem 1.17  For n repetitions of a subexperiment with sample spaee {So, ..., Sn—1}, the number of
length n=ng + - - - + N1 observation sequences withappearing n times is

( n ) n!
no, ..., Nm-1 no!ny!- - Nm-1!

Proof LetM = (n0s~~~':]nm—l)' Start withn empty slots and perform the following sequence of
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Definition 1.12

Quiz1.8

subexperiments:

Subexperiment Procedure
0 Labelng slots assy.
1 Labelnq slots ass;.
m-—1 Label the remaining,_1 slots assy_1.

There arg(! ) ways to perform subexperiment 0. Afteg slots have been labeled, there éﬂﬁfo)
ways to per?orm subexperiment 1. After subexperimjentl, np+- - -+nj_1 slots have already been

' L M—(Ng+-Ni
filled, leaving ( (no n i 1))
principle,

ways to perform subexperimeit From the fundamental counting

[ R G BT

_ n! (n —ng)! N—ng—---—Np_2)! (1.62)
T (n—ngng'! (n—ng—npng!  (N—ng—--- —Np—1)Nm_1!" '

Canceling the common factors, we obtain the formula of the theorem.

Note that a binomial coefficient is the special case of the multinomial coefficient for an
alphabet withm = 2 symbols. In particular, fon = ng + ng,

<n;nl> N (:o> N (:1) (1.63)

Lastly, in the same way that we extended the definition of the binomial coefficient, we
will employ the following extended definition for the multinomial coefficient.

Multinomial Coefficient
For an integer n> 0, we define

n! no+- 4 Nm1=n;
( n )_ noni!---nm_1! Ni€{0,1,...,n},i=0,1,.... m—1,
no, ..., Nm-1 )
otherwise.

Consider a binary code with 4 bits (0 or 1) in each code word. An example of a code word
is0110.

(1) How many different code words are there?
(2) How many code words have exactly two zeroes?
(3) How many code words begin with a zero?

(4) In a constant-ratio binary code, each code word has N bits. In every word, M of the
N bits are 1 and the other N- M bits are 0. How many different code words are in
the code with N= 8and M = 37
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1.9 Independent Trials

We now apply the counting methods of Section 1.8 to derive probability models for exper-
iments consisting of independent repetitions of a subexperiment. We start with a simple
subexperimentin which there are two outcomes: a success occurs with proba oty
erwise, a failure occurs with probability-1p. The results of all trials of the subexperiment

are mutually independent. An outcome of the complete experiment is a sequence of suc-

cesses and failures denoted by a sequence of ones and zeroes. For example, 190401
alternating sequence of successes and failuresSi,gf, denote the everty failures and
Ny successes in = ng + ny trials. To findP[Sy, n, ], we consider an example.

Example 1.39  Whatis the probability P[S; 3] of two failures and three successes in five independent

Theorem 1.18

trials with success probability p.

To find P[$, 3], we observe that the outcomes with three successes in five trials are
11100,11010,11001,10110,10101,10011,01110,01101,01011, and00111. We note
that the probability of each outcome is a product of five probabilities, each related to
one subexperiment. In outcomes with three successes, three of the probabilities are
p and the other two are 1 — p. Therefore each outcome with three successes has
probability (1 — p)2p3.

From Theorem 1.16, we know that the number of such sequences is (g) To find
P[S 3], we add up the probabilities associated with the 10 outcomes with 3 successes,
yielding

PlS2a] = (5)a- p2e° (164

In general, fom = ng 4+ ny independent trials we observe that
e Each outcome withg failures anch; successes has probability— p)"o p":.
e There are(r?o) = (r?l) outcomes that havey failures anch; successes.

Therefore the probability afi; successes in independent trials is the sum Qfl) terms,
each with probabilityl — p)"™p™ = (1 — p)"~M p.

The probability of iy failures and n successes in & ng + n1 independent trials is
n _ n _
P [3107”1] — <nl) (1— p)"Mph = (n0> (1— p)hop"—o.

The second formula in this theorem is the result of multiplying the probabilityydéilures
in n trials by the number of outcomes witty failures.

Example 1.40  In Example 1.19, we found that a randomly tested resistor was acceptable with prob-

ability P[A] = 0.78. If we randomly test 100 resistors, what is the probability of T;, the
event thati resistors test acceptable?

Testing each resistor is an independent trial with a success occurring when a resistor
is acceptable. Thus for 0 <i < 100,

JUB|

1i00> (0.78) (1 — 0.78)100 (1.65)
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We note that our intuition says that since 78% of the resistors are acceptable, then in
testing 100 resistors, the number acceptable should be near 78. However, P[T 7g] ~
0.096, which is fairly small. This shows that although we might expect the number
acceptable to be close to 78, that does not mean that the probability of exactly 78
acceptable is high.

Example 1.41  To communicate one bit of information reliably, cellular phones transmit the same

binary symbol five times. Thus the information “zero” is transmitted as 00000 and
“one” is 11111. The receiver detects the correct information if three or more binary
symbols are received correctly. What is the information error probability P[E], if the
binary symbol error probability is g = 0.1?

In this case, we have five trials corresponding to the five times the binary symbol is
sent. On each trial, a success occurs when a binary symbol is received correctly. The
probability of a successis p = 1—q = 0.9. The error event E occurs when the number
of successes is strictly less than three:

P[E]l=P[S5]+ P[S14]+ P[S23] (1.66)
= (g) q° + <513) pq* + (2) p2q° = 0.00856. (1.67)

By increasing the number of binary symbols per information bit from 1 to 5, the cellular
phone reduces the probability of error by more than one order of magnitude, from 0.1
to 0.0081.

Now suppose we performindependent repetitions of a subexperiment for which there
arem possible outcomes for any subexperiment. That is, the sample space for each subex-
periment is(sp, ..., Sn—1) and every event in one subexperiment is independent of the
events in all the other subexperiments. Therefore, in every subexperiment the probabilities
of corresponding events are the same and we can use the ndggign= p for all of the
subexperiments.

An outcome of the experiment consists of a sequencesobexperiment outcomes. In
the probability tree of the experiment, each noderhbsanches and branchas probability
pi. The probability of an experimental outcome is just the product of the branch probabilities
encountered on a path from the root of the tree to the leaf representing the outcome. For
example, the experimental outcomesyszsess occurs with probabilityp2 pops p2 pa. We
want to find the probability of the event

Sho.....nm_1 = {So Occursng times, . .. ,.Sm—1 OCCUrsNm_1 timeg (1.68)

Note that buried in the notatio8,, .. n,_, is the implicit fact that there is a sequence of
Nn=ng+---+ Nm_1 trials.
To calculateP[S,,... n,_, 1, We observe that the probability of the outcome

,,,,,

SO---S0S1 St Sm—1-°-Sm-1 (169)
—— e —— —— B e
Ng timesnj times Nm_1 times

ooyt - o (1.70)
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Next, we observe that any other experimental outcome that is a reordering of the preceding
sequence has the same probability because on each path through the tree to such an outcome
there arenj occurrences ofj. As a result,

P[So,..nm 1] = Mpyt P52 - P (1.71)

whereM, the number of such outcomes, is the multinomial coefﬁc( Ll)’]tnnnm—l) of Defi-

nition 1.12. Applying Theorem 1.17, we have the following theorem:

A subexperiment has sample space-$so, ..., Sn—1} with P[] = p;. Forn = ng +
.-+ + nm-1 independent trials, the probability of mccurences ofisi =0,1,...,m—1,
is
n n Nm—
P — 0...pMm1
[Sho....0m-1] <no, s nml) oo+ Pm-1

Example 1.42  Each call arriving at a telephone switch is independently either a voice call with prob-

ability 7/10, a fax call with probability2/10, or a modem call with probability 1/10. Let
S, f.m denote the event that we observe v voice calls, f fax calls, and m modem calls
out of 100 observed calls. In this case,

() (6 (B) () e

Keep in mind that by the extended definition of the multinomial coefficient, P[S,, t m]
is nonzero only if v, f, and m are nonnegative integers such that v + f + m = 100.

Example 1.43  Continuing with Example 1.37, suppose in testing a microprocessor that all four grades

Quiz19

have probability 0.25, independent of any other microprocessor. In testingn = 100
microprocessors, what is the probability of exactly 25 microprocessors of each grade?

Let S5 25 25 25 denote the probability of exactly 25 microprocessors of each grade.
From Theorem 1.19,

1
00 )(0.25)100 = 0.0010. (1.73)

P[Ses252525] = (25 25,25, 25

Data packets containingOObits are transmitted over a communication link. A transmitted

bit is received in error (either a 0 sent is mistaken for a 1, or a 1 sent is mistaken for a 0)
with probabilitye = 0.01, independent of the correctness of any other bit. The packet has
been coded in such a way that if three or fewer bits are received in error, then those bits
can be corrected. If more than three bits are received in error, then the packet is decoded
with errors.

(1) Let & 100« denote the event that a received packet has k bits in errorl&dd- k
correctly decoded bits. What is[ B¢ 100—«] for k =0, 1, 2, 3?

(2) Let C denote the event that a packet is decoded correctly. WhaG¥?P
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Components in Series Components in Parallel

Figure 1.3 Serial and parallel devices.

1.10 Reliability Problems

Example 1.44

Independent trials can also be used to describe reliability problems in which we would like
to calculate the probability that a particular operation succeeds. The operation consists of
n components and each component succeeds with probahilitgdependent of any other
component. LetV; denote the event that componéesticceeds. As depicted in Figure 1.3,
there are two basic types of operations.

e Components in series. The operation succeeal$ df its components succeed.

One example of such an operation is a sequence of computer programs in which each
program after the first one uses the result of the previous program. Therefore, the
complete operation fails if any component program fails. Whenever the operation
consists ok components in series, we needlkatomponents to succeed in order to
have a successful operation. The probability that the operation succeeds is

PWl=P[WW - --Wyl=pxpx---xp=p" (1.74)

Components in parallel. The operation succeedsifcomponent works.

This operation occurs when we introduce redundancy to promote reliability. In a
redundant system, such as a space shuttle, therecaraputers on board so that the
shuttle can continue to function as long as at least one computer operates successfully.
If the components are in parallel, the operation fails when all elements fail, so we
have

P [WC] =P [WfoWr‘f] =({1-p" (1.75)

The probability that the parallel operation succeeds is

PW=1-P[W]=1-(1-p". (1.76)

We can analyze complicated combinations of components in series and in parallel by
reducing several components in parallel or components in series to a single equivalent
component.

An operation consists of two redundant parts. The first part has two components in
series (Wy and W») and the second part has two components in series (W3 and Wjy).
All components succeed with probability p = 0.9. Draw a diagram of the operation



Quiz1.10

1.10 RELIABILITY PROBLEMS 39

W, W Wi

W, t— W, W,

Figure 1.4 The operation described in Example 1.44. On the left is the original operation. On
the right is the equivalent operation with each pair of series components replaced with an equivalent
component.

and calculate the probability that the operation succeeds.

A diagram of the operation is shown in Figure 1.4. We can create an equivalent
component, Wz, with probability of success pg by observing that for the combination
of Wy and Wa,

P[Ws] = ps = P[W;W5] = p? = 0.81. (1.77)
Similarly, the combination of W5 and W in series produces an equivalent component,
Ws, with probability of success pg = ps = 0.81. The entire operation then consists of
Wsg and Wg in parallel which is also shown in Figure 1.4. The success probability of
the operation is

P[W]=1— (1— ps)?=0.964 (1.78)

We could consider the combination of W5 and Wg to be an equivalent component Wy
with success probability p7 = 0.964 and then analyze a more complex operation that
contains W7 as a component.

Working on these reliability problems leads us to the observation that in calculating
probabilities of events involving independent trials, it is easy to find the probability of
an intersection and difficult to find directly the probability of a union. Specifically, for
a device with components in series, it is difficult to calculate directly the probability that
device fails. Similarly, whenthe components are in parallel, calculating the probability that
the device succeeds is hard. However, De Morgan’s law (Theorem 1.1) allows us to express
a union as the complement of an intersection and vice versa. Therefore when it is difficult
to calculate directly the probability we need, we can often calculate the probability of the
complementary event first and then subtract this probability from one to find the answer.
This is how we calculated the probability that the parallel device works.

A memory module consists of nine chips. The device is designed with redundancy so that
it works even if one of its chips is defective. Each chip contains n transistors and functions
properly if all of its transistors work. A transistor works with probability p independent of
any other transistor. What is the probabilityf €] that a chip works? What is the probability

P[M] that the memory module works?
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1.11 MATLAB

Engineers have studied and applied probability theory long before the invenbsmfAB.

If you don’t have access thIATLAB or if you're not interested iMATLAB, feel free to

skip this section. You can use this text to learn probability withdutrLAB. Nevertheless,
MATLAB provides a convenient programming environment for solving probability problems
and for building models of probabilistic systems. Versiond/bfTLAB, including a low
cost student edition, are available for most computer systems.

At the end of each chapter, we includ&&TLAB section (like this one) that introduces
ways thatVlATLAB can be applied to the concepts and problems of the chapter. We assume
you already have some familiarity with the basics of runmihgrLaB. If you do not, we
encourage you to investigate the built-in tutorial, books dedicat&fitorAB, and various
Web resources.

MATLAB can be used two ways to study and apply probability theory. Like a sophisti-
cated scientific calculator, it can perform complex numerical calculations and draw graphs.
It can also simulate experiments with random outcomes. To simulate experiments, we need
a source of randomnesMATLAB uses a computer algorithm, referred to agsaudo-
random number generator, to produce a sequence of numbers between 0 and 1. Unless
someone knows the algorithm, it is impossible to examine some of the numbers in the se-
guence and thereby calculate others. The calculation of each random number is similar to
an experiment in which all outcomes are equally likely and the sample space is all binary
numbers of a certain length. (The length depends on the machine riviaingaB.) Each
number is interpreted as a fraction, with a binary point preceding the bits in the binary
number. To use the pseudo-random number generator to simulate an experiment that con-
tains an event with probabilitp, we examine one numbaer, produced by th&/[ATLAB
algorithm and say that the event occurs i& p; otherwise it does not occur.

A MATLAB simulation of an experiment starts with the@nd operator:r and( m n)
produces am x n array of pseudo-random numbers. Similartyand( n) produces an
n x narray andr and( 1) is just a scalar random number. Each number produced by
rand( 1) isinthe interval(0,1). Each time we use and, we get new, unpredictable
numbers. Supposp is a number between 0 and 1. The comparisoand(1) < p
produces a 1 if the random number is less tipantherwise it produces a zero. Roughly
speaking, the functiomand( 1) < p simulates a coin flip witiP[tail] = p.

Example 1.45

» X=rand(1, 4) Since rand( 1, 4) <0. 5 compares
X = four random numbers against 0.5,
0.0879 0.9626 0.6627 0.2023 the result is a random sequence of

» X<0.5 zeros and ones that simulates a se-
ans = quence of four flips of a fair coin.
1 0 0 1 We associate the outcome 1 with

{head} and 0 with {tail}.

BecauseM ATLAB can simulate these coin flips much faster than we can actually flip
coins, a few lines oMATLAB code can yield quick simulations of many experiments.
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Example 1.46  Using MATLAB, perform 75 experiments. In each experiment, flip a coin 100 times

and record the number of heads in a vector Y such that the ith element Y; is the
number of heads in subexperimenti.

X=rand( 75, 100) <0. 5; The MATLAB code for this task appears on the left.
Y=sum( X, 2); The 75 x 100 matrix X has i, jth element Xj; = 0
(tails) or Xjj = 1 (heads) to indicate the result of flip
j of subexperimenti.

Since Y sums X across the second dimension, Y; is the number of heads in the
ith subexperiment. Each Y; is between 0 and 100and generally in the neighborhood
of 50.

Example 1.47  Simulate the testing of L00microprocessors as described in Example 1.43. Your output

Quiz1.11

should be a 4 x 1 vector X such that X; is the number of grade i microprocessors.

%hi ptest. m The first line generates a row vector Gof random
G=cei | (4*rand(1, 100)); grades for 100 microprocessors. The possi-
T=1: 4; ble test scores are in the vector T. Lastly,
X=hist(GT); X=hi st (G T) returns a histogram vector Xsuch

that X(j ) counts the number of elements G(i )
that equal T(j).

Note that “ hel p hi st ” will show the variety of ways that the hist function can be
called. Morever, X=hi st (G T) does more than just count the number of elements
of Gthat equal each element of T. In particular, hi st (G, T) creates bins centered
around each T(j) and counts the number of elements of Gthat fall into each bin.

Note that inMATLAB all variables are assumed to be matrices. In wrifigTLAB
code, X may be am x m matrix, ann x 1 column vector, a X mrow vector, ora Ix 1
scalar. InMATLAB, we write X(i,]) to index thei, jth element. By contrast, in this
text, we vary the notation depending on whether we have a skalaira vector or matrix
X. In addition, we useX;j j to denote the, jth element. ThusX and X (in a MATLAB
code fragment) may both refer to the same variable.

The flip of a thick coin yields heads with probabilityt, tails with probability0.5, or lands
on its edge with probabilitd.1. Simulatel00thick coin flips. Your output should be3a 1
vectorX such that X, Xo, and X3 are the number of occurrences of heads, tails, and edge.

Chapter Summary

An experiment consists of a procedure and observations. Outcomes of the experiment are
elements of a sample space. A probability model assigns a numberto every setin the sample
space. Three axioms contain the fundamental properties of probability. The rest of this
book uses these axioms to develop methods of working on practical problems.

e Sample spacesvent andoutcomeare probability terms for the set theory concepts of
universal set, set, and element.
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e A probability measure PA] is a function that assigns a number between 0 and 1 to
every evenfA in a sample space. The assigned probabilities conform to the three axioms

presented in Section 1.3.

e A conditional probability R A|B] describes the likelihood of given thatB has oc-
curred. If we consideB to be the sample space, the conditional probabiify| B]
also satisfies the three axioms of probability.

e AandB areindependent evenisand only if P[AB] = P[A]P[B].

e Tree diagramdllustrate experiments that consist of a sequence of steps. The labels on
the tree branches can be used to calculate the probabilities of outcomes of the combined

experiment.

e Counting methodsletermine the number of outcomes of complicated experiments.
These methods are particularly useful for sequences of independent trials in which the

probability tree is too large to draw.

Difficulty: Easy
For Gerlanda’s pizzain Quiz 1.1, answer these ques-
tions:

(a) AreT andM mutually exclusive?
(b) Are R, T, andM collectively exhaustive?

(c) Are T andO mutually exclusive? State this con-
dition in words.

(d)Does Gerlanda’s make Tuscan pizzas with
mushrooms and onions?

(e) Does Gerlanda’s make regular pizzas that hade?.2
neither mushrooms nor onions?

Continuing Quiz 1.1, write Gerlanda’s entire menu
in words (supply prices if you wish).

A fax transmission can take place at any of three
speeds depending on the condition of the phone con-
nection between the two fax machines. The speeds
are high (h at 14 400 b/s, medium (nat 9600
b/s, and low|() at 4800 b/s. In response to requests
for information, a company sends either short faxes
of two (t) pages, or long faxes of fourf§ pages.
Consider the experiment of monitoring a fax trans-
mission and observing the transmission speed and
length. An observation is a two-letter word, for ex-
ample, a high-speed, two-page fahis

(a) What is the sample space of the experiment?

(b) Let Aq be the event “medium-speed fax.” What
are the outcomes iA1?

Moderate Difficult Experts Only

(c) Let Ay be the event “short (two-page) fax.”
What are the outcomes i ?

(d) Let Az be the event “high-speed fax or low-speed
fax.” What are the outcomes iA3?

(e) Are Aq, Ay, and Az mutually exclusive?
() Are Aq, Ap, and Az collectively exhaustive?

An integrated circuit factory has three machings

Y, and Z. Test one integrated circuit produced by
each machine. Either a circuitis acceptableqit
fails (f). An observation is a sequence of three test
results corresponding to the circuits from machines
X, Y, andZ, respectively. For examplaaf is the
observation that the circuits frodd andY pass the
test and the circuit fronZ fails the test.

(a) What are the elements of the sample space of
this experiment?

(b) What are the elements of the sets

Zg = {circuit from Z fails} ,
X a = {circuit from X is acceptable.

(c) Are Zg and X o mutually exclusive?

(d) Are Zg and X 5 collectively exhaustive?
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(e) What are the elements of the sets

C = {more than one circuit acceptaple
D = {at least two circuits fajl.

1.3.3

(f) Are C and D mutually exclusive?
(g) Are C and D collectively exhaustive?

1.3.4
Shuffle a deck of cards and turn over the first card.

What is the sample space of this experiment? How
many outcomes are in the event that the first card is
a heart?

Find out the birthday (month and day but not year,
of a randomly chosen person. What is the samplg
space of the experiment. How many outcomes are
in the event that the person is born in July?

Let the sample space of an experiment consist of

all the undergraduates at a university. Give foulr 4

3.5

examples of event spaces. g

Let the sample space of the experiment consist of
the measured resistances of two resistors. Give four
examples of event spaces.

Computer programs are classified by the length of
the source code and by the execution time. Pro-
grams with more than 150 lines in the source code
are big B). Programs with< 150 lines are little
(L). Fast programsK) run in less than @ sec-
onds. Slow programs/) require at least Q. sec-
onds. Monitor a program executed by a computer.
Observe the length of the source code and the run
time. The probability model for this experiment
contains the following informationP[LF] = 0.5,
P[BF] = 0.2, andP[BW] = 0.2. What is the

sample space of the experiment? Calculate the fgl-4.2

lowing probabilities:

(@) P[W]

(b) P[B]

(c) P[W U B]

There are two types of cellular phones, handheld
phones H) that you carry and mobile phone®§

that are mounted in vehicles. Phone calls can be
classified by the traveling speed of the user as fast
(F) or slow (W). Monitor a cellular phone call
and observe the type of telephone and the speed
of the user. The probability model for this experi-
ment has the following informationP[F] = 0.5,
P[HF] =0.2, PIMW] = 0.1. What s the sample
space of the experiment? Calculate the following
probabilities:
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(a) PIW]
(b) PIMF]
(c) P[H]

Shuffle a deck of cards and turn over the first card.
What is the probability that the first card is a heart?

You have a six-sided die that you roll once and ob-
serve the number of dots facing upwards. What is
the sample space? What is the probability of each
sample outcome? What is the probabilityiofthe
event that the roll is even?

A student’s score on a 10-point quiz is equally likely
to be any integer between 0 and 10. What is the
probability of anA, which requires the student to
get a score of 9 or more? What is the probability
the student gets aR by getting less than 4?

Mobile telephones performandoffsas they move
from cell to cell. During a call, a telephone either
performs zero handoffdy), one handoff Hy), or
more than one handoft{). In addition, each call
is either long (), if it lasts more than three min-
utes, or brief B). The following table describes the
probabilities of the possible types of calls.

| Ho H1 Hy
L1101 01 02
B|{04 01 01

What is the probabilityP[Hg] that a phone makes
no handoffs? What is the probability a call is brief?
What is the probability a call is long or there are at
least two handoffs?

For the telephone usage model of Example 1.14, let
Bm denote the event that a call is billed formin-
utes. To generate a phone bill, observe the duration
of the call in integer minutes (rounding up). Charge
for M minutesM = 1, 2, 3, .. .if the exact duration
TisM—1<t < M. Amore complete probability
model shows that fom = 1,2, ... the probability

of each evenBp, is

P [Bm] = (1 — o)™

wherea = 1 — (0.57)1/3 = 0.171.

(a) Classify a call as lond,, if the call lasts more
than three minutes. What B[L]?

(b) What is the probability that a call will be billed
for nine minutes or less?
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The basic rules of genetics were discovered in mid-
1800s by Mendel, who found that each characteris-

tic of a pea plant, such as whether the seeds weyg, 7

green or yellow, is determined by two genes, one
from each parent. Each gene is either domircant

or recessive. Mendel's experiment is to select a1'4'

plant and observe whether the genes are both doin-
inantd, both recessive, or one of each (hybrid).

In his pea plants, Mendel found that yellow seeds-4.9

were a dominant trait over green seedsyypea
with two yellow genes has yellow seedsgg pea

with two recessive genes has green seeds; a hybyid 1

gy or yg pea has yellow seeds. In one of Mendel’s
experiments, he started with a parental generation
in which half the pea plants wengy and half the
plants weregg. The two groups were crossbred so
that each pea plantin the first generation ggsIn

the second generation, each pea plant was equally
likely to inherit ay or ag gene from each first gen-
eration parent. What is the probabiliB{Y] that a

randomly chosen pea plant in the second generatie% 2

has yellow seeds?

Use Theorem 1.7 to prove the following facts:
(@) P[IAU B] = P[A]

(b) PIAU B] = P[B]

(c) PIAN B] < P[A]

(d) PIAN B] < P[B]

Use Theorem 1.7 to prove by induction theion
bound: For any collection of evens, ..., An,

n
P[ALUAU---UAq <) P[A].
i=1
Suppose a cellular telephone is equally likely t
make zero handoffd{y), one handoffH1), or more
than one handoffHy). Also, a caller is either on
foot (F) with probability 5/12 or in a vehicle ).

(a) Given the preceding information, find three
ways to fill in the following probability table:

| Ho Hi Hp
F
Vv

(b) Suppose we also learn thatlgf all callers are
on foot making calls with no handoffs and that
1/6 of all callers are vehicle users making calls
with a single handoff. Given these additional

953

154

facts, find all possible ways to fill in the table of
probabilities.

Using only the three axioms of probability, prove
Pl¢] = 0.

Using the three axioms of probability and the fact
that P[¢] = O, prove Theorem 1.4. Hint: Define
A =Bjfori=1,...,mandA; = ¢ fori > m.

For each fact stated in Theorem 1.7, determine
which of the three axioms of probability are needed
to prove the fact.

Given the model of handoffs and call lengths in
Problem 1.4.1,

(a) What s the probability that a brief call will have
no handoffs?

(b) What is the probability that a call with one hand-
off will be long?

(c) What is the probability that a long call will have
one or more handoffs?

You have a six-sided die that you roll once. LRt
denote the event that the rollisLet G denote the
event that the roll is greater thgn Let E denote
the event that the roll of the die is even-numbered.

(a) What isP[R3|G1], the conditional probability
that 3 is rolled given that the roll is greater than
1?

(b) What is the conditional probability that 6 is
rolled given that the roll is greater than 3?

(c) What is P[G3]|E], the conditional probability
that the roll is greater than 3 given that the roll
is even?

(d) Given that the roll is greater than 3, what is the
conditional probability that the roll is even?

You have a shuffled deck of three cards: 2, 3, and
4. You draw one card. Le; denote the event that
cardi is picked. LetE denote the event that card
chosen is a even-numbered card.

(a) What isP[Cy|E], the probability that the 2 is
picked given that an even-numbered card is cho-
sen?

(b) What is the conditional probability that an even-
numbered card is picked given that the 2 is
picked?

From Problem 1.4.3, what is the conditional proba-

bility of yy, that a pea plant has two dominant genes

given the eveny that it has yellow seeds?
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You have a shuffled deck of three cards: 2, 3, and 4
and you deal out the three cards. [Etdenote the
event thaith card dealt is even numbered.

(a) What isP[E|E1], the probability the second
card is even given that the first card is even?

(b) What is the conditional probability that the first:-6-2

two cards are even given that the third card is
even?

(c) Let O; represent the event that thté card dealt
is odd numbered. What iB[E>|O1], the con-
ditional probability that the second card is even

given that the first card is odd? 16.6

(d) What is the conditional probability that the sec-
ond card is odd given that the first card is odd?

Deer ticks can carry both Lyme disease and human
granulocytic ehrlichiosis (HGE). In a study of ticks
in the Midwest, it was found that 16% carried Lyme
disease, 10% had HGE, and that 10% of the ticks
that had either Lyme disease or HGE carried both
diseases.

(a) Whatis the probability?[L H] that a tick carries
both Lyme diseasel() and HGE H)?

(b) What is the conditional probability that a tick
has HGE given that it has Lyme disease?

Is it possible forA and B to be independent events

yet satisfyA = B?

Use a Venn diagram in which the event areas are

proportional to their probabilities to illustrate two

eventsA and B that are independent.

In an experimentA, B, C, andD are events with

probabilitiesP[A] = 1/4, P[B] = 1/8, P[C] =

5/8, andP[D] = 3/8. FurthermoreA andB are

disjoint, whileC and D are independent.

(@) Find P[AN B], P[AUB], P[AN B¢, and
P[AU BC].

(b) Are A andB independent?

(c) Find P[C N D], P[C N D€], andP[C¢ N D°].

(d) Are C®¢ and D€ independent?

In an experiment,A, B, C, and D are events

with probabilitiesP[AU B] = 5/8, P[A] = 3/8,

P[C N D] = 1/3, andP[C] = 1/2. Furthermore,

A and B are disjoint, whileC and D are indepen-

dent.

(a) Find P[AN B],
P[AU BC].

(b) Are A andB independent?

P[B], P[ANBS],

1.6.7

1.6.8

1.6.9

and 1.7.1
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(c)Find P[D], P[CN D¢, P[C®N D¢, and

P[C|D].
(d) Find P[C U D] and P[C U DC].
(e) AreC and D€ independent?

In an experiment with equiprobable outcomes, the
event space i$ = {1, 2, 3,4} and P[s] = 1/4 for

alls € S. Findthree events iSthat are pairwise in-
dependent but are notindependent. (Note: Pairwise
independent events meet the first three conditions of
Definition 1.8).

(Continuation of Problem 1.4.3) One of Mendel's
most significant results was the conclusion that
genes determining different characteristics are
transmitted independently. In pea plants, Mendel
found that round peas are a dominanttrait over wrin-
kled peas. Mendel crossbred a group(iaf, yy)
peas with a group ofww, gg) peas. In this no-
tation, rr denotes a pea with two “round” genes
andww denotes a pea with two “wrinkled” genes.
The first generation were eith@rw, yg), (r w, gy),

(wr, yg), or (wr, gy) plants with both hybrid shape
and hybrid color. Breeding among the first gen-
eration yielded second-generation plants in which
genes for each characteristic were equally likely to
be either dominant or recessive. What is the prob-
ability P[Y] that a second-generation pea plant has
yellow seeds? What is the probabiliB{R] that a
second-generation plant has round peas?Raead

Y independent events? How many visibly different
kinds of pea plants would Mendel observe in the
second generation? What are the probabilities of
each of these kinds?

For independent even#s and B, prove that
(a) AandBC are independent.

(b) A® andB are independent.

(c) A® and B® are independent.

Use a Venn diagram in which the event areas are
proportional to their probabilities to illustrate three
eventsA, B, andC that are independent.

Use a Venn diagram in which the event areas are
proportional to their probabilities to illustrate three
eventsA, B, andC that are pairwise independent
but not independent.

Suppose you flip a coin twice. On any flip, the coin
comes up heads with probability 4./ UseH; and
Tj to denote the result of flip.
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(a) What is the probabilityP[H1|H>], that the first 1.7.7

flip is heads given that the second flip is heads™

(b) What is the probability that the first flip is heads
and the second flip is tails?

For Example 1.25, suppos®[G1] = 1/2,
P[G2|G1] = 3/4, andP[G2|R1] = 1/4. Find
P[Gz2], P[G2|G1], andP[G1|G2].

At the end of regulation time, a basketball team is
trailing by one point and a player goes to the line f

two free throws. Ifthe player makes exactly one fre=—

throw, the game goes into overtime. The probabil-
ity that the first free throw is good is 2/ However,

if the first attempt is good, the player relaxes and
the second attempt is good with probability43/
However, if the player misses the first attempt, the
added pressure reduces the success probability to
1/4. What is the probability that the game goes
into overtime?

You have two biased coins. Cofkcomes up heads
with probability 1/4. Coin B comes up heads with
probability 3/4. However, you are not sure which
is which so you choose a coin randomly and you
flip it. If the flip is heads, you guess that the flipped
coin is B; otherwise, you guess that the flipped coin
is A. Let eventsA and B designate which coin
was picked. What is the probabilify[C] that your
guess is correct?

Suppose that for the general population, 1 in 5000

people carries the human immunodeficiency viruk.7.9

(HIV). Atest for the presence of HIV yields either a
positive (4) or negative (- response. Suppose the
test gives the correct answer 99% of the time. What
is P[—|H], the conditional probability that a per-
son tests negative given that the person does have
the HIV virus? What isP[H |+], the conditional
probability that a randomly chosen person has the
HIV virus given that the person tests positive?

You have two biased coins. Cokcomes up heads
with probability 1 4. Coin B comes up heads with
probability 34. However, you are not sure which
is which so you flip each coin once, choosing the
first coin randomly. UseH; andT; to denote the
result of flipi. Let A1 be the event that coiA was
flipped first. LetBq be the event that coiB was
flipped first. What isP[H1H2]? Are Hq and Hp
independent? Explain your answer.

Suppose Dagwood (Blondie’s husband) wants to eat
a sandwich but needs to go on a diet. So, Dagwood
decides to let the flip of a coin determine whether he
eats. Using an unbiased coin, Dagwood will post-
pone the diet (and go directly to the refrigerator) if
either (a) he flips heads on his first flip or (b) he
flips tails on the first flip but then proceeds to get
two heads out of the next three flips. Note that the
first flip is not counted in the attempt to win two of
three and that Dagwood never performs any unnec-
essary flips. LeH; be the event that Dagwood flips
heads on try. LetT; be the event that tails occurs
on flipi.
(a) Sketch the tree for this experiment. Label the
probabilities of all outcomes carefully.

(b) What areP[H3] and P[T3]?

(c) Let D be the event that Dagwood must diet.
What isP[D]? What isP[H1|D]?

(d) Are Hz and Ho independent events?

The quality of each pair of photodiodes produced

by the machine in Problem 1.7.6 is independent of

the quality of every other pair of diodes.

(a) Whatis the probability of finding no good diodes
in a collection ofn pairs produced by the ma-
chine?

(b) How many pairs of diodes must the machine pro-
duce to reach a probability of@9 that there will
be at least one acceptable diode?

A machine produces photo detectors in pairs. Tes{S; 1 gach time a fisherman casts his line, a fish is caught

show that the first photo detector is acceptable wiit
probability 35. When the first photo detector is
acceptable, the second photo detector is acceptable
with probability 4/5. If the first photo detector is
defective, the second photo detector is acceptable
with probability 2 5.

(a) What is the probability that exactly one photq g 1

detector of a pair is acceptable?

(b) What is the probability that both photo detectors
in a pair are defective?

with probability p, independent of whether a fish is
caught on any other cast of the line. The fisherman
will fish all day until a fish is caught and then he will
quit and go home. LeE; denote the event that on
cast the fisherman catches afish. Draw the tree for
this experiment and finB[C1], P[C>], andP[Cp].

Consider a binary code with 5 bits (0 or 1) in each
code word. An example of a code word is 01010.
How many different code words are there? How
many code words have exactly three 0's?
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Consider a language containing four lettefs: B,
C, D. How many three-letter words can you form

in this language? How many four-letter words can
you form if each letter appears only once in each
word?

Shuffle adeck of cards and pick two cards atrandon..
Observe the sequence of the two cards in the order
in which they were chosen.

(a) How many outcomes are in the sample space?

(b) How many outcomes are in the event that the
two cards are the same type but different suits?

(c) What is the probability that the two cards are the
same type but different suits?

(d) Suppose the experiment specifies observing the

set of two cards without considering the order i g 3

which they are selected, and redo parts (a)—(c)

On an American League baseball team with 15 field
players and 10 pitchers, the manager must select for
the starting lineup, 8 field players, 1 pitcher, and 1
designated hitter. A starting lineup specifies the
players for these positions and the positions in a
batting order for the 8 field players and designated
hitter. Ifthe designated hitter must be chosen among
allthe field players, how many possible starting line;
ups are there?

Suppose that in Problem 1.8.4, the designated hitter
can be chosen from among all the players. How
many possible starting lineups are there?

A basketball team has three pure centers, four pure
forwards, four pure guards, and one swingman who
can play either guard or forward. A pure position
player can play only the designated position. If the
coach must start a lineup with one center, two for-
wards, and two guards, how many possible lineups
can the coach choose?

An instant lottery ticket consists of a collection
of boxes covered with gray wax. For a subset of
the boxes, the gray wax hides a special mark. If
a player scratches off the correct number of the
marked boxes (and no boxes without the mark), then
that ticket is a winner. Design an instant lottery
game in which a player scratches five boxes and the
probability that a ticket is a winner is approximately
0.01.

Consider a binary code with 5 bits (0 or 1) in each
code word. An example of a code word is 01010.
In each code word, a bit is a zero with probability
0.8, independent of any other bit.

1.95
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(a) What is the probability of the code word 00111?

(b) What is the probability that a code word contains
exactly three ones?

The Boston Celtics have won 16 NBA champi-
onships over approximately 50 years. Thus it may
seem reasonable to assume that in a given year the
Celtics win the title with probabilityp = 0.32, inde-
pendent of any other year. Givensuchamodel, what
would be the probability of the Celtics winning eight
straight championships beginning in 1959? Also,
what would be the probability of the Celtics win-
ning the title in 10 out of 11 years, starting in 19597
Given your answers, do you trust this simple prob-
ability model?

Suppose each day that you drive to work a traffic
light that you encounter is either green with prob-
ability 7/16, red with probability 716, or yellow
with probability 1,8, independent of the status of the
lighton any other day. If overthe course of five days,
G, Y, andR denote the number of times the light is
found to be green, yellow, or red, respectively, what
is the probability thatP[G =2,Y =1, R=2]?
Also, what is the probabilityP[G = R]?

In a game between two equal teams, the home team
wins any game with probabilitpy > 1/2. In a best

of three playoff series, a team with the home advan-
tage has a game at home, followed by a game away,
followed by a home game if necessary. The seriesis
over as soon as one team wins two games. What is
P[H], the probability that the team with the home
advantage wins the series? Is the home advantage
increased by playing a three-game series rather than
one-game playoff? Thatis, isittrue thafH] > p
forall p > 1/2?

There is a collection of field goal kickers, which
can be divided into two groups 1 and 2. Graup
has 3 kickers. On any kick, a kicker from group

i will kick a field goal with probability 1/ + 1),
independent of the outcome of any other kicks by
that kicker or any other kicker.

(a) A kicker is selected at random from among all
the kickers and attempts one field goal. Kebe
the event that a field goal is kicked. FiR{K].

(b) Two kickers are selected at random. Foe
1,2, let Kj be the event that kickef kicks a
field goal. FindP[K1 N K>]. Are K1 andK»
independent events?



1.10.3 Suppose a 10-digit phone number is transmitted tinl.G In this problem, we use AIATLAB simulation to
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(c) A kicker is selected at random and attempts 1D.11.1 Following Quiz 1.3, us@IATLAB to generate a vec-

field goals. LeM be the number of misses. Find
P[M = 5].

component has a failure probability independent
of any other component. The operation is success-
ful if both

eComponents 1, 2, and 3 all work, or compo-
nent 4 works.

eEither component 5 or component 6 works.

Sketch a block diagram for this operation similar to
those of Figure 1.3 on page 38. What is the proba-
bility P[W] that the operation is successful?

1.10.2 We wish to modify the cellular telephone coding

system in Example 1.41 in order to reduce the num-
ber of errors. In particular, if there are two or three
zeroes in the received sequence of 5 bits, we will
say that a deletion (evem) occurs. Otherwise, if

at least 4 zeroes are received, then the receiver de-

tor T of 200 independent test scores such that all
scores between 51 and 100 are equally likely.

1.10.1 A particular operation has six components. Each11.2 Build a MATLAB simulation of 50 trials of the ex-

periment of Example 1.27. Your output should be a
pair of 50x 1 vectorsC andH. For theith trial, H;

will record whether it was head$i( = 1) or tails
(Hi = 0), andC; e {1, 2} will record which coin
was picked.

1.11.3 Following Quiz 1.9, suppose the communication

link has different error probabilities for transmitting

0O and 1. When a 1 is sent, itis received as a 0 with
probability 001. When a 0 is sent, it is received as
a 1 with probability 003. Each bit in a packet is
still equally likely to be a 0 or 1. Packets have been
coded such that if five or fewer bits are received in
error, then the packet can be decoded. Simulate the
transmission of 100 packets, each containing 100
bits. Count the number of packets decoded cor-
rectly.

cides azerowas sent. Similarly, if atleast4 ones afe11.4 For a failure probabilitg) = 0.2, simulate 100 trials

received, then the receiver decides a one was sent.
We say that an error occurs if either a one was sent
and the receiver decides zero was sent or if a zero
was sent and the receiver decides a one was sent.
For this modified protocol, what is the probability.
P[E] of an error? What is the probability[ D] of

a deletion?

a cellular phone using four binary symbols for eacii
digit, using the model of binary symbol errors and
deletions given in Problem 1.10.2. @ denotes
the number of bits sent correctly) the number
of deletions, ancE the number of errors, what is
P[C =c, D =d, E = €]? Your answer should be
correct for any choice dof, d, ande.

1.10.4 Consider the device described in Problem 1.10.1.

Suppose we can replace any one of the components
with an ultrareliable component that has a failure
probability ofq/2. Which component should we
replace?

of the six-component test of Problem 1.10.1. How
many devices were found to work? Perform 10 rep-
etitions of the 100 trials. Are your results fairly
consistent?

1.11.5 Write a function N=count equal (G T) that

duplicates the action ofhi st (G T) in Exam-
ple 1.47. Hint: Use thendgr i d function.

“solve” Problem 1.10.4. Recall that a particular op-
eration has six components. Each component has a
failure probabilityq, independent of any other com-
ponent. The operation is successful if both

eComponents 1, 2, and 3 all work, or compo-
nent 4 works.

eEither component 5 or component 6 works.
With g = 0.2, simulate the replacement of a com-
ponent with an ultrareliable component. For each
replacement of a regular component, perform 100
trials. Are 100 trials sufficient to conclude which
component should be replaced?




Discrete Random Variables

2.1 Definitions

Chapter 1 defines a probability model. It begins wighhgsicaimodel of an experiment. An
experiment consists of a procedure and observations. The set of all possible obserSations,
is the sample space of the experime®is the beginning of thenathematicaprobability
model. In addition toS, the mathematical model includes a rule for assigning numbers
between 0 and 1 to sesin S. Thus for everyA C S, the model gives us a probability
P[A], where O< P[A] < 1.

In this chapter and for most of the remainder of the course, we will examine probability
models that assign numbers to the outcomes in the sample space. When we observe one of
these numbers, we refer to the observation@ndom variable. In our notation, the name
of a random variable is always a capital letter, for exam¥leThe set of possible values of
X is therangeof X. Since we often consider more than one random variable at a time, we
denote the range of a random variable by the le$teith a subscript which is the name of
the random variable. Thi8 is the range of random variab¥g Sy is the range of random
variableY, and so forth. We us8x to denote the range of because the set of all possible
values ofX is analogous t&, the set of all possible outcomes of an experiment.

A probability model always begins with an experiment. Each random variable is related
directly to this experiment. There are three types of relationships.

1. The random variable is the observation.
Example 2.1 The experiment is to attach a photo detector to an optical fiber and count the
number of photons arriving in a one microsecond time interval. Each observation

is a random variable X. The range of X is Sy = {0,1,2,...}. In this case, Sy,
the range of X, and the sample space S are identical.

2. The random variable is a function of the observation.

Example 2.2 The experiment is to test six integrated circuits and after each test observe
whetherthe circuitis accepted (a) or rejected (r). Each observationis a sequence

49
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of six letters where each letter is either a or r. For example, sg = aaraaa. The
sample space S consists of the 64 possible sequences. A random variable
related to this experiment is N, the number of accepted circuits. For outcome
sg, N = 5 circuits are accepted. The range of N is Sy = {0, 1, ..., 6}.

3. The random variable is a function of another random variable.

Example 2.3 In Example 2.2, the net revenue R obtained for a batch of six integrated circuits is

Definition 2.1

$5 for each circuit accepted minus $7 for each circuit rejected. (This is because
for each bad circuit that goes out of the factory, it will cost the company $7 to deall
with the customer’s complaint and supply a good replacement circuit.) When N
circuits are accepted, 6 — N circuits are rejected so that the net revenue R is
related to N by the function

R=g(N) =5N — 7(6 — N) = 12N — 42 dollars. (2.2)
Since Sy = {0, ..., 6}, the range of Ris

Sr = {—42,-30,-18,-6,6,18,30} . (2.2)

If we have a probability model for the integrated circuit experiment in Example 2.2,
we can use that probability model to obtain a probability model for the random variable.
The remainder of this chapter will develop methods to characterize probability models
for random variables. We observe that in the preceding examples, the value of a random
variable can always be derived from the outcome of the underlying experiment. This is not
a coincidence. The formal definition of a random variable reflects this fact.

Random Variable

Arandom variable consists of an experiment with a probability measufe Befined on a
sample space S and a function that assigns a real number to each outcome in the sample
space of the experiment.

This definition acknowledges that a random variable is the result of an underlying experi-
ment, but it also permits us to separate the experiment, in particular, the observations, from
the process of assigning numbers to outcomes. As we saw in Example 2.1, the assignment
may be implicit in the definition of the experiment, or it may require further analysis.

In some definitions of experiments, the procedures contain variable parameters. In these
experiments, there can be values of the parameters for which it is impossible to perform the
observations specified in the experiments. In these cases, the experiments do not produce
random variables. We refer to experiments with parameter settings that do not produce
random variables amproper experiments

Example 2.4 The procedure of an experimentis to fire a rocket in a vertical direction from the Earth’s

surface with initial velocity V km/h. The observation is T seconds, the time elapsed
until the rocket returns to Earth. Under what conditions is the experiment improper?

At low velocities, V, the rocket will return to Earth at a random time T seconds that
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depends on atmospheric conditions and small details of the rocket’s shape and weight.
However, when V > v* &~ 40,000 km/hr, the rocket will not return to Earth. Thus, the
experimentis improper when V > v* because it is impossible to perform the specified
observation.

On occasion, it is important to identify the random varialfldoy the functionX(s)
that maps the sample outcom& the corresponding value of the random varia¥leAs
needed, we will writd X = x} to emphasize that there is a set of sample pairgsS for
which X(s) = x. That is, we have adopted the shorthand notation

{X =x} ={se §X(s) = x} (2.3)

Here are some more random variables:

e A, the number of students asleep in the next probability lecture;

e C, the number of phone calls you answer in the next hour;

e M, the number of minutes you wait until you next answer the phone.

Random variable#\ andC arediscreterandom variables. The possible values of these
random variables form a countable set. The underlying experiments have sample spaces
that are discrete. The random varialble can be any nonnegative real number. Itis a
continuous random variable. Its experiment has a continuous sample space. Inthis chapter,
we study the properties of discrete random variables. Chapter 3 covers continuous random
variables.

Discrete Random Variable
X is adiscrete random variable if the range of X is a countable set

Sx = {X1, X2, ...}.

The defining characteristic of a discrete random variable is that the set of possible values can
(in principle) be listed, even though the list may be infinitely long. By contrast, a random
variableY that can take omnyreal numbely in an intervala < y < b is acontinuous
random variable.

Finite Random Variable
X is afinite random variableif the range is a finite set

Sx = {X1, X2, -+, Xn}.
Often, but not always, a discrete random variable takes on integer values. An exception is

the random variable related to your probability grade. The experiment is to take this course
and observe your grade. At Rutgers, the sample space is

S={F,D,C,C",B,B", A}. (2.9)
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The functionG(-) that transforms this sample space into a random varigles

G(F)=0, G(C) =2, G(B) =3, G(A) =4, 2.5)
G(D)=1, G(C*) =25 G(B*")=35. '

Gisafiniterandomvariable. Itsvalues are intheet= {0,1, 2,25, 3,3.5,4}. Have you

thought about why we transform letter grades to numerical values? We believe the principal
reason is that it allows us to compute averages. In general, this is also the main reason
for introducing the concept of a random variable. Unlike probability models defined on
arbitrary sample spaces, random variables allow us to compute averages. Inthe mathematics
of probability, averages are calledpectationsr expected valuesf random variables. We
introduce expected values formally in Section 2.5.

Example 2.5 Suppose we observe three calls at a telephone switch where voice calls (v) and data

Quiz2.1

calls (d) are equally likely. Let X denote the number of voice calls, Y the number of data
calls, and let R = XY. The sample space of the experiment and the corresponding
values of the random variables X, Y, and R are

Outcomes | ddd ddv dvd dvv wvdd wvdv wvvd wvov
P[] 8 18 1/8 1/8 1/8 1/8 1/8 1/8
Random X ‘ 0 1 1 2 1 2 2 3

Variables Y 3 2 2 1 2 1 1 0
R 0 2 2 2 2 2 2 0

A student takes two courses. In each course, the student will earn a B with prob@Sility

or a C with probability0.4, independent of the other course. To calculate a grade point
average (GPA), a B isvorth 3 points and a C is worth 2 points. The student's GPA is
the sum of the GPA for each course divided by 2. Make a table of the sample space of the
experiment and the corresponding values of the student's GPA, G.

2.2 Probability Mass Function

Definition 2.4

Recall that a discrete probability model assigns a number between 0 and 1 to each outcome
in a sample space. When we have a discrete random vaakle express the probability
model as a probability mass function (PMPX (x). The argument of a PMF ranges over

all real numbers.

Probability Mass Function (PMF)
Theprobability mass function (PMF) of the discrete random variable X is

Px (X) = P[X =X]

Note thatX = x is an event consisting of all outcomgsf the underlying experiment for
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which X(s) = x. On the other hand?x (x) is a function ranging over all real numbess
For any value ok, the functionPx (x) is the probability of the event = x.

Observe our notation for a random variable and its PMF. We use an uppercase letter
(X in the preceding definition) for the name of a random variable. We usually use the
corresponding lowercase letter) (to denote a possible value of the random variable. The
notation for the PMF is the lettéP with a subscript indicating the name of the random
variable. ThusPr(r) is the notation for the PMF of random variakite In these examples,

r andx are just dummy variables. The same random variables and PMFs could be denoted
Pr(u) andPx (u) or, indeed Pr(-) andPx(-).

We graph a PMF by marking on the horizontal axis each value with nonzero probability

and drawing a vertical bar with length proportional to the probability.

Example 2.6 From Example 2.5, what is the PMF of R?

From Example 2.5, we see that R = O if either outcome, DDD or VVV, occurs so

that
P[R=0]=P[DDD] + P[VVV] =1/4. (2.6)

For the other six outcomes of the experiment, R = 2 so that P[R=2] = 6/8. The
PMF of R is

1
S 05 1/4 r=0,
o PR)=1 3/4 r=2, (2.7)

0 I 0 otherwise.

Note that the PMF oR states the value dPr(r) for every real number. The first
two lines of Equation (2.7) give the function for the valuescoéssociated with nonzero
probabilities:r = 0 andr = 2. The final line is necessary to specify the function at all
other numbers. Although it may look silly to se®g(r) = 0 otherwise” appended to
almost every expression of a PMF, it is an essential part of the PMF. It is helpful to keep

this part of the definition in mind when working with the PMF. Do not omit this line in your
expressions of PMFs.

Example 2.7 When the basketball player Wilt Chamberlain shot two free throws, each shot was

equally likely either to be good (g) or bad (b). Each shot that was good was worth 1
point. What is the PMF of X, the number of points that he scored?

There are four outcomes of this experiment: gg, gb, bg, and bb. A simple tree diagram
indicates that each outcome has probability 1/4. The random variable X has three
possible values corresponding to three events:

{X =0} = {bb}, {X'=1} = {gb, bg}, {X=2}={gg}. (2.8)

Since each outcome has probability 1/4, these three events have probabilities

P[X = 0] = 1/4, P[X=1]=1/2, P[X = 2] = 1/4. (2.9)
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We can express the probabilities of these events as the probability mass function

0 otherwise.

N

o
O =

1
= 1/4 x=0,
% 05 12 x=1,
. I Px (x) = 1§4 > (2.10)
1
X

The PMF contains all of our information about the random variabl®ecauseP x (x)
is the probability of the everfiX = x}, Px (x) has a number of important properties. The
following theorem applies the three axioms of probability to discrete random variables.

Theorem 2.1 For a discrete random variable X with PMFy®x) and range &:
(a) Forany x, B(x) > 0.
(b) Yese Px(x) = 1.
(c) Forany event BC Sy, the probability that X is in the set B is

P[Bl=) Px(x).

xeB

Proof All three properties are consequences of the axioms of probability (Section 1.3). First,
Px (x) > 0 sincePyx(x) = P[X = x]. Next, we observe that every outcormes Sis associated

with a numberx € Sx. Therefore,P[x € Sx] = erSx Px(x) = P[se S] = P[S] = 1. Since

the eventd X = x} and{X = y} are disjoint wherx # y, B can be written as the union of disjoint
eventsB = ( J,.g{X = x}. Thus we can use Axiom 3 (B is countably infinite) or Theorem 1.4 (if

B is finite) to write

P[B]=) P[X=x1=) Px(X. (2.11)
xeB xeB
Quiz2.2 The random variable N has PMF
c/n n=1,23,
Pn () = { O/ otherwise. (212)
Find
(1) The value of the constant ¢ (2) PI[N =1]
(3) PIN > 2] (4) PIN >3]

2.3 Families of Discrete Random Variables

Thus farin our discussion of random variables we have described how each random variable
is related to the outcomes of an experiment. We have also introduced the probability mass
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function, which contains the probability model of the experiment. In practical applications,
certain families of random variables appear over and over again in many experiments.
In each family, the probability mass functions of all the random variables have the same
mathematical form. They differ only in the values of one or two parameters. This enables
us to study in advance each family of random variables and later apply the knowledge we
gain to specific practical applications. In this section, we define six families of discrete
random variables. There is one formula for the PMF of all the random variables in a
family. Depending on the family, the PMF formula contains one or two parameters. By
assigning numerical values to the parameters, we obtain a specific random variable. Our
nomenclature for a family consists of the family name followed by one or two parameters
in parentheses. For examplenomial (n, p) refers in general to the family of binomial
random variablesBinomial(7, 0.1) refers to the binomial random variable with parameters

n = 7andp = 0.1. Appendix A summarizes important properties of 17 families of random
variables.

Example 2.8 Consider the following experiments:

Definition 2.5

e Flipacoin and letitland on a table. Observe whether the side facing up is heads
or tails. Let X be the number of heads observed.

e Select a student at random and find out her telephone number. Let X = O if the
last digit is even. Otherwise, let X = 1.

e Observe one bit transmitted by a modem that is downloading a file from the
Internet. Let X be the value of the bit (0 or 1).

All three experiments lead to the probability mass function

1/2 x=0,
Pk (x)=1{ 1/2 x=1, (2.13)
0 otherwise.

Because all three experiments lead to the same probability mass function, they can all be
analyzed the same way. The PMF in Example 2.8 is a member of the fanBlgrabulli
random variables.

Bernoulli (p) Random Variable
X is aBernoulli (p) random variable if the PMF of X has the form

1-p x=0
Px(X)=1 P x=1
0 otherwise

where the parameter p is in the ran@e< p < 1.

In the following examples, we use an integrated circuit test procedure to represent any
experiment with two possible outcomes. In this particular experiment, the outcome
that a circuit is a reject, occurs with probability Some simple experiments that involve
tests of integrated circuits will lead us to tlBernoulli, binomial, geometric, andPas-
cal random variables. Other experiments proddiserete unifornrandom variables and
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Poissorrandom variables. These six families of random variables occur often in practical
applications.

Example 2.9 Suppose you test one circuit. With probability p, the circuit is rejected. Let X be the
number of rejected circuits in one test. What is Px (x)?

Because there are only two outcomes in the sample space, X = 1 with probability p
and X = 0 with probability 1 — p.

1-p x=0
Py (x) = p x=1 (2.14)
0 otherwise

Therefore, the number of circuits rejected in one test is a Bernoulli (p) random variable.

Example 2.10  If there is a 0.2 probability of a reject,

1
E 05 08 x=0
x
Q Py(x)=1 02 x=1 (2.15)
| 0  otherwise
-1 0 1 2

Example 2.11  In a test of integrated circuits there is a probability p that each circuit is rejected. Let
Y equal the number of tests up to and including the first test that discovers a reject.
What is the PMF of Y?

The procedure is to keep testing circuits until a reject appears. Using a to denote an
accepted circuit and r to denote a reject, the tree is

From the tree, we see that P[Y = 1] = p, P[Y = 2] = p(1— p), P[Y = 3] = p(1— p)?,
and, in general, P[Y =y] = p(1— p) Y=1 Therefore,

pl—pY 1 y=12 ..

0 otherwise. (2.16)

o |

Y is referred to as a geometric random variable because the probabilities in the PMF
constitute a geometric series.
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Geometric (p) Random Variable
X is ageometric (p) random variable if the PMF of X has the form

[ pa-p*t x=1,2,...
Px () = { 0 otherwise.

where the parameter p is in the ran@e< p < 1.

Example 2.12  If there is a 0.2 probability of a reject,
0.2

02)(08Y1 y=12 ...

Prv) = { 0 otherwise (2.17)

Example 2.13  Suppose we test n circuits and each circuit is rejected with probability p independent

Definition 2.7

of the results of other tests. Let K equal the number of rejects in the n tests. Find the
PMF Pk (k).

Adopting the vocabulary of Section 1.9, we call each discovery of a defective circuit
a success, and each test is an independent trial with success probability p. The
event K = k corresponds to k successes in n trials, which we have already found, in
Equation (1.18), to be the binomial probability

P = (o)L= p 219

K is an example of a binomial random variable.

Binomial (n, p) Random Variable
X is abinomial (n, p) random variable if the PMF of X has the form

n X n—Xx
Px (x) = (X)p 1-p

where0 < p < 1and n is an integer such thata 1.

We must keep in mind that Definition 2.7 depends(§)1 being defined as zero for all
x¢1{0,1,...,n}.

Whenever we have a sequencaenahdependent trials each with success probabpity
the number of successes is a binomial random variable. In general, for a birjanyal
random variable, we call the number of trials ang the success probability. Note that a
Bernoullirandom variable is a binomial random variable wita- 1.
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Example 2.14  If there is a 0.2 probability of a reject and we perform 10 tests,

0.4
< 0.2 10
o | I Py () = (k )(o.z)k(o.s)lo—k. (2.19)
S,
0 5 10
k

Example 2.15  Suppose you test circuits until you find k rejects. Let L equal the number of tests.

Definition 2.8

What is the PMF of L?

For large values of k, the tree becomes difficult to draw. Once again, we view the tests
as a sequence of independent trials where finding a reject is a success. In this case,
L = I if and only if there are k — 1 successes in the first | — 1 trials, and there is a
success on trial | so that

P[L =I1]=P |[k—1rejectsin| — 1 attempts, success on attempt | (2.20)

A B

The events A and B are independent since the outcome of attempt | is not affected
by the previous | — 1 attempts. Note that P[A] is the binomial probability of k — 1
successes in| — 1 trials so that

P[A] = (L:i) pkfl(l_ p)l—lf(kfl) (2.21)
Finally, since P[B] = p,
I -1
PL() = PIAIPE] = (1)K p!* 2.22)

L is an example of a Pascal random variable.

Pascal (k, p) Random Variable
X is aPascal (k, p) random variable if the PMF of X has the form

X—1

F’><(X)=<k_1

)pka— P

where0 < p < 1and k is an integer such thatk 1.

For a sequence af independent trials with success probabilfty a Pascal random
variable is the number of trials up to and including kitle success. We must keep in mind
that for a Pascalk, p) random variableX , Px(x) is nonzero only foix = k,k + 1, ....
Mathematically, this is guaranteed by the extended definitio({j@i). Also note that a
geometrig(p) random variable is a Pasod = 1, p) random variable.
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Example 2.16  If there is a 0.2 probability of a reject and we seek four defective circuits, the random
variable L is the number of tests necessary to find the four circuits. The PMF is
0.06
~ 004
o -1
0.02 PL() = < 2 )(0.2)4(0.8)' 4. (2.23)
0
0 10 20 30 40
|
Example 2.17

In an experiment with equiprobable outcomes, the random variable N has the range
Sy ={k k+1,k+2,---,1},wherekand| are integerswith k < |I. The range contains
| — k+ 1 numbers, each with probability 1/( — k + 1). Therefore, the PMF of N is

| 1/0-k+1) n=kk+1k+2,..., I
Pn () = { 0 otherwise (2.24)

N is an example of a discrete uniform random variable.

Definition 29  Discrete Uniform (k, |) Random Variable
X is adiscrete uniform (k, I) random variable if the PMF of X has the form

_ 1/0 —k+1) x=Kkk+1,k+2,....1
Px () _{ 0 otherwise

where the parameters k and | are integers such thatlk

To describe this discrete uniform random variable, we use the expregsisahiformly
distributed betweek andl.”

Example 2.18  Roll a fair die. The random variable N is the number of spots that appears on the side

facing up. Therefore, N is a discrete uniform (1, 6) random variable and

0.2
= 01 Py (| /8 n=1234556 (2.25)
NYV=1 0  otherwise. :
0
0 5

n

The probability model of a Poisson random variable describes phenomena that occur ran-
domly in time. While the time of each occurrence is completely random, there is a known
average number of occurrences per unit time. The Poisson model is used widely in many
fields. For example, the arrival of information requests at a World Wide Web server, the
initiation of telephone calls, and the emission of particles from a radioactive source are
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Definition 2.10

often modeled as Poisson random variables. We will return to Poisson random variables
many times in this text. At this point, we consider only the basic properties.

Poisson (o) Random Variable
X is aPoisson («) random variable if the PMF of X has the form

a*e™¥/x! x=0,1,2,...,
Px () = { 0 otherwise,

where the parameter is in the rangex > 0.

To describe a Poisson random variable, we will call the occurrence of the phenomenon
of interest ararrival. A Poisson model often specifies an average raderivals per second
and a time intervall seconds. In this time interval, the number of arrivdleas a Poisson
PMF witha = AT.

Example 2.19  The number of hits at a Web site in any time interval is a Poisson random variable.

A particular site has on average A = 2 hits per second. What is the probability that
there are no hits in an interval of 0.25 seconds? What is the probability that there are
no more than two hits in an interval of one second?

In an interval of 0.25 seconds, the number of hits H is a Poisson random variable with
a = AT = (2 hits/s) x (0.25 s) = 0.5 hits. The PMF of H is

05'e05/h1 h=0,1,2,...
Pr () = { 0 otherwise. (2.26)
The probability of no hits is
P[H = 0] = Py (0) = (0.5% 92,01 = 0.607. (2.27)

In an interval of 1 second, « = AT = (2 hits/s) x (1s) = 2 hits. Letting J denote the
number of hits in one second, the PMF of J is

2le 2/j1 j=0,1,2,...
0 otherwise.

Py(j) = { (2.28)

To find the probability of no more than two hits, we note that {J <2} = {J =0} U
{J =1} U {J = 2} is the union of three mutually exclusive events. Therefore,

P[J<2]=P[J=01+P[J=1]+P[J=2] (2.29)
=P 0O+ P31+ P32 (2.30)
—e?+2%?/114+2%e72/21 = 0677. (2.31)

Example 2.20  The number of database queries processed by a computer in any 10-second interval

is a Poisson random variable, K, with « = 5 queries. What is the probability that there
will be no queries processed in a 10-second interval? What is the probability that at
least two queries will be processed in a 2-second interval?
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The PMF of K is
ske5/kI k=0,1,2,...

0 otherwise. (2:32)

Pk (k) = {
Therefore P[K = 0] = Pk (0) = e = 0.0067. To answer the question about the
2-second interval, we note in the problem definition that « = 5 queries = AT with
T = 10 seconds. Therefore, » = 0.5 queries per second. If N is the number of
queries processed in a 2-second interval, « = 24 = 1 and N is the Poisson (1)
random variable with PMF

—1
_J e*/n n=0,1,2,...
PN () = { 0 otherwise. (2:33)
Therefore,
PIN>2]=1-Py©O) —Py@)=1-et1—el=0264 (2.34)

Note that the units of andT have to be consistent. Insteadiof 0.5 queries per second
for T = 10 seconds, we could uae= 30 queries per minute for the time interMal= 1,6
minutes to obtain the same= 5 queries, and therefore the same probability model.

In the following examples, we see that for a fixed rat¢he shape of the Poisson PMF
depends on the length over which arrivals are counted.

Example 2.21  Calls arrive at random times at a telephone switching office with an average of . = 0.25
calls/second. The PMF of the number of calls that arrive in a T = 2-second interval
is the Poisson (0.5) random variable with PMF

1
S, 05 i
a [ 0B5)ie 051 j=0,1,...,
0 I o Pa = { 0 otherwise. (2.35)

0 2 4

j
Note that we obtain the same PMF if we define the arrival rate as A = 60- 0.25 = 15
calls per minute and derive the PMF of the number of calls that arrive in 2/60 = 1/30
minutes.

Example 2.22  Calls arrive at random times at a telephone switching office with an average of . = 0.25
calls per second. The PMF of the number of calls that arrive in any T = 20-second
interval is the Poisson (5) random variable with PMF

0.2

0.1 [ sle®/j j=01,...,
Il“‘ll Py = { 0 otherwise. (2.36)
| | '
0 5 10

15

50)

o

i
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Quiz2.3

Each time a modem transmits one bit, the receiving modem analyzes the signal that arrives
and decides whether the transmitted biDisr 1. It makes an error with probability p,
independent of whether any other bit is received correctly.

(1) If the transmission continues until the receiving modem makes its first error, what is
the PMF of X, the number of bits transmitted?

(2) If p= 0.1, whatis the probability that %= 10? What s the probability that % 107?
(3) If the modem transmits 100 bits, what is the PMF of Y, the number of errors?

(4) If p=0.01andthe modem transmits 100 bits, what is the probability ef ¥ errors
at the receiver? What is the probability thaty 27

(5) If the transmission continues until the receiving modem makes three errors, what is
the PMF of Z, the number of bits transmitted?

(6) If p=0.25, what is the probability of Z 12 bits transmitted?

2.4 Cumulative Distribution Function (CDF)

Definition 2.11

Theorem 2.2

Like the PMF, the CDF of a discrete random variable contains complete information about
the probability model of the random variable. The two functions are closely related. Each
can be obtained easily from the other.

Cumulative Distribution Function (CDF)
Thecumulative distribution function (CDF) of random variable X is

Fx (xX)=P[X =<x].

For any real numbex, the CDF is the probability that the random variaKles no larger than

x. All random variables have cumulative distribution functions but only discrete random
variables have probability mass functions. The notation convention for the CDF follows
that of the PMF, except that we use the lefewith a subscript corresponding to the name
of the random variable. Becaubg (x) describes the probability of an event, the CDF has
a number of properties.

For any discrete random variable X with rangg S= {x1, X2, ...} satisfyingx < x2 < ...,
(@) Fx(—o0) =0and Fx(c0) = 1.
(b) Forall x’ > x, Fx(x") > Fx(x).
(c) Forx; € Sx ande, an arbitrarily small positive number,

Fx (Xi) — Fx (Xi —¢€) = Px (Xi).

(d) Fx(x) = Fx(xj) forall x such that x < X < Xj+1.
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Each property of Theorem 2.2 has an equivalent statement in words:
(a) Going from left to right on th&-axis, Fx (x) starts at zero and ends at one.
(b) The CDF never decreases as it goes from left to right.

(c) For a discrete random variablg there is a jump (discontinuity) at each value of
Xi € Sx. The height of the jump at;j is Px (Xi).

(d) Between jumps, the graph of the CDF of the discrete random vadablkehorizontal
line.

Another important consequence of the definition of the CDF is that the difference between
the CDF evaluated at two points is the probability that the random variable takes on a value
between these two points:

Forallb > a,
Fx (b)— Fx (@ =P[a< X <h].

Proof To prove this theorem, express the evEgp = {a < X < b} as a part of a union of disjoint
events. Start with the evel, = {X < b}. Note thatEy can be written as the union

Ep={X<b={X<alU{a<X<b}=EaUEap (2.37)

Note also thaEa and Ep, are disjoint so thaP[Ep] = P[Ea] + P[Egpl. SinceP[Ep] = Fx(b)
andP[Ea] = Fx(a), we can writeFx (b) = Fx(a) + P[a < X < b]. ThereforeP[a < X < b] =
Fx () — Fx ().

In working with the CDF, it is necessary to pay careful attention to the nature of inequal-
ities, strict (< or loose (3. The definition of the CDF contains a loose (less than or equal)
inequality, which means that the function is continuous from the right. To sketch a CDF
of a discrete random variable, we draw a graph with the vertical value beginning at zero
at the left end of the horizontal axis (negative numbers with large magnitude). It remains
zero untilx1, the first value ofk with nonzero probability. The graph jumps by an amount
Px (xj) at eachx; with nonzero probability. We draw the graph of the CDF as a staircase
with jumps at eacl; with nonzero probability. The CDF is the upper value of every jump
in the staircase.

Example 2.23  In Example 2.6, we found that random variable R has PMF

1
S 05 1/4 r =0,
o PR)=1 3/4 r=2 (2.38)
I 0 otherwise.

0
-1 0 1 2 3

r
Find and sketch the CDF of random variable R.

From the PMF PR(r), random variable R has CDF
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1
= 05 0 r=<o
,7 FR(r)=P[R=<r]= 1/4 0<r <2, (2.39)
1 r>2.

0
-1 0 1 2 3

r
Keep in mind that at the discontinuitiesr = 0 and r = 2, the values of F g(r) are the
upper values: Fr(0) = 1/4, and Fr(2) = 1. Math texts call this the right hand limit of
Fr().

Consider any finite random variab} with possible values (nonzero probability) be-
tweenxmin and Xmax. For this random variable, the numerical specification of the CDF

begins with

Fx(x) =0 X < Xmin,

and ends with

Like the statementPx (x) = 0 otherwise,” the description of the CDF is incomplete without
these two statements. The next example displays the CDF of an infinite discrete random

Fx(x) =1 X = Xmax-

variable.

Example 2.24

In Example 2.11, let the probability that a circuit is rejected equal p = 1/4. The PMF
of Y, the number of tests up to and including the first reject, is the geometric (1/4)
random variable with PMF

1/4@EA/Y-1 y=1,2,...
0

otherwise. (2.40)

o |

What is the CDF of Y?

Y is an infinite random variable, with nonzero probabilities for all positive integers. For
any integer n > 1, the CDF is

N N1 3\t
F = j) = R . .
v () ZFW) 24(4> (2.41)
j=1 j=1

Equation (2.41) is a geometric series. Familiarity with the geometric series is essential

for calculating probabilities involving geometric random variables. Appendix B summa-

rizes the mostimportantfacts. In particular, Math Fact B.4 implies (1—x) >__; x! -1-
1 — x". Substituting x = 3/4, we obtain

3 n
Fy(m=1- (Z) ) (2.42)

The complete expression for the CDF of Y must show Fy (y) for all integer and nonin-
teger values of y. For an integer-valued random variable Y, we can do this in a simple
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way using the floor function |y|, which is the largest integer less than or equal to y.
In particular, if n <y < n— 1for some integer n, thenn = |y| and

Fy(y) =P[Y <yl =P[Y <n]=Fy () =Fy (LyD). (2.43)

In terms of the floor function, we can express the CDF of Y as

1
=
= 05 0 y<1,
LL =

o= g yoy @4
0
0 5 10

y
To find the probability that Y takes a value in the set {4,5,6, 7, 8}, we refer to Theo-
rem 2.3 and compute

P[3<Y <8]=Fy (@8 — Fy(3) = (3/4)° — (3/4)® = 0.322. (2.45)
Quiz2.4 Use the CDF Fk (y) to find the following probabilities:
1
s o8 (1) PIY <1] (2) PLY <1]
e 04 @) PIY > 2] @) PLY > 2]
0 (5) PIY =1] (6) PIY = 3]

01 2 3 4 5
y

2.5 Averages

The average value of a collection of numerical observationstatésticof the collection,
a single number that describes the entire collection. Statisticians work with several kinds
of averages. The ones that are used the most arae¢le, thenedian, and thenode.

The mean value of a set of numbers is perhaps the most familiar. You get the mean value
by adding up all the numbers in the collection and dividing by the number of terms in the
sum. Think about the mean grade in the mid-term exam for this course. The median is also
an interesting typical value of a set of data.

The median is a number in the middle of the set of numbers, in the sense that an equal
number of members of the set are below the median and above the median.

A third average is the mode of a set of numbers. The mode is the most common number
in the collection of observations. There are as many or more numbers with that value than
any other value. If there are two or more numbers with this property, the collection of
observations is callechultimodal
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Example 2.25  For one quiz, 10 students have the following grades (on a scale of 0 to 10):

Definition 2.12

Definition 2.13

Definition 2.14

9,5,10,8,4,7,5,5,8,7 (2.46)

Find the mean, the median, and the mode.

The sum of the ten grades is 68. The mean value is 68/10 = 6.8. The median is 7
since there are four scores below 7 and four scores above 7. The mode is 5 since
that score occurs more often than any other. It occurs three times.

Example 2.25 and the preceding comments on averages apply to observations collected
by an experimenter. We use probability models with random variables to characterize
experiments with numerical outcomespArameteiof a probability model corresponds to
a statistic of a collection of outcomes. Each parameteris a number that can be computed from
the PMF or CDF of a random variable. The most important of these exected valuef
arandom variable, corresponding to the mean value of a collection of observations. We will
work with expectations throughout the course. Corresponding to the other two averages,
we have the following definitions:

Mode
A mode of random variable X is a numbefyg satisfying B (Xmod) > Px (x) for all x.

Median
A median, Xmeg Of random variable X is a number that satisfies

If you read the definitions ahodeandmediancarefully, you will observe that neither the
mode nor the median of a random variall@eed be unique. A random variable can have
several modes or medians.

The expected value of a random variable corresponds to adding up a number of mea-
surements and dividing by the number of terms in the sum. Two notations for the expected
value of random variablX areE[X] andu x.

Expected Value
Theexpected value of X is

E[X]=nux= Y xPx(X).

X€ Sy

Expectatioris a synonym for expected value. Sometimes the tagan valués also used

as a synonym for expected value. We prefer to use mean value to refstatisticof a

set of experimental outcomes (the sum divided by the number of outcomes) to distinguish
it from expected value, which is garameterof a probability model. If you recall your
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studies of mechanics, the form of Definition 2.14 may look familiar. Think of point masses
on a line with a mass dPx (x) kilograms at a distance af meters from the origin. In this
model,u x in Definition 2.14 is the center of mass. This is Wy (x) is called probability
massfunction.

To understand how this definition of expected value corresponds to the notion of adding
up a set of measurements, suppose we have an experiment that produces a random variable
X and we performm independent trials of this experiment. We denote the valueXhat
takes on theth trial by x(i). We say thak(1), ..., x(n) is a set ofn sample values oX.
Corresponding to the average of a set of numbers, we havepdfteals of the experiment,

the sample average
n

1 .
my =~ D ox(). (2.47)

i=1
Eachx(i) takes values in the s&x. Out of then trials, assume that eache Sx occurs
Nx times. Then the sum (2.47) becomes

1 Ny
my = — Ny X = —X. 2.48
n=1 2 M . (2.48)

X€Sx X€ Sy
Recall our discussion in Section 1.3 of the relative frequency interpretation of probability.

There we pointed out that if in observations of an experiment, the evénoccursN a
times, we can interpret the probability &fas

N
PIA] = lim_ 7‘\ (2.49)

This is the relative frequency oA. In the notation of random variables, we have the
corresponding observation that

. Ny
Px (X) = nIl_)moo o (2.50)
This suggests that
lim_mq = > xPx(x) = E[X]. (2.51)
X€ Sy

Equation (2.51) says that the definition Bf X] corresponds to a model of doing the
same experiment repeatedly. After each trial, add up all the observations to date and divide
by the number of trials. We prove in Chapter 7 that the result approaches the expected value
as the number of trials increases without limit. We can use Definition 2.14 to derive the
expected value of each family of random variables defined in Section 2.3.

The Bernoulli(p) random variable X has expected valugXd = p.

Proof E[X]=0- Px(0)+ 1Px(1) =01 — p) + 1(p) = p.
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Example 2.26  Random variable R in Example 2.6 has PMF
1/4 r =0,
Pr(r)=14 3/4 =2, (2.52)
0 otherwise.

What is E[R]?

E[R] = ur=0-Pr(0)+2Pr(2) =0(1/4)+ 2(3/4) = 3/2. (2.53)

Theorem 2.5 The geometri¢p) random variable X has expected valugXg = 1/p.

Proof Letq =1— p. The PMF ofX becomes

| opgt x=1,2,...
Px (%) = { 0 otherwise (2:54)

The expected valug[X] is the infinite sum

o0 o0
E[X]= Y xPx (0 =) xpaq™. (2.55)
x=1 x=1
Applying the identity of Math Fact B.7, we have
o0 o0
1
E[X] = xqgl=Py P 9 _P_ 2 2.56
[]pXZ:lq qXZ:lq PR Rl (2.56)

This resultis intuitive if you recall the integrated circuit testing experiments and consider
some numerical values. If the probability of rejecting an integrated circpitisl/5, then
on average, you have to perforB{Y] = 1/p = 5 tests to observe the first reject. If
p = 1/10, the average number of tests until the first reje&i[ig] = 1/p = 10.

Theorem 2.6 The Poissorie) random variable in Definition 2.10 has expected valyXE= «.

Proof
o0 o0 X
E[X] =Y xPx () = Zx‘;‘(—'e*“. (2.57)
x=0 x=0

We observe that/x! = 1/(x — 1)! and also that th& = 0 term in the sum is zero. In addition, we
substitutex* = « - «*~1 to factora from the sum to obtain

00 O[xfl w
E[X]:axgl(x_l)!e . (2.58)
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Next we substituté = x — 1, with the result

|
E[X] :az%e_“ —a (2.59)
=0 °

[ —
1

We can conclude that the marked sum equals 1 either by invoking the idéh&tyzloioa'/l! or
by applying Theorem 2.1(b) to the fact that the marked sum is the sum of the Poisson PMF over all
values in the range of the random variable.

In Section 2.3, we modeled the number of random arrivals in an interval of |&hgyh
a Poisson random variable with parametes AT. We referred to. asthe average rate
of arrivals with little justification. Theorem 2.6 provides the justification by showing that
A = «/T is the expected number of arrivals per unit time.
The next theorem provides, without derivations, the expected values of binomial, Pascal,
and discrete uniform random variables.

(a) Forthe binomialn, p) random variable X of Definition 2.7,
E[X] = np.
(b) For the Pascalk, p) random variable X of Definition 2.8,
E[X] =k/p.
(c) For the discrete unifornik, I) random variable X of Definition 2.9,

E[X] = (k+1)/2.

In the following theorem, we show that the Poisson PMF is a limiting case of a binomial
PMF. In the binomial modeh, the number of Bernoulli trials grows without limit but the
expected number of trialsp remains constant at, the expected value of the Poisson PMF.

In the theorem, we lat = AT and divide theT-second interval intom time slots each
with durationT /n. In each slot, we assume that there is either one arrival, with probability
p = AT/n = «/n, or there is no arrival in the time slot, with probability-1p.

Perform n Bernoulli trials. In each trial, let the probability of successdia, wherew > 0
is a constant and n> «. Let the random variable K be the number of successes in the n
trials. As n— oo, Pk, (k) converges to the PMF of a Poissan) random variable.

Proof We first note thap, is the binomial(n, «n) random variable with PMF

Py, () = (E) @k (1-4)"" (2.60)
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Quiz25

Fork =0, ..., n, we can write

nn—1)---(n—k+1)aX a\n—k
(-3

" (== (2.61)

Pk (k) =

n

Notice that in the first fraction, there aketerms in the numerator. The denominatonfs also a
product ofk terms, all equal to. Therefore, we can express this fraction as the producfraictions
each of the form(n — j)/n. Asn — oo, each of these fractions approaches 1. Hence,

lim n(n—l)---(n—k—}—l)z

n— 00 nk

1. (2.62)

Furthermore, we have .
o
(1—%)" “_ % (2.63)
(1-%)
As n grows without bound, the denominator approaches 1 and, in the numerator, we recognize the
identity limn— o0 (1 — a/N)" = €%, Putting these three limits together leads us to the result that for
any integek > 0,
ake¥/kl k=0,1,...

M, Pic, (0 = { 0 otherwise, (2.64)

which is the Poisson PMF.

The probability that a call is a voice call is[F'] = 0.7. The probability of a data call is

P[D] = 0.3. Voice calls cost 25 cents each and data calls cost 40 cents each. Let C equal
the cost (in cents) of one telephone call and find

(1) The PMF R (c) (2) The expected value[E]

2.6 Functions of a Random Variable

Definition 2.15

In many practical situations, we observe sample values of a random variable and use these
sample values to compute other quantities. One example that occurs frequently is an
experiment in which the procedure is to measure the power level of the received signal in a
cellular telephone. An observatiomisthe power level in units of milliwatts. Frequently
engineers convertthe measurements to decibels by calcwatnip log, o x dBm (decibels

with respect to one milliwatt). Ik is a sample value of a random variableDefinition 2.1

implies thaty is a sample value of a random varialyleBecause we obtaivi from another
random variable, we refer 86 as aderived random variable.

Derived Random Variable

Each sample value y ofderived random variable Y is a mathematical function(g) of a
sample value x of another random variable X. We adopt the notatieng(X) to describe
the relationship of the two random variables.
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Example 2.27  The random variable X is the number of pages in a facsimile transmission. Based on

Theorem 2.9

experience, you have a probability model Px (x) for the number of pages in each fax
you send. The phone company offers you a new charging plan for faxes: $0.10 for
the first page, $0.09 for the second page, etc., down to $0.06 for the fifth page. For
all faxes between 6 and 10 pages, the phone company will charge $0.50 per fax. (It
will not accept faxes longer than ten pages.) Find a function Y = g(X) for the charge
in cents for sending one fax.

The following function corresponds to the new charging plan.

105X —05%X%2 1<X<5

50 6<X<10 (2.65)

Y =g(X) = {
You would like a probability model Py (y) for your phone bill under the new charging
plan. You can analyze this model to decide whether to accept the new plan.

In this section we determine the probability model of a derived random variable from the
probability model of the original random variable. We start Wil (x) and a function
Y = g(X). We use this information to obtaiPy (y).

Before we present the procedure for obtainirg(y), we address an issue that can
be confusing to students learning probability, which is the propertigsyaik) andg(x).
Although they are both functions with the argum&nthey are entirely differentP x (x)
describes the probability model of a random variable. It has the special structure prescribed
in Theorem 2.1. On the other haryix) can be any function at all. When we combine them
to derive the probability model fof, we arrive at a PMF that also conformsto Theorem 2.1.

To describeY in terms of our basic model of probability, we specify an experiment
consisting of the following procedure and observation:

Samplevalue of Y = g(X)

Perform an experinent and observe an outcone s.

Froms, find x, the correspondi ng val ue of X.

Cbserve y by calculating y=g(X).

This procedure maps each experimental outcome to a numkbat is a sample value
of a random variableY. To derive Py (y) from Px(x) andg(-), we consider all of the
possible values of. For eactx € Sx, we computey = g(x). If g(x) transforms different
values ofx into different values of/ (g(x1) # g(x2) if X1 # X2) we have simply that

Py (y) =P[Y =g(X)] = P[X=x] = Px(x) (2.66)

The situation is a little more complicated whg(x) transforms several values »fto the
samey. In this case, we consider all the possible valueg.oFor eachy € Sy, we add
the probabilities of all of the values € Sy for which g(x) = y. Theorem 2.9 applies in
general. It reduces to Equation (2.66) witgR) is a one-to-one tranformation.

For a discrete random variable X, the PMF of=¥ g(X) is
Ph(y)y= Y Px(.

x:g(x)=y

If we view X = x as the outcome of an experiment, then Theorem 2.9 sayPfNat y]
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Y=40

Y=50

Figure 2.1 The derived random variab¥ = g(X) for Example 2.29.

equals the sum of the probabilities of all the outcores x for whichY =y.

Example 2.28  In Example 2.27, suppose all your faxes contain 1, 2, 3, or 4 pages with equal proba-
bility. Find the PMF and expected value of Y, the charge for a fax.

From the problem statement, the number of pages X has PMF

1/4 x=1,2,3,4,

Px 00 = { 0  otherwise. (2.67)

The charge for the fax, Y, has range Sy = {10,19,27,34} corresponding to Sx =
{1,2,3,4}. The experiment can be described by the following tree. Here each value
of Y results in a unique value of X. Hence, we can use Equation (2.66) to find Py (y).

X=1 ¢Y=10 1/4 y=10,19,27,34,

1/4 -
Pry) = { 0  otherwise.

1/4 X=2 ¢Y=19

(2.68)

1/4 X=3 eY=27

1/4 X=4 ¢Y=34

The expected fax bill is E[Y] = (1/4)(10+ 19+ 27+ 34) = 225 cents.
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Suppose the probability model for the number of pages X of a fax in Example 2.28 is

0.2
Sx 0.1 015 x=1,2,3,4
2 Px(x)=14 01 x=5,6,7,8 (2.69)
0 0 otherwise
0 5 10

X
For the pricing plan given in Example 2.27, what is the PMF and expected value of Y,
the cost of a fax?

Now we have three values of X, specifically (6,7, 8), transformed by g(-) into Y =
50. For this situation we need the more general view of the PMF of Y, given by
Theorem 2.9. In particular, yg = 50, and we have to add the probabilities of the
outcomes X =6, X =7, and X = 8to find Py (50). That s,

Py (50) = Py (6) + Px (7) + Px (8) = 0.30. (2.70)

The steps in the procedure are illustrated in the diagram of Figure 2.1. Applying
Theorem 2.9, we have

0.3
— 0.15 y=10,19,27,34,
X 02 010 y=40
& o1 Py ) =1 030 y = 50. (2.71)
0 0 otherwise.
10 19 27 3440 50
y
For this probability model, the expected cost of sending a fax is
E[Y] =0.1510+ 19+ 27+ 34)+ 0.10(40) + 0.30(50) = 325 cents. (2.72)
The amplitude V (volts) of a sinusoidal signal is a random variable with PMF
0.2
3 0.1 1/7 3,-2 3
= O _ v=-3,-2,...,
Pv () = 0 otherwise (2.73)
0
0

-5 5
v

LetY = V2/2 watts denote the average power of the transmitted signal. Find Py (y).

The possible values of Y are Sy = {0,05,2,45}). Since Y = y when V = /2y
or V = —/2y, we see that Py(0) = Py(0) = 1/7. Fory = 1/2,2,9/2, Py (y) =
Pv (v2y) + Py (=+/2y) = 2/7. Therefore,

& 02 17 y=0,
o I Py (y) = 2/7 y=1/2,2,9/2, (2.74)
0 0 otherwise.

012 3 45
y
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Quiz2.6 Monitor three phone calls and observe whether each one is a voice call or a data call. The
random variable N is the number of voice calls. Assume N has PMF

01 n=0,
Ph(n)=4{ 03 n=1,2,3, (2.75)
0 otherwise.

Voice calls cost 25 cents each and data calls cost 40 cents each. T cents is the cost of the
three telephone calls monitored in the experiment.
(1) Express T as a function of N. (2) Find Pr(t) and ET].

2.7 Expected Value of a Derived Random Variable

We encounter many situations in which we need to know only the expected value of a
derived random variable rather than the entire probability model. Fortunately, to obtain

this average, it is not necessary to compute the PMF or CDF of the new random variable.
Instead, we can use the following property of expected values.

Theorem 2.10  Given a random variable X with PMFR®x) and the derived random variable ¢ g(X),
the expected value of Y is

E[Y]=uny =) g(x)Px (x)

X€Sx

Proof From the definition oE[Y] and Theorem 2.9, we can write
EYI= ) yRW=)Yy Y Pxo0=Y > goPxX, (2.76)
yeSy yeSy  x:g(x)=y yeSy x:g(x)=y

where the last double summation follows becagée = y for eachx in the inner sum. Sincg(x)
transforms each possible outcomes Sy to a valuey € Sy, the preceding double summation can
be written as a single sum over over all possible valuesSx. That is,

E[Y]= ) g)Px () (2.77)
X€ Sy
Example 2.31  In Example 2.28,
[ 1/4 x=1,2,3,4,
Px () = { 0 otherwise, (2.78)
and )

105X —05Xc 1< X <5,

V=000 = { 50 6 < X < 10. (2.79)

What is E[Y]?
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Applying Theorem 2.10 we have

4
E[Y]=)_ Px()g() (2.80)
x=1
= (1/4)[(105)(1) — (05)(17] + (1/A)[(105)(2) — (05)(2Y] (2.81)
+ (1/H[(105)(3) — (05)3F1 + (1/4)](105)(4) — (05)(4F]  (2.82)
= (1/4)[10+ 19+ 27+ 34] =225 cents. (2.83)

This of course is the same answer obtained in Example 2.28 by first calculatifyg
and then applying Definition 2.14. As an exercise, you may want to contpie in
Example 2.29 directly from Theorem 2.10.

From this theorem we can derive some important properties of expected values. The
first one has to do with the difference between a random variable and its expected value.
When students learn their own grades on a midterm exam, they are quick to ask about
the class average. Let's say one student has 73 and the class average is 80. She may be
inclined to think of her grade as “seven points below average,” rather than “73.” In terms
of a probability model, we would say that the random varigbjeoints on the midterm has
been transformed to the random variable

Y =9g(X) = X — ux points above average. (2.84)

The expected value of — 1 x is zero, regardless of the probability modebof

For any random variable X,
E[X —ux]=0.

Proof Definingg(X) = X — uyx and applying Theorem 2.10 yields

E[gO0] = D (x—pux)Px 00 = Y XPx () —ux Y Px(X). (2.85)

X€Sx X€ Sy X€Sx

The first term on the right side jsx by definition. In the second terrfz,xesx Px (x) = 1, so both
terms on the right side areyx and the difference is zero.

Another property of the expected value of a function of a random variable applies to linear
transformations.

For any random variable X,

E[aX+b] =aE[X] +b.
This follows directly from Definition 2.14 and Theorem 2.10. A linear transformation is

1We call the transformation X + b linear although, strictly speaking, it should be called affine.
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essentially a scale change of a quantity, like a transformation from inches to centimeters
or from degrees Fahrenheit to degrees Celsius. If we express the data (random Ygriable
in new units, the new average is just the old average transformed to the new units. (If the
professor adds five points to everyone’s grade, the average goes up by five points.)
This is a rare example of a situation in whighg(X)] = g(E[X]). Itis tempting, but
usually wrong, to apply it to other transformations. For exampl®, i X2, it is usually
the case thaE[Y] # (E[X])2. Expressing this in general terms, it is usually the case that
E[9(X)] # 9(E[XD).
Example 2.32  Recall that in Examples 2.6 and 2.26, we found that R has PMF
1/4 r =0,
Pr(r)y=43 3/4 r=2, (2.86)
0 otherwise,

and expected value E[R] = 3/2. What is the expected value of V = g(R) = 4R+ 7?

From Theorem 2.12,
E[V]=E[g(R]=4E[R|+7=43/2)+7=13. (2.87)

We can verify this result by applying Theorem 2.10. Using the PMF PR(r) given in
Example 2.6, we can write

E[V] =9g(0)Pr(0) +9(2)Pr (2) = 7(1/4) + 15@3/4) = 13. (2.88)

Example 2.33 In Example 2.32, let W = h(R) = R2. Whatis E[W]?

Theorem 2.10 gives
E[W] =) h()Pr(r) = (1/4)0? + (3/4)2° = 3. (2.89)

Note that this is not the same as h(E[W]) = (3/2)2.

Quiz2.7 The number of memory chips M needed in a personal computer depends on how many
application programs, A, the owner wants to run simultaneously. The number of chips M
and the number of application programs A are described by

4 chips for 1 program,

4  chips for 2 programs,
6 chips for 3 programs,
8 chips for 4 programs,

0155—-a a=1,2234,

M = Pa(a) = { 0 otherwise.

(2.90)

(1) What is the expected number of progragmgs = E[A]?

(2) Express M, the number of memory chips, as a functioa: (A) of the number of
application programs A.

(3) Find E[M] = E[g(A)]. Does EM] = g(E[A])?
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2.8 Variance and Standard Deviation

Definition 2.16

Definition 2.17

In Section 2.5, we describe an average as a typical value of a random variable. It is one
number that summarizes an entire probability model. After finding an average, someone
who wants to look further into the probability model might ask, “How typical is the average?”
or, “What are the chances of observing an event far from the average?” In the example of
the midterm exam, after you find out your score is 7 points above average, you are likely
to ask, “How good is that? Is it near the top of the class or somewhere near the middle?”
A measure of dispersion is an answer to these questions wrapped up in a single number.
If this measure is small, observations are likely to be near the average. A high measure of
dispersion suggests that it is not unusual to observe events that are far from the average.

The most important measures of dispersion are the standard deviation and its close
relative, the variance. The variance of random variabliescribes the difference between
X and its expected value. This difference is the derived random varidbte X — u x.
Theorem 2.11 states thaty = 0, regardless of the probability model ¥f Thereforeu vy
provides no information about the dispersionXofaroundu x. A useful measure of the
likely difference betweerX and its expected value is the expected absolute value of the
difference,E[|Y|]. However, this parameter is not easy to work with mathematically in
many situations, and it is not used frequently.

Instead we focus oB[Y 2] = E[(X — ux)?], whichis referred to as VEX], the variance
of X. The square root of the variancenig, the standard deviation .

Variance
Thevariance of random variable X is

varX] = E [(x — MX)Z] .

Standard Deviation
Thestandard deviation of random variable X is

ox =/ Var[X].

Itis useful to take the square root of V] because x has the same units (for example,
exam points) as<. The units of the variance are squares of the units of the random
variable (exam points squared). Thugs can be compared directly with the expected value.
Informally we think of outcomes withigto x of wx as being in the center of the distribution.
Thus if the standard deviation of exam scores is 12 points, the student with a seere of
with respect to the mean can think of herself in the middle of the class. If the standard
deviation is 3 points, she is likely to be near the top. Informally, we think of sample values
within ox of the expected value; € [ux — ox, ux + ox], as “typical” values ofX and
other values as “unusual.”
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Because X — ux)? is a function ofX, Var{X] can be computed according to Theo-
rem 2.10.

Var[X] = 0% = > (x — ux)? Px (X). (2.91)

X€Sx

By expanding the square in this formula, we arrive at the most useful approach to computing
the variance.

Theorem 2.13
Var[X] = E [ X?] - u% = E[x?] - (E[X))?

Proof Expanding the square in (2.91), we have

VariXl = ) xPPx00— Y 2uxxPx(0 + Y u§Px(0)
xeSx xeSx Xe Sy
= E[X?]—2ux Y XPx()+u% Y Px(X)
Xe Sy X€Sx

EIX?) — 214 + 1%

We note thaE[X] andE[X?] are examples ahoment®f the random variablX. Var[ X]
is acentral momenof X.

Definition 2.18 Moments
For random variable X:

(a) The nthmomentis E[X"].
(b) The nthecentral momentis E[(X — ux)"].

Thus, E[X] is thefirst momentof random variableX. Similarly, E[X?] is the second
moment Theorem 2.13 says that the varianceXois the second moment &f minus the
square of the first moment.

Like the PMF and the CDF of a random variable, the set of momerntsiefi complete
probability model. We learn in Section 6.3 that the model based on moments can be
expressed asrmoment generating function.

Example 2.34  In Example 2.6, we found that random variable R has PMF

1/4 r =0,
Pr(r)=14 3/4 =2, (2.92)
0 otherwise.

In Example 2.26, we calculated E[R] = u r = 3/2. What is the variance of R?

In order of increasing simplicity, we present three ways to compute Var[R].

e From Definition 2.16, define

W = (R—uRr)? = (R—3/2)? (2.93)
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The PMF of W is

1/4 w=(0-13/2) =9/4,
Pww)=1{ 3/4 w=(@2-3/272=1/4, (2.94)
0 otherwise.

Then
Var[R] = E[W] = (1/4)(9/4) + (3/4)(1/4) = 3/4. (2.95)
e Recall that Theorem 2.10 produces the same result without requiring the deriva-
tion of Py (w).
Var[R] = E [(R - MR)Z] (2.96)

= (0—3/2%PR(0) + (2 — 3/2)?Pr (2) = 3/4 (2.97)
e To apply Theorem 2.13, we find that
E [RZ] — 0?PR (0) + 22PR (2) = 3 (2.98)
Thus Theorem 2.13 yields

Var[R] = E [RZ] — & =3-(3/2%2=3/4 (2.99)

Note that(X — ux)? > 0. Therefore, its expected value is also nonnegative. That is,
for any random variablX

Var[X] > 0. (2.100)

The following theorem is related to Theorem 2.12

Var[aX + b] = a2 Var[X]

Proof We letY = aX + b and apply Theorem 2.13. We first expand the second moment to obtain
E [YZ] —E [azx2 + 2abX+ bz] — a%E [xz] + 2abuy + b2. (2.101)
Expanding the right side of Theorem 2.12 yields
18 = a?u? + 2abux + b2, (2.102)
Because VdlY] = E[Y?] — ;2 Equations (2.101) and (2.102) imply that
var[Y] = a2E [xz] — a2 =a%(E [xz] — u2) = a2Var[X]. (2.103)

If we leta = 0 in this theorem, we have \{&r] = 0 because there is no dispersion around
the expected value of a constant. If wedet 1, we have VX + b] = Var[ X] because
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shifting a random variable by a constant does not change the dispersion of outcomes around
the expected value.

Example 2.35 A new fax machine automatically transmits an initial cover page that precedes the
regular fax transmission of X information pages. Using this new machine, the number
of pagesinafaxis Y = X 4+ 1. What are the expected value and variance of Y?

The expected number of transmitted pages is E[Y] = E[X] 4+ 1. The variance of the
number of pages sent is Var[Y] = Var[ X].

If we letb = 0 in Theorem 2.12, we have VarK] = a?VarX] andoax = ao X.

Multiplying a random variable by a constant is equivalent to a scale change in the units of
measurement of the random variable.

Example 2.36  In Example 2.30, the amplitude V in volts has PMF

1/7 v=-3,-2,....3,

Pv () = { 0  otherwise. (2.104)

A new voltmeter records the amplitude U in millivolts. What is the variance of U?

Note that U = 1000V. To use Theorem 2.14, we first find the variance of V. The
expected value of the amplitude is

py = 1/7[-3+ (=2) + (=1)+ 0+ 1+ 2+ 3] = 0 volts. (2.105)

The second moment is
E [VZ] =1/7[(=32 + (=22 + (—12 + 02 + 12 + 22 + 32| = 4 volts?  (2.106)
Therefore the variance is Var[V] = E[V 2] — ;L%/ = 4 volts2. By Theorem 2.14,

Var[U] = 100 Var[V'] = 4,000,000 millivolts2. (2.107)

The following theorem states the variances of the families of random variables defined
in Section 2.3.

Theorem 2.15
(@) If X is Bernoulli(p), thenVar[X] = p(1 — p).
(b) If X is geometri p), thenVar[X] = (1 — p)/p>.
(c) If X is binomial(n, p), thenVar[X] = np(1 — p).
(d) If X is Pascalkk, p), thenvVar[X] = k(1 — p)/p2.
(e) If X is Poisson(w), thenVar[X] = «.
(f) If X is discrete uniformk, 1), thenVar[X] = (I — k)(I — k + 2)/12.
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In an experiment to monitor two calls, the PMF of N the number of voice calls, is

01 n=0,
04 n=1,
PN =1 05 n_o (2.108)
0  otherwise.
Find
(1) The expected value[N] (2) The second momen{E?]
(3) The variancé/ar[N] (4) The standard deviationy

2.9 Conditional Probability Mass Function

Recall from Section 1.5 that the conditional probabiftyA| B] is a number that expresses
our new knowledge about the occurrence of eve@nivhen we learn that another evebit
occurs. In this section, we consider evénto be the observation of a particular value of
a random variable. That igy = {X = x}. The conditioning evenB contains information
about X but not the precise value of. For example, we might learn that¢ < 33 or
that|X| > 100. In general, we learn of the occurrence of an e@titat describes some
property ofX.

Example 2.37  Let N equal the number of bytes in a fax. A conditioning event might be the event

Definition 2.19

| that the fax contains an image. A second kind of conditioning would be the event
{N > 10,000} which tells us that the fax required more than 10,000 bytes. Both events
I and {N > 10,000} give us information that the fax is likely to have many bytes.

The occurrence of the conditioning eveBtchanges the probabilities of the event
{X = x}. Given this information and a probability model for our experiment, we can
use Definition 1.6 to find the conditional probabilities

P[AIB] = P[X =X|B] (2.109)

for all real numbers. This collection of probabilities is a function »f Itis the conditional
probability mass functioof random variableX, given thatB occurred.

Conditional PMF
Given the event B, with [B] > 0, theconditional probability mass function of X is

Px;g (x) = P[X =x|B].
Here we extend our notation convention for probability mass functions. The name of a

PMF is the letterP with a subscript containing the name of the random variable. For
a conditional PMF, the subscript contains the name of the random variable followed by
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Theorem 2.16

a vertical bar followed by a statement of the conditioning event. The argument of the
function is usually the lowercase letter corresponding to the variable name. The argument
is a dummy variable. It could be any letter, so tR&{g (X) is the same function &y g (u).
Sometimes we write the function with no specified argument aP&llg (-).

Insome applications, we begin with a set of conditional PMEgg, (X),1 = 1,2,...,m,
whereBy, By, ..., By is an event space. We then use the law of total probability to find
the PMFPx (x).

A random variable X resulting from an experiment with event spage B, By, has PMF

m
Px () =Y Pxg (x) P[Bi].
i=1

Proof The theorem follows directly from Theorem 1.10 withdenoting the ever{tX = x}.

Example 2.38  Let X denote the number of additional years that a randomly chosen 70 year old

person will live. If the person has high blood pressure, denoted as event H, then X
is a geometric (p = 0.1) random variable. Otherwise, if the person’s blood pressure
is regular, event R, then X has a geometric (p = 0.05) PMF with parameter. Find the
conditional PMFs Py (x) and Px r(x). If 40 percent of all seventy year olds have
high blood pressure, what is the PMF of X?

The problem statement specifies the conditional PMFs in words. Mathematically, the
two conditional PMFs are

[ 0109% 1 x=1,2,...
Pxin 0 = { 0 otherwise, (2.110)
_ [ 005095¢ 1 x=1,2,...
PXIR (00 = { 0 otherwise. (2111)
Since H, Ris an event space, we can use Theorem 2.16 to write
Px (X) = Pxjn () P[H] + Px|r (X) P[R] (2.112)
| 04)(01)(09% "1+ (06)(005)(095¢1 x=1,2,... (2.113)
) otherwise. ’

When a conditioning ever®@ C Sx, the PMFPx (x) determines both the probability of
B as well as the conditional PMF:

P[X =x, B]
P[B]

Now either the evenK = X is contained in the ever® or it is not. If x € B, then

{X =x}NB = {X = x}andP[X = X, B] = Px(x). Otherwise, ix ¢ B, then{X = x}N

B = ¢ andP[X = x, B] = 0. The next theorem uses Equation (2.114) to calculate the
conditional PMF.

Px|B (X) = (2.114)
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Theorem 2.17
Px (X) cB
Pxis (X) = P[B] ’
0

otherwise.

The theorem states that when we learn that an outcomeB, the probabilities of all
X ¢ Barezeroinour conditional model and the probabilities afadl B are proportionally
higher than they were before we learned B.

Example 2.39  In the probability model of Example 2.29, the length of a fax X has PMF

015 x=1,2,3,4,

Pc(x)={ 01 x=5,6,7,8, (2.115)
0 otherwise.

Suppose the company has two fax machines, one for faxes shorter than five pages

and the other for faxes that have five or more pages. What is the PMF of fax length in
the second machine?

Relative to Px(x), we seek a conditional PMF. The condition is x € L where L =
{5,6,7,8}. From Theorem 2.17,

Px (X)

-~~~ x=5,6,7,8,
PxiL (X) = P[L] (2.116)
0 otherwise.
From the definition of L, we have
8
P[L] =) Px(x) =04 (2.117)
x=5
With Px(x) =0.1forx € L,
] 01/04=025 x=5,6,7,8,
Px|L 00 = { 0 otherwise. (2.118)

Thus the lengths of long faxes are equally likely. Among the long faxes, each length
has probability 0.25.

Sometimes instead of a letter suchBasr L that denotes the subset®§ that forms the
condition, we write the condition itself in the PMF. In the preceding example we could use
the notationPx;x>5(x) for the conditional PMF.

Example 2.40  Suppose X, the time in integer minutes you must wait for a bus, has the uniform PMF

1/20 x=1,2,...,20,

Px 00 = { 0 otherwise. (2.119)

Suppose the bus has not arrived by the eighth minute, what is the conditional PMF of
your waiting time X?
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Let A denote the event X > 8. Observing that P[A] = 12/20, we can write the
conditional PMF of X as

120 1 _ 510 20
Pxix=g (X) =1 12/20 12 =~ 77T (2.120)
0 otherwise.

Note thatPx g (x) is a perfectly respectable PMF. Because the conditioning @&/&gils
us that all possible outcomes areBnwe rewrite Theorem 2.1 usirg in place ofS.

Theorem 2.18
(a) Forany xe B, Pxjg(x) > 0.
(b) > xeg Pxip(x) = 1.
(c) Forany event Cc B, P[C|B], the conditional probability that X is in the set C, is

P[CIB] =) Pxg ().

xeC

Therefore, we can compute averages of the conditional random vaXaBland averages
of functions of X| B in the same way that we compute averageX off he only difference
is that we use the conditional PMPx g (:) in place of Px(-).

Definition 2.20 Conditional Expected Value
Theconditional expected value of random variable X given condition B is

E[XIB] = uxs = ZXPX|B(X)-

xeB

When we are given a family of conditional probability modBlgg; (x) for an event space
B, ..., Bm, we can compute the expected vakleX] in terms of the conditional expected
valuesg[X|B;].

Theorem2.19  For a random variable X resulting from an experiment with event space B, Bp,

E[X] =) E[XI|B]P[Bi.

i=1
Proof SinceE[X] = )", X Px(x), we can use Theorem 2.16 to write
m
E[X]=) xY_ Pxjg (X P[B] (2.121)
X i=1

=Y P[Bi]> xPxp (x):iP[Bi]E[X|Bi]. (2.122)
i X i=1

i=1
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For a derived random variab¥ = g(X), we have the equivalent of Theorem 2.10.
Theorem2.20  The conditional expected value of=Y g(X) given condition B is

E[YIB] = E[g(X)|B] = Y g(x)Pxg (X).

xeB

It follows that the conditional variance and conditional standard deviation conform to Def-
initions 2.16 and 2.17 witiX| B replacingX.

Example 2.41 Find the conditional expected value, the conditional variance, and the conditional stan-
dard deviation for the long faxes defined in Example 2.39.

8 8

E[XIL] = uxL = Y _ XPxjL () =025  x =6.5 pages (2.123)

x=5 x=5
8
E [x2| L] — 025 x? = 43.5 pages? (2.124)
Xx=5

Var[X|L] = E [x2||_] ~ 1%L = 1.25 pages? (2.125)

ox|L = v Var[X|L] = 1.12 pages (2.126)
Quiz2.9 On the Internet, data is transmitted in packets. In a simple model for World Wide Web

traffic, the number of packets N needed to transmit a Web page depends on whether the
page has graphic images. If the page has images (event 1), then N is uniformly distributed
between 1 and 50 packets. If the page is just text (event T), then N is uniform between 1
and 5 packets. Assuming a page has images with probabjlityfind the

(1) conditional PMF Ry (n) (2) conditional PMF Ryt (n)

(3) PMF Py (n) (4) conditional PMF Ryn<10(N)
(5) conditionalexpectedvalugB|N < 10] (6) conditionalvarianc&afN|N < 10]

2.10 MATLAB

For discrete random variables, this section will develop a variety of ways thluse.AB.

We start by calculating probabilities for any finite random variable with arbitrary PMF

Px (x). We then compute PMFs and CDFs for the families of random variables introduced
in Section 2.3. Based on the calculation of the CDF, we then develop a method for generating
random sample values. Generating a random sample is a simple simulation of a experiment
that produces the corresponding random variable. In subsequent chapters, we will see that
MatLAB functions that generate random samples are building blocks for the simulation of
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more complex systems. ThéaTLAB functions described in this section can be downloaded
from the companion Web site.

PMFs and CDFs

For the most part, the PMF and CDF functions are straightforward. We start with a simple
finite discrete random variabl€ defined by the set of sample valu8g = {s1,..., S}

and corresponding probabilitigs = Px(s) = P[X = s]. In MATLAB, we represent the
sample space of by the vectos = [sl e S’]]/ and the corresponding probabilities by
the vectop = [p1 pn]/.2 The functiony=f i ni t epnf ( sx, px, X) generatesthe
probabilities of the elements of tine-dimensional vectox = [x1 - -- xm]/. The output
isy=[y1 --- ym] wherey, = Px(xi). Thatis, for each requested, fi ni t epnf
returns the valu®x (x;). If x; is not in the sample space #f, y; = 0.

Example 2.42  In Example 2.29, the random variable X, the number of pages in a fax, has PMF

015 x=1,2,3,4,
Px(x)=43 01 x=5,6,7,8, (2.127)
0 otherwise.

Write a MATLAB function that calculates Py (x). Calculate the probability of x; pages
for x; =2, xp = 2.5, and x3 = 6.

The MaTLAB function f ax3pnf (x) implements Px (x). We can then use f ax3pnf
to calculate the desired probabilities:

function y=fax3pnf (x) » fax3pnf([2 2.5 6])’
s=(1:8)"; ans =

p=[ 0. 15*ones(4,1); 0.1*ones(4,1)]; 0.1500 0 0.1000
y=finitepnf(s,p, x);

We also can uskIATLAB to calculate PMFs for common random variables. Although a
PMF Px (x) is a scalar function of one variable, the easy way MatrLAB handles vectors
makes it desirable to extend oMiaTLAB PMF functions to allow vector input. That is, if
y=xpnf ( x) implementsPx(x), then for a vector inpuk, we produce a vector outpuyt
such thaty (i) =xpnf (x(i)). Thatis, for vector inpux, the output vectoy is defined
by yi = Px(xi).

Example 2.43  Write a MATLAB function geonet ri cpnf (p, x) to calculate Py (x) for a geometric
(p) random variable.

2Although column vectors are supposed to appear as columns, we generally write a column iretierform
of a transposed row vectpx; - xm]' to save space.
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function pnf=geonetricpnf(p, Xx) In geonetricpnf.m the last line
%geonetric(p) rv X ensures that values x; ¢ Sx are
Yout : pnf (i) =Prob[ X=x(i)] assigned zero probability. Because
x=x(:); x=x(:) reshapes x to be a column
pnf= p*((1-p). " (x-1)); vector, the output pnf is always a
pnf = (x>0).*(x==floor(x)).*pnf; column vector.

Example 2.44  Write a MATLAB function that calculates the PMF of a Poisson («) random variable.

For an integer x, we could calculate Py (x) by the direct calculation
px= ((al pha”x)*exp(-al pha*x))/factorial (x)

This will yield the right answer as long as the argument x for the factorial function is not
too large. In MATLAB version 6, factori al (171) causes an overflow. In addition,
fora > 1, calculating the ratioa* /x! for large x can cause numerical problems because
both a* and x! will be very large numbers, possibly with a small quotient. Another
shortcoming of the direct calculation is apparent if you want to calculate P x(x) for
the set of possible values x = [0,1,...,n]. Calculating factorials is a lot of work
for a computer and the direct approach fails to exploit the fact that if we have already
calculated (x —1)!, we can easily compute x! = x- (x—1)!. A more efficient calculation
makes use of the observation
Xa—a

Py (X) = 2 ; - ;‘PX x—1). (2.128)

The poi ssonpnf . mfunction uses Equation (2.128) to calculate Px(x). Even this
code is not perfect because MATLAB has limited range.

functi on pnf=poi ssonpnf (al pha, x) Note that exp( - al pha) =0 for
Yout put: pnf (i) =P[ X=x(i)] al pha > 74513. For these
x=x(:); k=(1:max(x))"; large values of al pha,
ip=[1; ((al pha*tones(size(k)))./k)]; poi ssonpnf (al pha, x)
pb=exp(-al pha) *cunprod(ip); will return zero for all x. Prob-
%pb= [ P(X=0)...P(X=n)] lem 2.10.8 outlines a solution
pnf =pb(x+1); %b(1)=P[ X=0] that is used in the version of
pnf =(x>=0) . *(x==f 1 oor (x)) . *pnf; poi ssonpnf. m on the com-
%onf (i)=0 for zero-prob x(i) panion website.

For the Poisson CDF, there is no simple way to avoid summing the PMF. The following
example shows an implementation of the Poisson CDF. The code for a CDF tends to be
more complicated than that for a PMF because i§ not an integerf x (x) may still be
nonzero. Other CDFs are easily developed following the same approach.

Example 2.45  Write a MATLAB function that calculates the CDF of a Poisson random variable.
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MAaTLAB Functions

PMF CDF

Random Sample

Example 2.46

finitepnf(sx,p,x)
bernoul I'i pnf (p, x)
bi nom al pnf (n, p, x)
geonetri cpnf (p, x)
pascal pnf (k, p, x)
poi ssonpnf (al pha, x)
duni f or npnf (k, I, x)

finitecdf(sx,p, x)
bernoul I'i cdf (p, x)
bi nom al cdf (n, p, x)
geonetri ccdf (p, x)
pascal cdf (k, p, x)
poi ssoncdf (al pha, x)
duni f or nedf (k, 1, x)

finiterv(sx,p, m
bernoul l'irv(p, m
bi nom al rv(n, p, m
geonetricrv(p, m
pascal rv(k, p, m
poi ssonrv(al pha, m
duni fornrv(k,l,m

Table 2.1 MaTtLAB functions for discrete random variables.

x=floor(x(:));
sx=0: max(Xx);

%df fromO to max(x)

cdf = okx. *cdf (x+1);
%df =0 for x(i)<0

functi on cdf =poi ssoncdf (al pha, x)
Y%out put cdf (i) =Prob[ X<=x(i)]
cdf =cunsun{ poi ssonpnf (al pha, sx));

okx=(x>=0); %(i)<0 -> cdf =0
x=(0okx. *x); %set negative x(i)=0

Here we present the MATLAB
code for the Poisson CDF. Since a
Poisson random variable X is al-
ways integer valued, we observe
that Fx (x) = Fx(|[x]) where |x],
equivalentto f I oor (x) in MAT-
LAB, denotes the largest integer
less than or equal to x.

Recall in Example 2.19 that a website has on average 1 = 2 hits per second. What
is the probability of no more than 130 hits in one minute? What is the probability of

more than 110 hits in one minute?

Let M equal the number of hits in one minute (60 seconds). Note that M is a Poisson
(o) random variable with « = 2 x 60 = 120 hits. The PMF of M is

Pwm (M) ={

(120"e120/m
0

» poi ssoncdf (120, 130)
ans =

0. 8315
» 1-poi ssoncdf (120, 110)
ans =

0. 8061

m=0,1,2,...

otherwise. (2129)

The MATLAB solution shown on the left exe-
cutes the following math calculations:

130
P[M <130]= ) Py (m) (2.130)
m=0
P[M > 110]=1— P[M < 110]  (2.131)
110
=1-) Pu(m (2.132)

m=0
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Generating Random Samples

So far, we have generated distribution functions, PMFs or CDFs, for families of random
variables. Now we tackle the more difficult task of generating sample values of random vari-
ables. As in Chapter 1, we useand( ) as a source of randomness. IRt rand(1) .
Recall thatr and( 1) simulates an experiment that is equally likely to produce any real
number in the intervdl0, 1]. We will learn in Chapter 3 that to express this idea in mathe-
matics, we say that for any internvi@, b] c [0, 1],

Pla<R<bl=b-a. (2.133)

For exampleP[0.4 < R < 0.53] = 0.13. Now suppose we wish to generate samples of
discrete random variabl€ with Sx = {0,1,...}. Since 0< Fx(k—1) < Fx(k) < 1,
for all k, we observe that

P[Fk (k—1) < R=Fx (K] = Fk (k) = Fk (k= 1) = P (K) (2.134)

This fact leads to the following approach (as shown in pseudocode) to using
rand() to produce a sample of random variable

Random Sample of random variable K

Cenerate R= rand(1)

Find k* such that Fgk*—-1) <R < Fg(k*)
Set K =k*

A MaTLAB function that uses and() in this way simulates an experiment that pro-
duces samples of random varialfle Generally, this implies that before we can produce a
sample of random variablké, we need to generate the CDFKf We can reuse the work
of this computation by defining oz ATLAB functions such ageonet ri crv(p, m to
generaten sample values each time. We now present the details associated with generating
binomial random variables.

Example 2.47  Write a MATLAB function that generates m samples of a binomial (n, p) random var-

iable.

function x=binomalrv(n,p, m For vectors x and vy, the function
% m bi nomi al (n, p) sanpl es c=count ( x, y) returns a vector ¢ such
r=rand(m1); that c(i) is the number of elements of
cdf =bi nomi al cdf (n, p, 0: n); x that are less than or equal to y(i).
x=count (cdf, r);

In terms of our earlier pseudocode, k* = count (cdf, r). If count(cdf,r) =
0, thenr < Px(0) and k* = 0.

Generating binomial random variables is easy because the range is $imply, n} and
the minimum value is zero. You will see that théeaTLAB code for geonetricrv(),
poi ssonrv(), and pascal rv() is slightly more complicated because we need to
generate enough terms of the CDF to ensure that wekfind

Table 2.1 summarizes a collection of functions for the families of random variables
introduced in Section 2.3. For each family, there is fhd  function for calculating values



90

CHAPTER 2

Example 2

DISCRETE RANDOM VARIABLES
& &
_ o o
2 02 L 0.2 L 0.2
Sou ¢ U
o o I
0 0 0
012345 0123 4°5 012345
y y y
PMF Py (y) Sample Run 1 Sample Run 2

Figure 2.2 The PMF of Y and the relative frequencies found in two sample runs of
vol t power (100) . Note that in each run, the relative frequencies are close to (but not exactly
equal to) the corresponding PMF.

of the PMF, the cdf function for calculating values of the CDF, and thres function
for generating random samples. In each function descriptiodenotes a column vector

X=[x1 --- xm]|. The pnf function output is a vectoy such thaty; = Px(x;). The
cdf function output is a vectoy such thaty; = Fx(xij). The rv function output is a
vectorX = [Xl e Xm]/ such that eaclX; is a sample value of the random variable

X. If m =1, then the output is a single sample value of random varigble
We present an additional example, partly because it demonstrates someévisefils
functions, and also because it shows how to generate relative frequency data for our random

variable generators.

.48  Simulate n = 1000trials of the experiment producing the power measurement Y in

Example 2.30. Compare the relative frequency of each y € Sy to Py (y).

In vol t power . m we first generate n samples of the voltage V. For each sample,
we calculate Y = V2/2.

function vol t power (n) As in Example 1.47, the function

v=duni fornrv(-3,3,n); hi st (y, yrange) produces a vector

y=(v."2)/2; with jth element equal to the number of

yrange=0: max(y); occurences of yrange(j) in the vector

yfreq=(hist(y,yrange)/n)’; y. The function pnf pl ot . mis a utility for

pnf pl ot (yrange, yfreq); producing PMF bar plots in the style of this
text.

Figure 2.2 shows the corresponding PMF along with the output of two runs of
vol t power (100).

Derived Random Variables

MATLAB can also calculate PMFs and CDFs of derived random variables. For this section,
we assumeX is a finite random variable with sample spa&e = {X1, ..., Xn} such that
Px(xi) = pi. We represent the properties Xfby the vectorsx = [xl xn]/ and

px =[p1 - pn]’. In MATLAB notation,sx and px represent the vectosx andpx.
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For derived random variables, we exploit a featurefafni t epnf ( sx, px, x) that
allows the elements ox to be repeated. Essentially, we usex( px), or equivalently
(s,p), torepresenta random varia{edescribed by the following experimental procedure:

Finite PMF
Rol|l an n-sided die such that side i has probability p;.
If side j appears, set X=X;j.

A consequence of this approach is thaxif = 3 andxs = 3, then the probability of
observingX = 3is Px(3) = p2 + ps.

Example 2.49
» sx=[1 3 5 7 3]; The function fi nitepnf () accounts
» px=[0.1 0.2 0.2 0.3 0.2]; for multiple occurrences of a sample
» pnfx=finitepnf(sx, px,1:7); value. In particular,
» pnfx’ pnf x( 3) =px(2) +px(5) =0. 4.
ans =
0.10 0 0.40 0 0.20 0 0.30

It may seem unnecessary and perhaps even bizarre to allow these repeated values. How-
ever, we see in the next example that it is quite convenient for derived random variables
Y = g(X) with the property thag(x;) is the same for multiples;. Although the next
example was simple enough to solve by hand, it is instructive tdMiilserLAB to do the
work.

Example 2.50  Recallthatin Example 2.29 that the number of pages X in a fax and the cost Y = g(X)
of sending a fax were described by

015 x=1,23,4,
Px(x)=4 01 x=5,6,7,8, Y:{
0 otherwise,

105X —05%X2 1< X <5,
50 6 < X < 10.

Use MATLAB to calculate the PMF of Y.

% ax3y. m The vector gx is the mapping g(x)
sx=(1:8)"; for each x € Sx. In gx, the el-
px=[ 0. 15*ones(4, 1); ... ement 50 appears three times, corre-
0. 1*ones(4,1)]; spondingto x = 6, Xx = 7, and X =
gx=(sx<=5).* ... 8. The function sy=uni que(gx) ex-
(10.5*sx-0.5%(sx."2))... tracts the unique elements of gx while
+ ((sx>5).*50); finitepnf(gx, px, sy) calculates the
sy=uni que( gx); probability of each element of sy.
py=fi ni tepnf (gx, px, sy);

Conditioning

MATLAB also provides thef i nd function to identify conditions. We use théi nd
function to calculate conditional PMFs for finite random variables.
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Example 2.51  Repeating Example 2.39, find the conditional PMF for the length X of a fax given event
L that the fax is long with X > 5 pages.

sx=(1:8)"; With random variable X defined by sx
px=[ 0. 15*ones(4,1); ... and px as in Example 2.50, this code
0. 1*ones(4,1)]; solves this problem. The vector sxL
sxL=uni que(find(sx>=5)); identifies the event L, pL is the prob-
pL=sun(fi nitepnf (sx, px, sxL)); ability P[L], and pxL is the vector of
pxL=fi ni t epnf (sx, px, sxL)/ pL; probabilities Px . (xj) for each x; € L.
Quiz2.10 In Section 2.5, it was argued that the average
1
mp = — X(
n=1 2 XM
i=1
of sampleskl), x(2), ..., x(n) ofarandom variable X will converge to[] as n becomes

large. For a discrete uniforng0, 10) random variable X, we will usBIATLAB to examine
this convergence.

(1) For 100sample values of X, plot the sequencg my, ..., migo. Repeat this exper-
iment five times, plotting all five grcurves on common axes.

(2) Repeat part (a) fol000sample values of X.

Chapter Summary

With all of the concepts and formulas introduced in this chapter, there is a high probability
that the beginning student will be confused at this point. Part of the problem is that we are
dealing with several different mathematical entities including random variables, probability
functions, and parameters. Before plugging numbers or symbols into a formula, it is good
to know what the entities are.

e The random variable Xransforms outcomes of an experiment to real numbers. Note
that X is the name of the random variable. A possible observatioq ishich is a
number.Sy is the range o, the set of all possible observatioxs

e The PMF R (x) is a function that contains the probability model of the random variable
X. The PMF gives the probability of observing axiy Px (-) contains our information
about the randomness Xf

e The expected value[K] = ux and the variance VBK] are numbers that describe the
entire probability model. Mathematically, each is a property of the FM-). The
expected value is a typical value of the random variable. The variance describes the
dispersion of sample values about the expected value.
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e A function of a random variable ¥= g(X) transforms the random variab} into a
different random variabl¥. For each observatiod = x, g(-) is a rule that tells you
how to calculatey = g(x), a sample value of .

Although Px (-) andg(-) are both mathematical functions, they serve different purposes
here. Px (-) describes the randomness in an experiment. On the otherdp@nid,a rule
for obtaining a new random variable from a random variable you have observed.

e The Conditional PMF R;g(x) is the probability model that we obtain when we gain
partial knowledge of the outcome of an experiment. The partial knowledge is that the
outcomex € B C Sx. The conditional probability model has its own expected value,
E[X]|B], and its own variance, VBX|B].

Problems
Difficulty: Easy
2.2.1 The random variabl®&l has PMF 225
[ e@/2" n=0,1,2,
PN = { 0 otherwise

2.2.2

2.2.3

224

(a) What is the value of the constarht
(b) WhatisP[N < 1]?

For random variableX and R defined in Exam-
ple 2.5, findPx (x) andPr(r). In addition, find the
following probabilities:

(@) P[X =0]
(b) P[X < 3]
(c) P[R > 1]
The random variabl® has PMF

2.2.6

2
cwt v=1234,
Pv () = { 0  otherwise
(a) Find the value of the constant 2.2.7

(b)Find P[V € {u?ju=1,2,3,-- .
(c) Find the probability tha¥ is an even number.
(d) Find P[V > 2].
The random variablX has PMF
_ ) c/x x=2,4,8,
Px 00 = { 0  otherwise. 2.2.8
(a) What is the value of the constarht
(b) What isP[X = 4]?
(c) What isP[X < 4]?
(d)WhatisP[3 < X < 9]?

Moderate Difficult Experts Only

In college basketball, when a player is fouled while
not in the act of shooting and the opposing team is
“in the penalty,” the player is awarded a “1 and 1.”
Inthe 1 and 1, the player is awarded one free throw
and if that free throw goes in the player is awarded
a second free throw. Find the PMF %f the num-
ber of points scored in a 1 and 1 given that any free
throw goes in with probabilityp, independent of
any other free throw.

You are manager of aticket agency that sells concert
tickets. You assume that people will call three times
in an attempt to buy tickets and then give up. You
want to make sure that you are able to serve at least
95% of the people who want tickets. Lptbe the
probability that a caller gets through to your ticket
agency. What is the minimum value pfnecessary

to meet your goal.

In the ticket agency of Problem 2.2.6, each tele-

phone ticket agent is available to receive a call with

probability 0.2. If all agents are busy when some-

one calls, the caller hears a busy signal. What is the
minimum number of agents that you have to hire

to meet your goal of serving 95% of the customers
who want tickets?

Suppose when a baseball player gets a hit, a single
is twice as likely as a double which is twice as likely
as a triple which is twice as likely as a home run.
Also, the player's batting averagee., the proba-
bility the player gets a hit, is B00. LetB denote

the number of bases touched safely during an at-bat.
For example B = 0 when the player makes an out,
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2.2.9

2.3.1

2.3.2

2.3.3

234
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B = 1 on a single, and so on. What is the PMF of
B?

When someone presses “SEND” on a cellular
phone, the phone attempts to set up a call by trans-
mitting a “SETUP” message to a nearby base sta-
tion. The phone waits for a response and if none ar-
rives within 0.5 seconds it tries again. If it doesn't
get a response after = 6 tries the phone stops
transmitting messages and generates a busy signal.

(a) Draw a tree diagram that describes the call settép3 5

procedure.

(b) If all transmissions are independent and the
probability is p that a “SETUP” message will
get through, what is the PMF &€, the number
of messages transmitted in a call attempt?

(c) What is the probability that the phone will gen-
erate a busy signal?

(d) As manager of a cellular phone system, you want
the probability of a busy signal to be less than
0.02 If p = 0.9, what is the minimum value of
n necessary to achieve your goal?

In a package of M&Ms)Y, the number of yellow

M&Ms, is uniformly distributed between 5 and 15.2 36

(a) What is the PMF o¥?
(b) What isP[Y < 10]?

(c) What isP[Y > 12]?
(d)WhatisP[8 <Y < 12]?
When a conventional paging system transmits ‘u
message, the probability that the message will be
received by the pager it is sent tofis To be con-

fident that a message is received at least once, a
system transmits the messagémes.

(a) Assuming all transmissions are independent,
what is the PMF oK, the number of times the
pager receives the same message?

(b) Assumep = 0.8. Whatis the minimum value of
nthat produces a probability of 0.95 of receiving
the message at least once?

When you go fishing, you attaah hooks to your 2.3.8

line. Each time you cast your line, each hook will
be swallowed by a fish with probability, indepen-
dent of whether any other hook is swallowed. What
is the PMF ofK , the number of fish that are hooked
on a single cast of the line?

Anytime a child throws a Frisbee, the child’s dog
catches the Frisbee with probability independent

2.3.7

of whether the Frisbee is caught on any previous
throw. When the dog catches the Frisbee, it runs
away with the Frisbee, never to be seen again. The
child continues to throw the Frisbee until the dog
catches it. LetX denote the number of times the
Frisbee is thrown.

(a) What is the PMMPx (x)?

(b) If p= 0.2, what is the probability that the child
will throw the Frisbee more than four times?

When a two-way paging system transmits a mes-
sage, the probability that the message will be re-
ceived by the pager it is sent to & When the
pager receives the message, ittransmits an acknowl-
edgment signal (ACK) to the paging system. If the
paging system does not receive the ACK, it sends
the message again.

(a) What is the PMF oN, the number of times the
system sends the same message?

(b) The paging company wants to limit the number
of times it has to send the same message. It has
a goal of P[N < 3] > 0.95. What is the mini-
mum value ofp necessary to achieve the goal?

The number of bitB in a fax transmission is a ge-
ometric(p = 2.5- 1cr5) random variable. What is
the probabilityP[B > 500,000] that a fax has over
500,000 bits?

The number of buses that arrive at a bus stop in
minutes is a Poisson random varialBewith ex-
pected valudl /5.

(a) What is the PMF 0B, the number of buses that
arrive inT minutes?

(b) What is the probability that in a two-minute in-
terval, three buses will arrive?

(c) What is the probability of no buses arriving in a
10-minute interval?

(d) How much time should you allow so that with
probability 099 at least one bus arrives?

In awireless automatic meter reading system, a base
station sends out a wake-up signal to nearby elec-
tric meters. On hearing the wake-up signal, a meter
transmits a message indicating the electric usage.
Each message is repeated eight times.

(a) If a single transmission of a message is success-
ful with probability p, what is the PMF oN, the
number of successful message transmissions?
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(b) I isanindicator random variable such that 1 you buy yourjth losing ticket on dayd, how
if at least one message is transmitted success- many losers did you have aftdr— 1 days?

f.uIIy; otherwisel = 0. Fin(_j the PMF of . 2.3.13 The Sixers and the Celtics play a best out of five
2.3.9 AZipf (n,a = 1) random variableX has PMF playoff series. The series ends as soon as one of
the teams has won three games. Assume that either

Px (X) = { gn/x Xti 12 ool team is equally likely to win any game indepen-
otherwise dently of any other game played. Find
The constant(n) is set so thaEQ:l Py (x) = 1. (a) The PMFPy (n) for the total numbeN of games
Calculatec(n) forn=1,2,...,6. played in the series;
2.3.10 A radio station gives a pair of concert tickets to (b) The PMFPy (w) for the numberw of Celtic
the sixth caller who knows the birthday of the per- wins in the series;

former. For each person who calls, the probability
is 0.75 of knowing the performer’s birthday. All
calls are independent.

(a) What is the PMF of., the number of calls nec- 2:3:14 For a binomial random variablé representing the
essary to find the winner? number of successes mtrials, Y Pk (k) = 1.
Use this fact to prove the binomial theorem for any

a > 0 andb > 0. That is, show that

(c) The PMFP_(I) forthe numbetL of Celtic losses
in the series.

(b) What is the probability of finding the winner on
the tenth call?

(c) What is the probability that the station will need n

n
n_ kpn—k
nine or more calls to find a winner? @+b)’= Z <k>a b
. L k=0
2.3.11 In a packet voice communications system, a source

transmits packets containing digitized speech to2a4.1 Discrete random variablé has the CDFR-y (y) as
receiver. Because transmission errors occasiona'y shown:

occur, an acknowledgment (ACK) or anonacknowl- 1
edgment (NAK) is transmitted back to the source to 0.75
indicate the status of each received packet. When 0.5
the transmitter gets a NAK, the packet is retrans- 0.25
mitted. \oice packets are delay sensitive and a
packet can be transmitted a maximunddfmes. If

a packet transmission is an independent Bernoulli
trial with success probabilitp, what is the PMF of

T, the number of times a packet is transmitted? (@ PLY < 1]

2.3.12 Suppose each day (starting on day 1) you buy one (b) PLY < 1]
lottery ticket with probability 12; otherwise, you
buy no tickets. A ticket is a winner with probability (© PLY > 2]
p independent of the outcome of all other tickets. (d) PLY > 2]
Let N; be the event that on dayyou donotbuy a

F )

0
0 1 2 3 4 5
y
Use the CDF to find the following probabilities:

ticket. LetW, be the event that on day you buy ©)PrY =1]
a winning ticket. LetL; be the event that on ddy (M PIY =3]
you buy a losing ticket. @) Py (y)

(a) What areP[Ws3], P[Lg7], andP[Ngo]? 2.4.2 The random variabl& has CDF
(b) LetK be the number of the day on which you buy.

your first lottery ticket. Find the PMPy (k). 0 x<-1
. . 02 —-1<x<0,
(c) Find the PMF ofR, the number of losing lottery Fx (X) = 07 O<x <1
tickets you have purchasedrimdays. 1' x> 1 =

(d) LetD be the number of the day on which you buy
your jth losing ticket. What i®p (d)? Hint: If (a) Draw a graph of the CDF.
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(b) Write Px (x), the PMF of X. Be sure to write 2.5.4 Find the expected value of the random variakle
the value ofPx (x) for all x from —oo to co. in Problem 2.4.2.

The random variablX has CDF Find the expected value of the random variakle
in Problem 2.4.3.

255

0 X < =3,

04 -3<x<b5, 2.5.6 Find the expected value of a binomia = 4, p =
FX(®)=1 08 5<x<7. 1/2) random variableX.

1 x=7. 2.5.7 Find the expected value of a binomi@ =5, p =

1/2) random variableX.

Give examples of practical applications of proba-
bility theory that can be modeled by the following
PMFs. Ineach case, state an experiment, the sample
space, the range of the random variable, the PMF of
the random variable, and the expected value:

(a) Draw a graph of the CDF.
(b) Write Px (x), the PMF ofX.

Following Example 2.24, show that a geomet
random variablek has CDF

2.5.8

0 k<1,
F (k) = { 1-1-pk k>1. (a) Bernoulli
. . (b) Binomial
At the One Top Pizza Shop, a pizza sold has mush-
rooms with probabilityp = 2/3. On aday in which (c) Pascal
100 pizzas are sold, |& equal the number of piz- (d) Poisson

zas sold before the first pizza with mushrooms is
sold. What is the PMF oN? What is the CDF of
N?

In Problem 2.2.8, find and sketch the CDFRfthe
number of bases touched safely during an at-bat.
In Problem 2.2.5, find and sketch the CDFYgfthe
number of points scored in a 1 and 1 for= 1/4,
p=1/2,andp = 3/4.

In Problem 2.2.9, find and sketch the CDR\bfthe
number of attempts made by the cellular phone for
p=1/2.

Let X have the uniform PMF

Make up your own examples. (Don’t copy exam-
ples from the text.)

2.5.9 Suppose you go toacasino with exactly $63. Atthis
casino, the only game is roulette and the only bets
allowed are red and green. In addition, the wheel
is fair so thatP[red] = P[greerj = 1/2. You have
the following strategy: First, you bet $1. If you win
the bet, you quit and leave the casino with $64. If
you lose, you then bet $2. If you win, you quit and
go home. If you lose, you bet $4. In fact, whenever
you lose, you double your bet until either you win
a bet or you lose all of your money. However, as
soon as you win a bet, you quit and go home. Let
Y equal the amount of money that you take home.
Find Py (y) andE[Y]. Would you like to play this
game every day?

2.5.10 Let binomial random variabl&, denote the num-

Py (X) = 001 x=1,2,...,100,
X ~ 10 otherwise.

(a) Find a modexygg of X. If the mode is not

unique, find the seXmg of all modes ofX.

(b) Find a medianpeg of X. If the median is not
unique, find the seXmeq of all numbersx that
are medians oK.

ber of successes im Bernoulli trials with success
probability p. Prove thatE[Xp] = np. Hint: Use
the fact thatzg;(l) Px, () =1.

2/5.11 Prove that if X is a nonnegative integer-valued

\oice calls cost 20 cents each and data calls cost 22

cents eachC is the cost of one telephone call. The
probability that a call is a voice call B[V] = 0.6.
The probability of a data call iP[D] = 0.4.

(a) Find P (c), the PMF ofC.
(b) What isg[C], the expected value @?

Find the expected value of the random variabie
Problem 2.4.1.

random variable, then

E[X]=)_ P[X>K.
k=0

2.6.1 Given the random variabl¥ in Problem 2.4.1, let

U =g()=Y2
(a) Find Py (u).



2.6.2

2.6.3

2.6.4

2.6.5

(b) Find Fy (u).
(c) Find E[U].

Given the random variabl¥ in Problem 2.4.2, let
V =g(X) = |XI.

() Find Py (v).

(b) Find Fy (v).

(c) FindE[V].

Given the random variabl¥ in Problem 2.4.3, let
W =g(X)=-X.

(a) Find Py (w).

(b) Find Fyy (w).

(c) Find E[W].

At a discount brokerage, a stock purchase or sale
worth less than $10,000 incurs a brokerage fee of
1% of the value of the transaction. A transaction

worth more than $10,000 incurs a fee of $100 plus
0.5% of the amount exceeding $10,000. Note that

for afraction of a cent, the brokerage always charges—

the customer a full penny. You wish to buy 100
shares of a stock whose pri€ein dollars has PMF

] 1/3 d=99.75,100,10025,
Po (@) = { 0  otherwise.

What is the PMF ofZ, the cost of buying the stock
(including the brokerage fee).

A source wishes to transmit data packets to a r@-7.4

ceiver over a radio link. The receiver uses error de
tection to identify packets that have been corrupted
by radio noise. When a packetis received error-free,
the receiver sends an acknowledgment (ACK) back
to the source. When the receiver gets a packet with
errors, a negative acknowledgment (NAK) message
is sent back to the source. Each time the source
receives a NAK, the packet is retransmitted. We as-
sume thateach packettransmissionis independently
corrupted by errors with probability.

(a) Find the PMF ofX, the number of times that a
packet is transmitted by the source.

(b) Suppose each packet takes 1 millisecond to
transmit and that the source waits an additional
millisecond to receive the acknowledgment mes-
sage (ACK or NAK) before retransmitting. Let
T equal the time required until the packet is suc-
cessfully received. What is the relationship be-
tweenT and X? What is the PMF of ?

2.6.6

2.7.1

2.7.2
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Suppose that a cellular phone costs $20 per month
with 30 minutes of use included and that each addi-
tional minute of use costs $0.50. If the number of
minutes you use in a month is a geometric random
variableM with expected value odE[M] =1/p =

30 minutes, what is the PMF &, the cost of the
phone for one month?

For random variabl@ in Quiz 2.6, first find the ex-
pected value€E[T] using Theorem 2.10. Next, find
E[T] using Definition 2.14.

In acertain lottery game, the chance of getting a win-
ning ticket is exactly one in a thousand. Suppose a
person buys one ticket each day (except on the leap
year day February 29) over a period of fifty years.
What is the expected numbEfT] of winning tick-

ets in fifty years? If each winning ticket is worth
$1000, what is the expected amoitR] collected

on these winning tickets? Lastly, if each ticket costs
$2, what is your expected net proi{ Q]?

Suppose an NBA basketball player shooting an un-
contested 2-point shot will make the basket with
probability 06. However, if you foul the shooter,
the shot will be missed, but two free throws will
be awarded. Each free throw is an independent
Bernoulli trial with success probabilityp. Based

on the expected number of points the shooter will
score, for what values gb may it be desirable to
foul the shooter?

It can take up to four days after you call for ser-
vice to get your computer repaired. The computer
company charges for repairs according to how long
you have to wait. The number of day until the
service technician arrives and the service ch&ge
in dollars, are described by

02 d=1,
04 d=2,
Pp (d) = 03 d=3,
01 d=4,

0 otherwise,

and

90 for 1-day service,
70 for 2-day service,
40 for 3-day service,
40 for 4-day service.

(a) What is the expected waiting tinppgy = E[D]?
(b) What is the expected deviati&{D — upl?
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2.7.5

2.7.6

2.7.7

2.7.8

2.7.9
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(c) Expres<C as a function oD.
(d) What is the expected valug{C]?

For the cellular phone in Problem 2.6.6, express the
monthly costC as a function oM, the number of
minutes used. What is the expected monthly cost
E[C]?

A new cellular phone billing plan costs $15 per
month plus $1 for each minute of use. If the num-
ber of minutes you use the phone in a month is a

geometric random variable with meangd, svhatis 2.8.1

the expected monthly co&[C] of the phone? For
what values ofis this billing plan preferable to the
billing plan of Problem 2.6.6 and Problem 2.7.5?

A particular circuit works if all 10 of its component
devices work. Each circuit is tested before leav-
ing the factory. Each working circuit can be sold
for k dollars, but each nonworking circuit is worth-
less and must be thrown away. Each circuit can be
built with either ordinary devices or ultrareliable de-
vices. An ordinary device has a failure probability
of g = 0.1 while an ultrareliable device has a fail-
ure probability of/2, independent of any other de-

vice. However, each ordinary device costs $1 Whil%'8'2

an ultrareliable device costs $3. Should you builu

your circuit with ordinary devices or ultrareliable2.8.3

devices in order to maximize your expected profi

E[R]? Keep in mind that your answer will depench g8 4

onk.

In the New Jersey state lottery, each $1 ticket hgsg 5

six randomly marked numbers out of 1, . 46. A
ticket is a winner if the six marked numbers match
six numbers drawn at random at the end of a week.
For each ticket sold, 50 cents is added to the pot for
the winners. If there ark winning tickets, the pot

is divided equally among thk winners. Suppose
you bought a winning ticket in a week in which 2n
tickets are sold and the potisdollars.

(a) What is the probability) that a random ticket
will be a winner?

(b) What is the PMF oKy, the number of other
(besides your own) winning tickets?

(c) What is the expected value b, the prize you
collect for your winning ticket?

If there is no winner for the lottery described in
Problem 2.7.8, then the pot is carried over to the
next week. Suppose that in a given weekr atol-

lar pot is carried over from the previous week an@.8.7

2n tickets sold. Answer the following questions.

2.8.6

(a) What is the probability that a random ticket
will be a winner?

(b) If you own one of the 2tickets sold, what is the
mean ofV, the value (i.e., the amount you win)
of that ticket? Is it ever possible thB{V] > 1?

(c) Suppose that in the instant before the ticket sales
are stopped, you are given the opportunity to buy
one of each possible ticket. For what values (if
any) ofn andr should you do it?

In an experiment to monitor two calls, the PMF of
N, the number of voice calls, is

02 n=o0,
07 n=1,
PNW=1 01 n=>2

0 otherwise

(a) FINndE[N], the expected number of voice calls.
(b) Find E[N?], the second moment o¥.

(c) Find Var[N], the variance of\.

(d) Findoy, the standard deviation di.

Find the variance of the random variabén Prob-
lem2.4.1.

Find the variance of the random variaiXen Prob-
lem 2.4.2.

Find the variance of the random variaiXen Prob-
lem 2.4.3.

Let X have the binomial PMF
4 4
Px (X) = « (1/2)".

(a) Find the standard deviation of the random var-
iable X.

(b)yWhat is P[ux —ox < X < ux +oxl, the
probability thatX is within one standard devia-
tion of the expected value?

The binomial random variabl¥ has PMF
5
Py (X) = (X)(1/2>5.

(a) Find the standard deviation &f

(b) Find P[ux —ox < X < ux + ox], the prob-
ability that X is within one standard deviation of
the expected value.

Show that the variance &f = aX + bis Var[Y] =
a2 Var[ X].



2.8.8

2.8.9

Given a random variabl¥ with meanuyx and vari-
ancea)%, find the mean and variance of te&an-
dardized random variable

1
Y=—(X—-pux).
ox

In packet data transmission, the time between sugg 7

cessfully received packets is called the interarrive:
time, and randomness in packet interarrival times
is calledjitter. In real-time packet data communi-
cations, jitter is undesirable. One measure of jitter
is the standard deviation of the packet interarrival
time. From Problem 2.6.5, calculate the jittef.
How large must the successful transmission prob-
ability q be to ensure that the jitter is less than 2
milliseconds?

2.8.10 Let random variableX have PMFPy (x). We wish

to guess the value oX before performing the ac-
tual experiment. If we call our guegsthe expected
square of the error in our guess is
oN o) 2
eX) = E [(x % ]

Show thate(X) is minimized byx = E[X].

2.8.11 Random variabldk has a Poissotw) distribution.

Derive the propertie€[K] = Var[K] = «. Hint:
E[K?] = E[K(K — 1)] + E[K].

2.8.12 For the delayD in Problem 2.7.4, what is the stan-

dard deviatiorop of the waiting time?

2.9.1 InProblem2.4.1, find?y|g(y), where the condition

B = {Y < 3}. What areE[Y|B] and VarlY|B]?

2.9.2 InProblem2.4.2, findPx g (x), where the condition

B = {|X| > 0}. What areE[X|B] and Var[X|B]?

2.9.3 InProblem2.4.3, findPy g (x), where the condition

B = {X > 0}. What areE[X|B] and VatX|B]?
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(b) Find Py g (n), the conditional PMF oN given
that there have been 20 consecutive tests without
a failure.

(c) What isE[N|B], the expected number of tests
given that there have been 20 consecutive tests
without a failure?

Every day you consider going jogging. Before each
mile, including the first, you will quit with probabil-

ity g, independent of the number of miles you have
already run. However, you are sufficiently decisive
that you never run a fraction of a mile. Also, we say
you have run a marathon whenever you run at least
26 miles.

(a) Let M equal the number of miles that you run
on an arbitrary day. What iB[M > 0]? Find
the PMFPy (M).

(b) Letr be the probability that you run a marathon
on an arbitrary day. Find.

(c) Let J be the number of days in one year (not a
leap year) in which you run a marathon. Find
the PMFP;(j). This answer may be expressed
in terms ofr found in part (b).

(d) DefineK = M — 26. LetA be the event that
you have run a marathon. Firk|a (k).

In the situation described in Example 2.29, the firm
sends all faxes with an even number of pages to
fax machineA and all faxes with an odd number of
pages to fax machinB.

(a) Find the conditional PMF of the lengik of a
fax, given the fax was sent td. What are the
conditional expected length and standard devia-
tion?

(b) Find the conditional PMF of the lengti of
a fax, given the fax was sent #® and had no
more than six pages. What are the conditional
expected length and standard deviation?

2.9.4 InProblem2.8.5, findPx g (x), where the condition 2.10.1 Let X be a binomial(n, p) random variable with

2.9.5 InProblem2.8.6, findPx g (x), where the condition

2.9.6 Selectintegrated circuits, test them in sequence un-

B = {X # 0}. What areE[X|B] and Var[X|B]?
B = {X > ux}. What areE[X|B] and Vat X|B]?

til you find the first failure, and then stop. L&t 5
be the number of tests. All tests are independent
with probability of failurep = 0.1. Consider the
conditionB = {N > 20}.

(a) Find the PMFPy (n).

n = 100 andp = 0.5. LetE, denote the event that
X is a perfect square. Calcula®E>].

2.10.2 Write aMATLAB function x=f axl engt h8( m

that producesn random sample values of the fax
length X with PMF given in Example 2.29.

10.3 Form = 10, m = 100, andm = 1000, useVIAT-

LAB to find the average cost of sending faxes
using the model of Example 2.29. Your program
input should have the number of triatsas the in-
put. The output should b€ = L > Y; where
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Y; is the cost of theth fax. Asm becomes large, andn = 10,000. How large should be to have rea-
what do you observe? sonable agreement?

. . ) 2.10.6 Test the convergence of Theorem 2.8. &oe 10,
2.10.4 The Zipf (n, « = 1) random variableX introduced plot the PMF ofK, for (n, p) = (10, 1), (n, p) =

in P_roE)Iem 2.39 is_ often use_d to model the “pop- (100,0.1), and(n, p) = (1000,0.01) and compare

ularity” of a coIIectlon. ofn objects. For example, against the Poissofa) PMF.

a Web server can deliver one oMWeb pages. The

pages are numbered such that the page 1 is the 0.7 Use the resul_t of Problem 2.4.4 an_d the Random

requested page, page 2 is the second mostrequesied ~ S@mple Algorithm on Page 89 to write\ATLAB

page, and so on. If pageis requested, theX = k. function k=geonet ri cr v(p, m that g_enerates
To reduce external network traffic, an ISP gate- m samples of a geometri) random variable.

way caches copies of tlkenost popular pages. Cal-2.10.8 Find n*, the smallest value oh for which

culate, as a function effor 1 < n < 1P, how large the function poi ssonpnf(n, n) shown in
k must be to ensure that the cache can deliverapage ~ Example 2.44 reports an error.  What is the
with probability 075. source of the error? Write &IATLAB func-
tion bi gpoi ssonpnf (al pha, n) that calcu-
2.10.5 Generata independent samples of a Poisgan= lates poi ssonpnf (n, n) for values ofn much
5)random variabl&y'. Foreachy € Sy, letn(y) de- larger thann*. Hint: For a Poissori«) random
note the number of times thgtvas observed. Thus variableK,

Zyes( n(y) = n and the relative frequency ofis

R(y) = n(y)/n. Compare the relative frequency of k )

y againstPy (y) by plotting R(y) and Py (y) on the Pk (k) = exp (—0‘ +kiIn(@) = Y In(j )) :
same graph as functionsyforn = 100,n = 1000 j=1




Continuous
Random Variables

Continuous Sample Space

Until now, we have studied discrete random variables. By definition the range of a discrete
random variable is a countable set of numbers. This chapter analyzes random variables that
range over continuous sets of numbers. A continuous set of numbers, sometimes referred
to as arinterval, contains all of the real numbers between two limits. For the liritand

X2 with X1 < X2, there are four different intervals distinguished by which of the limits are
contained in the interval. Thus we have definitions and notation for the four continuous
sets bounded by the lower limig and upper limitx,.

e (X1, X2) isthe open interval defined as all numbers betweemdx, but notincluding
eitherxy or x2. Formally, (X1, X2) = {X|X1 < X < X2}.

e [X1, X2] is the closed interval defined as all numbers betwegand x; including
bothx; andxz. Formally[x1, X2] = {X|X1 < X < X2}.

e [X1, X2) is the interval defined as all numbers betwaemndx, includingx; but not
includingxz. Formally,[X1, X2) = {X|X1 < X < X2}.

e (X1, X2] is the interval defined as all numbers betwaemndx, includingx, but not
includingxy. Formally,(x1, X2] = {X|x1 < X < X2}.

Many experiments lead to random variables with a range that is a continuous interval.
Examples include measurifig the arrival time of a particleSy = {t|0 <t < oo}); mea-
suringV, the voltage across a resist@&\ = {v| — o0 < v < o0}); and measuring the
phase anglé of a sinusoidal radio waveS = {a|0 < a < 2x}). We will call T, V, and
A continuous random variabledthough we will defer a formal definition until Section 3.1.

Consistent with the axioms of probability, we assign humbers between zero and one to
all events (sets of elements) in the sample space. A distinguishing feature of the models of
continuous random variables is that the probability of each individual outcome is zero! To
understand this intuitively, consider an experiment in which the observation is the arrival
time of the professor at a class. Assume this professor always arrives between 8:55 and
9:05. We model the arrival time as a random varidblminutes relative to 9:00 o’clock.
Therefore,Sr = {t| — 5 <t < 5}. Think about predicting the professor’s arrival time.

101
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The more precise the prediction, the lower the chance it will be correct. For example, you
might guess the intervall < T < 1 minute (8:59 to 9:01). Your probability of being
correct is higher than if you guess0.5 < T < 0.5 minute (8:59:30 to 9:00:30). As
your prediction becomes more and more precise, the probability that it will be correct gets
smaller and smaller. The chance that the professor will arrive within a femtosecond of 9:00
is microscopically small (on the order of 1&), and the probability of a precise 9:00 arrival

is zero.

One way to think about continuous random variables is thatiheunt of probabilityn
an interval gets smaller and smaller as the interval shrinks. This is like the mass in a con-
tinuous volume. Even though any finite volume has some mass, there is no mass at a single
point. In physics, we analyze this situation by referring to densities of matter. Similarly, we
refer toprobability density functiont® describe probabilities related to continuous random
variables. The next section introduces these ideas formally by describing an experimentin
which the sample space contains all numbers between zero and one.

In many practical applications of probability, we encounter uniform random variables.
The sample space of a uniform random variable is an interval with finite limits. The
probability model of a uniform random variable states that any two intervals of equal size
within the sample space have equal probability. To introduce many concepts of continuous
random variables, we will refer frequently to a uniform random variable with limits 0 and
1. Most computer languages include a random number generatdviatrLAB, this is
the r and function introduced in Chapter 1. These random number generators produce
pseudo-random numbers that approximate sample values of a uniform random variable.

In the following example, we examine this random variable by defining an experimentin
which the procedure is to spin a pointer in a circle of circumference one meter. This modelis
very similar to the model of the phase angle of the signal that arrives at the radio receiver of
acellular telephone. Instead of a pointer with stopping points that can be anywhere between
0 and 1 meter, the phase angle can have any value between 0 sadi2ns. By referring to
the spinning pointer in the examples in this chapter, we arrive at mathematical expressions
that illustrate the main properties of continuous random variables. The formulas that arise
from analyzing phase angles in communications engineering models have factors of 2z
that do not appear in the examples in this chapter. Example 3.1 defines the sample space
of the pointer experiment and demonstrates that all outcomes have probability zero.

Example 3.1 Suppose we have a wheel of circumference one meter and we mark a point on the

perimeter at the top of the wheel. In the center of the wheel is a radial pointer that
we spin. After spinning the pointer, we measure the distance, X meters, around
the circumference of the wheel going clockwise from the marked point to the pointer
position as shown in Figure 3.1. Clearly, 0 < X < 1. Also, it is reasonable to believe
that if the spin is hard enough, the pointer is just as likely to arrive at any part of the
circle as at any other. For a given x, what is the probability P[X = x]?

This problem is surprisingly difficult. However, given that we have developed methods
for discrete random variables in Chapter 2, a reasonable approach is to find a discrete
approximation to X. As shown on the right side of Figure 3.1, we can mark the
perimeter with n equal-length arcs numbered 1 to n and let Y denote the number
of the arc in which the pointer stops. Y is a discrete random variable with range
Sy ={1,2,..., n}. Since all parts of the wheel are equally likely, all arcs have the
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%\X\y #\x\y
ole

Figure 3.1 The random pointer on disk of circumference 1.

same probability. Thus the PMF of Y is

1/ y=1,2,....n,

Pry) = { 0 otherwise. 3.1)

From the wheel on the right side of Figure 3.1, we can deduce that if X = x, then

Y = [nx], where the notation [a] is defined as the smallest integer greater than or
equal to a. Note that the event {X = x} c {Y = [nx]}, which implies that

P[X=x]<P[Y = rnxn:%. (3.2)

We observe this is true no matter how finely we divide up the wheel. To find P[X = x],
we consider larger and larger values of n. As n increases, the arcs on the circle
decrease in size, approaching a single point. The probability of the pointer arriving in
any particular arc decreases until we have in the limit,

. o1
P[X=x] < n|l>moo PIY = [nx]] = nlew o= 0. (3.3)
This demonstrates that P[X = x] < 0. The first axiom of probability states that
P[X =x] > 0. Therefore, P[X =x] = 0. This is true regardless of the outcome,
x. It follows that every outcome has probability zero.

Justasinthe discussion of the professor arriving in class, similar reasoning can be applied
to other experiments to show that for any continuous random variable, the probability of
any individual outcome is zero. This is a fundamentally different situation than the one we
encountered in our study of discrete random variables. Clearly a probability mass function
defined in terms of probabilities of individual outcomes has no meaning in this context. For
a continuous random variable, the interesting probabilities apply to intervals.
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3.1 The Cumulative Distribution Function

Definition 3.1

Theorem 3.1

Definition 3.2

Example 3.1 shows that whefis a continuous random variabR[ X = x] = Oforx € Sx.

This implies that wheiX is continuous, itis impossible to define a probability mass function
Px (x). On the other hand, we will see that the cumulative distribution funcioq(x) in
Definition 2.11, is a very useful probability model for a continuous random variable. We
repeat the definition here.

Cumulative Distribution Function (CDF)
Thecumulative distribution function (CDF) of random variable X is

Fx (x) = P[X <X].

The key properties of the CDF, described in Theorem 2.2 and Theorem 2.3, agly to
random variables. Graphs of all cumulative distribution functions start at zero on the left
and end at one on the right. All are nondecreasing, and, most importantly, the probability
that the random variable is in an interval is the difference in the CDF evaluated at the ends
of the interval.

For any random variable X,
(@) Fx(-o0) =0
(b) Fx(c0) =1
(¢) Plx1 < X < xa] = Fx(X2) — Fx(X1)

Although these properties apply to any CDF, there is one important difference between the
CDF of a discrete random variable and the CDF of a continuous random variable. Recall
that for a discrete random variab¥e Fx (x) has zero slope everywhere except at values
of x with nonzero probability. At these points, the function has a discontinuity in the form
of a jump of magnitudéx (x). By contrast, the defining property of a continuous random
variableX is thatFyx (x) is a continuous function oX.

Continuous Random Variable
X is acontinuous random variable if the CDF Fx(x) is a continuous function.

Example 3.2 In the wheel-spinning experiment of Example 3.1, find the CDF of X.

We begin by observing that any outcome x € Sx = [0, 1). This implies that Fx (x) =0
forx < 0, and Fx (x) = 1for x > 1. To find the CDF for x between 0 and 1 we consider
the event { X < x} with x growing from O to 1. Each event corresponds to an arc on the
circle in Figure 3.1. The arc is small when x =~ 0 and it includes nearly the whole circle
when x =~ 1. Fx(x) = P[X < x] is the probability that the pointer stops somewhere in
the arc. This probability grows from 0 to 1 as the arc increases to include the whole
circle. Given our assumption that the pointer has no preferred stopping places, it is
reasonable to expect the probability to grow in proportion to the fraction of the circle
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occupied by the arc X < x. This fraction is simply x. To be more formal, we can refer
to Figure 3.1 and note that with the circle divided into n arcs,
{Y = nx] =1} c {X =x} C{Y < [nx]}. (3:4)
Therefore, the probabilities of the three events satisfy
Fy (Inx] = 1) = Fx (X) = Fy (Inx]). (3.5

Note that Y is a discrete random variable with CDF

0 y <0,
Fy(y=1 k/n (k=1/n<y=<k/nk=12....n, (3.6)
1 y> 1.

Thus for x € [0, 1) and for all n, we have

[nx] —1 [nx]
n <Fx (X =< o (3.7)

In Problem 3.1.4, we ask the reader to verify that lim n—,~o[NX]/n = x. This implies
that as n — oo, both fractions approach x. The CDF of X is

1
o5 0 x<0,
Fx(x)=1 x 0<x<l1, (3.8)
0 1 x>1.
0 05 1
X
Quiz3.1 The cumulative distribution function of the random variable Y is
0 y <0,
Fr(y)y=1 y/4 0=sy=4, (3.9)
1 y > 4.
Sketch the CDF of Y and calculate the following probabilities:
1) PLY < -1] (2) PIY =1]
(3) P2<Y <3] (4) P[Y > 15]

3.2 Probability Density Function

The slope of the CDF contains the most interesting information about a continuous random
variable. The slope at any poixindicates the probability tha{ is near x. To understand

this intuitively, consider the graph of a CDFx (X) given in Figure 3.2. Theorem 3.1(c)
states that the probability thatis in the interval of widthA to the right ofx 1 is

pr=P[x1 < X <x1+ Al = Fx (X1 + A) — Fx (X1) . (3.10)
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Fy(x)

A
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T X

A A
x] xZ

Figure 3.2 The graph of an arbitrary CDFx (x).

Note in Figure 3.2 that this is less than the probability of the interval of widtb the right
of xo,

P2=Pxo < X <xo+ Al = Fx (X2 + A) — Fx (x2) . (3.11)

The comparison makes sense because both intervals have the same length. If wareduce
to focus our attention on outcomes nearer and nearei #ndxz, both probabilities get
smaller. However, their relative values still depend on the average slopg ©f) at the

two points. This is apparent if we rewrite Equation (3.10) in the form

Fx (X1 + A) — Fx (x1) A
n .

Here the fraction on the right side is the average slope, and Equation (3.12) states that the
probability that a random variable is in an interval ngaris the average slope over the
interval times the length of the interval. By definition, the limit of the average slope as

A — 0 s the derivative ofx (x) evaluated ax1.

We conclude from the discussion leading to Equation (3.12) that the slope of the CDF
in a region near any numberis an indicator of the probability of observing the random
variable X nearx. Just as the amount of matter in a small volume is the density of the
matter times the size of volume, the amount of probability in a small region is the slope of
the CDF times the size of the region. This leads to the f@obability density, defined as
the slope of the CDF.

Plxi<X<x1+A]= (3.12)

Probability Density Function (PDF)

Theprobability density function (PDF) of a continuous random variable X is

dFx (X)
dx

fx (x) =

This definition displays the conventional notation for a PDF. The name of the function is
a lowercasef with a subscript that is the name of the random variable. As with the PMF
and the CDF, the argument is a dummy varialfig(x), fx(u), and fx(-) are all the same
PDF.
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Figure 3.3 The PDF of the modem receiver voltaje

The PDF is a complete probability model of a continuous random variable. While there
are other functions that also provide complete models (the CDF and the moment generating
function that we study in Chapter 6), the PDF is the most useful. One reason for this is that
the graph of the PDF provides a good indication of the likely values of observations.

Example 3.3 Figure 3.3 depicts the PDF of a random variable X that describes the voltage at the
receiver in a modem. What are probable values of X?

Note that there are two places where the PDF has high values and that it is low
elsewhere. The PDF indicates that the random variable is likely to be near —5 V
(corresponding to the symbol 0 transmitted) and near +5 V (corresponding to a 1
transmitted). Values far from +5 V (due to strong distortion) are possible but much
less likely.

Another reason why the PDF is the most useful probability model is that it plays a key
role in calculating the expected value of a random variable, the subject of the next section.
Important properties of the PDF follow directly from Definition 3.3 and the properties of
the CDF.

Theorem 3.2 For a continuous random variable X with PDFx {x),

(@) fx(x) > Oforallx,
X

(b) Fx(%) =/ (W du,

(©) /OO fx(x)dx = 1.

Proof The first statement is true becauSg(x) is a nondecreasing function afand therefore its
derivative, fx (x), is nonnegative. The second fact follows directly from the definitiofiyafx) and
the fact thatFx (—oo) = 0. The third statement follows from the second one and Theorem 3.1(b).

Given these properties of the PDF, we can prove the next theorem, which relates the PDF
to the probabilities of events.
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Fx(xz) - Fx(x1)

A

v

Figure 3.4 The PDF and CDF oK.

X2
P[x1 < X < x7] :/ fx (x) dx.

X1
Proof From Theorem 3.2(b) and Theorem 3.1,

X

P[x1<X§x2]:P[ngz]—P[ngl]zFx(xz)—Fx(xl)zf 2fx(x) dx. (3.13)

X1

Theorem 3.3 states that the probability of observihon an interval is the area under the

PDF graph between the two end points of the interval. This property of the PDF is depicted
in Figure 3.4. Theorem 3.2(c) states that the area under the entire PDF graph is one. Note
that the value of the PDF can be any nonnegative number. Itis nota probability and need not
be between zero and one. To gain further insight into the PDF, it is instructive to reconsider
Equation (3.12). For very small values®f the right side of Equation (3.12) approximately
equalsfx(x1)A. WhenA becomes the infinitesimadlx, we have

P[x < X <x+dx]= fx (x) dx. (3.14)

Equation (3.14) is useful because it permits us to interpret the integral of Theorem 3.3 as
the limiting case of a sum of probabilities of evefits< X < x + dx}.

Example 3.4 For the experiment in Examples 3.1 and 3.2, find the PDF of X and the probability of

the event {1/4 < X < 3/4}.

Taking the derivative of the CDF in Equation (3.8), f x(x) = 0, whenx < Oor x > 1.
For x between 0 and 1 we have fyx(x) = dFx(x)/dx = 1. Thus the PDF of X is

1
X 0.5 1 0 1
< 0. <X<l1,
fx ) _{ 0 otherwise. (3.15)
0
0 0.5 1

X
The fact that the PDF is constant over the range of possible values of X reflects the
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fact that the pointer has no favorite stopping places on the circumference of the circle.
To find the probability that X is between 1/4 and 3/4, we can use either Theorem 3.1
or Theorem 3.3. Thus

P[1/4 < X <3/4] = Fx (3/4) — Fx (1/4) =1/2, (3.16)
and equivalently,
3/4 3/4
P[1/4 < X <3/4] = / fx (X) dx :/ dx=1/2. (3.17)
1/4 1/4

When the PDF and CDF are both known it is easier to use the CDF to find the probability
of an interval. However, in many cases we begin with the PDF, in which case it is usually
easiest to use Theorem 3.3 directly. The alternative is to find the CDF explicitly by means
of Theorem 3.2(b) and then to use Theorem 3.1.

Example 3.5 Consider an experiment that consists of spinning the pointer in Example 3.1 three
times and observing Y meters, the maximum value of X in the three spins. In Exam-
ple 5.8, we show that the CDF of Y is

1
% 05 0 y=<0o,
Fy(=1 y® 0<y=<1, (3.18)
0 1 y > l

0 0.5 1

y
Find the PDF of Y and the probability that Y is between 1/4 and 3/4.

Applying Definition 3.3,
3

)

otherwise.

2

f =3y? 1
1 fY(y):{gwy)/dy 3y? 0<y=1l 59
0

0 0.5 1

y
Note that the PDF has values between 0 and 3. Its integral between any pair of
numbers is less than or equal to 1. The graph of fy(y) shows that there is a higher
probability of finding Y at the right side of the range of possible values than at the left
side. This reflects the fact that the maximum of three spins produces higher numbers
than individual spins. Either Theorem 3.1 or Theorem 3.3 can be used to calculate
the probability of observing Y between 1/4 and 3/4:

P[1/4 <Y < 3/4] = Fy (3/4) — Fy (1/4) = (3/4)° — (1/4)® = 13/32, (3.20)

and equivalently,

3/4 3/4
P[1/4 <Y <3/4] = / fy (y) dy = / 3y2dy = 13/32. (3.21)
1/4 1/4
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Note that this probability is less than 1/2, which is the probability of 1/4 < X < 3/4
calculated in Example 3.4 for the uniform random variable.

When we work with continuous random variables, it is usually not necessary to be precise
about specifying whether or not a range of numbers includes the endpoints. This is because
individual numbers have probability zero. In Example 3.2, there are four different sets of
numbers defined by the wordsis between 1/4 and 3/4:

A= (1/4,3/4), B=(1/4,3/4, C=[1/4,3/4), D =[1/4,3/4. (3.22)

While they are all different events, they all have the same probability because they differ
only in whether they includéX = 1/4}, {X = 3/4}, or both. Since these two sets have
zero probability, their inclusion or exclusion does not affect the probability of the range
of numbers. This is quite different from the situation we encounter with discrete random
variables. Consider random variaievith PMF

1/6 y=1/4,y=1/2,
Pr(y)y=4 2/3 y=3/4, (3.23)
0 otherwise

For this random variabl¥, the probabilities of the four sets are
P[A]=1/6, P[B]=5/6, P[C]=1/3, P[D]=1. (3.24)

So we see that the nature of an inequality in the definition of an event does not affect the
probability when we examine continuous random variables. With discrete random variables,
it is critically important to examine the inequality carefully.

If we compare other characteristics of discrete and continuous random variables, we find
that with discrete random variables, many facts are expressed as sums. With continuous
random variables, the corresponding facts are expressed as integrals. For example, when
X is discrete,

P[B] = Z Px (X). (Theorem 2.1(c))
xeB
WhenX is continuous an@ = [X1, X2],

X

2
P[x1 < X < Xo] = / fx (x)dx. (Theorem 3.3)

X1

Random variable X has probability density function

cxe X2 x>0,
00 = { 0 otherwise. (3.25)
Sketch the PDF and find the following:
(1) the constantc (2) the CDFy¥x)

(3) P[0< X <4] (4) P[-2<X <2
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3.3 Expected Values

Definition 3.4

The primary reason that random variables are useful is that they permit us to compute
averages. For a discrete random variab|¢he expected value,

EIYI= D> wiPv(y). (3.26)
Vi €Sy

isasum ofthe possible valugs each multiplied by its probability. For a continuous random
variable X, this definition is inadequate because all possible values ldive probability

zero. However, we can develop a definition for the expected value of the continuous random
variableX by examining a discrete approximationXf For a smallA, let

X

vos| %] a2

where the notationa| denotes the largest integer less than or equal 6 is an approx-
imation to X in thatY = kA if and only if kA < X < kKA + A. Since the range of is

Sr={..,—A,0,A,2A, ..}, the expected value is
o0 o0
E[Y]= ) KAP[Y =kA]l= )  KkAP[kA <X <kA+A]. (3.28)
k=—o00 k=—00

As A approaches zero and the intervals under consideration grow snaitesre closely
approximatesX. FurthermoreP[kA < X < kA + A] approached x (kA)A so that for
smallA,

E[X]~ > kafx(ka)A. (3.29)

k=—o00

In the limit asA goes to zero, the sum converges to the integral in Definition 3.4.

Expected Value
Theexpected value of a continuous random variable X is

E[X] = /OO xfx (x) dx.

When we consideY, the discrete approximation &f, the intuition developed in Section 2.5
suggests thaE[Y] is what we will observe if we add up a very large numiefindependent
observations ol and divide byn. This same intuition holds for the continuous random
variableX. Asn — oo, the average af independent samples ¥fwill approachE[ X]. In
probability theory, this observation is known as tteev of Large Numbers, Theorem 7.8.

Example 3.6 In Example 3.4, we found that the stopping point X of the spinning wheel experiment

was a uniform random variable with PDF

1 0<x<l1,

0 otherwise. (3.30)

fx(X)={
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Find the expected stopping point E[X] of the pointer.

oo 1
E[X] = / x fy (X) dx :/ x dx = 1/2 meter. (3.31)
—00 0
With no preferred stopping points on the circle, the average stopping point of the
pointer is exactly half way around the circle.
Example 3.7 In Example 3.5, find the expected value of the maximum stopping point Y of the three
spins:

oo 1
E[Y] =/ yfy (y) dy=/ y(3y?)dy = 3/4 meter. (3.32)
00 0

Corresponding to functions of discrete random variables described in Section 2.6, we
have functiongg(X) of a continuous random variabl. A function of a continuous
random variable is also a random variable; however, this random variable is not necessarily

continuous!
Example 3.8 Let X be a uniform random variable with PDF
1 0=<x<1,
fx (0 = { 0 otherwise. (3.33)

LetW=9g(X)=0if X <1/2,and W = g(X) = 1if X > 1/2. W is a discrete random
variable with range Sy = {0, 1}.

Regardless of the nature of the random varidble= g(X), its expected value can be
calculated by an integral that is analogous to the sum in Theorem 2.10 for discrete random
variables.

Theorem 3.4 The expected value of a function(9, of random variable X is

E[g(X)] = / 900 Fx () dx.

Many of the properties of expected values of discrete random variables also apply to con-
tinuous random variables. Definition 2.16 and Theorems 2.11, 2.12, 2.13, and 2.14 apply
to all random variables. All of these relationships are written in terms of expected values.
We can summarize these relationships in the following theorem.

Theorem 3.5 For any random variable X,
(@) E[X—pux]=0,
(b) E[aX + b] = aE[X] + b,
(c) Var[X] = E[X?] — u%,
(d) VarfaX + b] = a2 Var[X].
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The method of calculating expected values depends on the type of random variable,
discrete or continuous. Theorem 3.4 states fBgX 2], the second moment of, and
Var[ X] are the integrals

E [Xz] = /OO x2fy (x) dx,  Var[X] = /OO (X — ux)? fx (x) dx. (3.34)

—00

Our interpretation of expected values of discrete random variables carries over to continuous
random variables.E[ X] represents a typical value &f, and the variance describes the
dispersion of outcomes relative to the expected value. Furthermore, if we view the PDF
fx (x) as the density of a mass distributed on a line, tBgK] is the center of mass.

Example 3.9 Find the variance and standard deviation of the pointer position in Example 3.1.

To compute Var[X], we use Theorem 3.5(c): Var[X] = E[X?] — ,ug(. We calculate
E[X?] directly from Theorem 3.4 with g(X) = X2:

00 1
E[Xz] :f X2 fx (X) dx:/ x2dx = 1/3. (3.35)
—00 0

In Example 3.6, we have E[X] = 1/2. Thus Var[X] = 1/3 — (1/2)2 = 1/12, and the
standard deviation is ox = /Var[X] = 1/4/12 = 0.289 meters.

Example 3.10  Find the variance and standard deviation of Y, the maximum pointer position after

Quiz3.3

three spins, in Example 3.5.

We proceed as in Example 3.9. We have fy(y) from Example 3.5 and E[Y] = 3/4
from Example 3.7:

oo 1
E [YZ] :/ yv2 fy (y) dy:/ y2 (3y2> dy = 3/5. (3.36)
—00 0
Thus the variance is
Var[Y] = 3/5 — (3/4)% = 3/80 m?, (3.37)
and the standard deviation is oy = 0.194 meters.

The probability density function of the random variable Y is

_ [ 3y¥2 —1<y<1,
= { 0 otherwise. (3.38)
Sketch the PDF and find the following:
(1) the expected value[¥] (2) the second moment¥2]

(3) the variancévar[Y] (4) the standard deviationy
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3.4 Families of Continuous Random Variables

Definition 3.5

Theorem 3.6

Section 2.3 introduces several families of discrete random variables that arise in a wide
variety of practical applications. In this section, we introduce three important families of
continuous random variables: uniform, exponential, and Erlang. We devote all of Sec-
tion 3.5 to Gaussian random variables. Like the families of discrete random variables, the
PDFs of the members of each family all have the same mathematical form. They differ
only in the values of one or two parameters. We have already encountered an example
of a continuousuniform random variablén the wheel-spinning experiment. The general
definition is

Uniform Random Variable
X is a uniform(a, b) random variable if the PDF of X is

] 1/b—-a) a<x<b,
fx () = { 0 otherwise,

where the two parameters aresba.

Expressions that are synonymous wihs a uniform random variablare X is uniformly
distributedand X has a uniform distribution.

If X is a uniform random variable there is an equal probability of finding an outcome
X in any interval of lengttA < b — a within Sx = [a, b). We can use Theorem 3.2(b),
Theorem 3.4, and Theorem 3.5 to derive the following properties of a uniform random
variable.

If X is a uniform(a, b) random variable,
(@) The CDF of X is

0 X < a,
Fx(X) =1 x—a)/(b—a) a<x<b,
1 X > b.

(b) The expected value of X i K] = (b + a)/2.
(c) The variance of X i¥ar[X] = (b — a)2/12.

Example 3.11  The phase angle, ®, of the signal at the input to a modem is uniformly distributed

between 0 and 2 radians. Find the CDF, the expected value, and the variance of ©.

From the problem statement, we identify the parameters of the uniform (a, b) random
variable as a = 0 and b = 2x. Therefore the PDF of © is

1/2m) 0<6 <2m,
0

otherwise. (3:39)

f(~)(9)={

The CDF is
0 0 <0,
Fo @) =1 0/2n) 0<Xx <27, (3.40)
1 X > 27.
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The expected value is E[®] = b/2 = & radians, and the variance is Var[®] =
(2m)2/12 = 72/3 rad?.

The relationship between the family of discrete uniform random variables and the family
of continuous uniform random variables is fairly direct. The following theorem expresses
the relationship formally.

Let X be a unifornia, b) random variable, where a and b are both integers. Letl X].
Then K is a discrete uniforifa + 1, b) random variable.

Proof Recall that for any, [x] is the smallest integer greater than or equal.ttt follows that the
event{K =k} = {k — 1 < x < k}. Therefore,

1/b—a) k=a+1la+2,...,b,

k
P[K =K = Pk (k) = /k_l Px () dx = { 0 otherwise.

(3.41)

This expression foPk (k) conforms to Definition 2.9 of a discrete uniforia + 1, b) PMF.

The continuous relatives of the family of geometric random variables, Definition 2.6,
are the members of the family ekponential random variables.

Exponential Random Variable
X is anexponential () random variableif the PDF of X is

fy () = re x>0,
X¥W=10 otherwise,

where the parameter > 0.

Example 3.12  The probability that a telephone call lasts no more than t minutes is often modeled as

an exponential CDF.

1
S os 1-e'B t>0
Lo _ - Y%
Fr= { 0 otherwise. (3.42)
0

0 5 10
t
What is the PDF of the duration in minutes of a telephone conversation? What is the
probability that a conversation will last between 2 and 4 minutes?

We find the PDF of T by taking the derivative of the CDF:

0.4
g 02 _
« _dFRr®M [ @Be? t=0
0 r=—4 _{ 0 otherwise %)
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Example 3.13

Therefore, observing Definition 3.6, we recognize that T is an exponential (A = 1/3)
random variable. The probability that a call lasts between 2 and 4 minutes is

PR<T<4=F1(4)—Fp(2)=e 2 _e 43 =0250. (3.44)

In Example 3.12, what is E[T], the expected duration of a telephone call? What are
the variance and standard deviation of T? What is the probability that a call duration
is within 1 standard deviation of the expected call duration?

Using the PDF fr(t) in Example 3.12, we calculate the expected duration of a call:

o0 o 1
E[T] :/ tr () dt :/ tze 34t. (3.45)
00 0 3

Integration by parts (Appendix B, Math Fact B.10) yields
o0 (e.¢]
E[T] = —te_t/s‘0 +/ e /3 dt = 3 minutes. (3.46)
0
To calculate the variance, we begin with the second moment of T:

o0 o0 1
e[7?] :/ 27 (1) dt :/ 22 /3¢, (3.47)
00 0 3

Again integrating by parts, we have
00 (e.¢] (e.¢]
E [TZ] - —tze*t/ﬂ + / 2te/3dt = 2/ te~t/3dt. (3.48)
0 0 0

With the knowledge that E[T] = 3, we observe that [$°te~"/3dt = 3E[T] = 9. Thus
E[T2] = 6E[T] = 18and
Var[T] = E [TZ] —(E[TD2=18-32 =09. (3.49)

The standard deviation is o1 = /Var[T] = 3 minutes. The probability that the call
duration is within 1 standard deviation of the expected value is

PO<T<6=Fr(6)—Fr (0)=1-¢e2=0865 (3.50)

To derive general expressions for the CDF, the expected value, and the variance of an

exponential random variable, we apply Theorem 3.2(b), Theorem 3.4, and Theorem 3.5 to
the exponential PDF in Definition 3.6.
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Theorem 3.8 If X is an exponentiali) random variable,

l—e™ x>0,
(@) Fx(x) = { 0 otherwise.

(b) E[X] = 1/x.
(c) Var[X] = 1/22.

The following theorem shows the relationship between the family of exponential random
variables and the family of geometric random variables.

Theorem 3.9 If X is an exponentia(A) random variable, then K= [X] is a geometria p) random
variable with p=1—e™*.

Proof As in the proof of Theorem 3.7, the definition &f implies Pk (k) = P[k — 1 < X < K].
Referring to the CDF oK in Theorem 3.8, we observe

Pk (K) = Fx (k) — Fy (k — 1) = e ak-D _gmak _ (g=a)k-1(1 _ g-a) (3.51)

Ifweletp =1-— e*, we havePg (k) = p(l — p)kfl, which conforms to Definition 2.6 of a
geometric( p) random variable wittp = 1 — e~*.

Example 3.14  Phone company A charges $0.15 per minute for telephone calls. For any fraction of
a minute at the end of a call, they charge for a full minute. Phone Company B also
charges $0.15 per minute. However, Phone Company B calculates its charge based
on the exact duration of a call. If T, the duration of a call in minutes, is an exponential
(» = 1/3) random variable, what are the expected revenues per call E[R po] and E[Rg]
for companies A and B?

Because T is an exponential random variable, we have in Theorem 3.8 (and in Exam-
ple 3.13), E[T] = 1/A = 3 minutes per call. Therefore, for phone company B, which
charges for the exact duration of a call,

E[Rg] = 0.15E [T] = $0.45 per call. (3.52)

Company A, by contrast, collects $0.15[T] for a call of duration T minutes. The-
orem 3.9 states that K = [T] is a geometric random variable with parameter p =
1— e 173, Therefore, the expected revenue for Company A is

E[Ra] = 0.15E [K] = 0.15/p = (0.15)(353) = $0.529 per call. (3.53)

In Theorem 6.11, we show that the sum of a set of independent identically distributed
exponential random variables is Bllang random variable.
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Definition 3.7

Theorem 3.10

Theorem 3.11
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Erlang Random Variable
X is anErlang (n, ) random variable if the PDF of X is

)Lnxn—le—)\x
>0,

fx (X) = (n—1)! X=
0 otherwise.

where the parameter > 0, and the parameter g 1 is an integer.

The parameten is often called theorder of an Erlang random variable. Problem 3.4.10
outlines a procedure to verify that the integral of the Erlang PDF ovex &@l1. The
Erlang(n = 1, A) random variable is identical to the exponentia) random variable.

Just as exponential random variables are related to geometric random variables, the family
of Erlang continuous random variables is related to the family of Pascal discrete random
variables.

If X is an Erlang(n, A) random variable, then

E[X] = ; Var[X] = —+

By comparing Theorem 3.8 and Theorem 3.10, we seeXfoan Erlang(n, A) random
variable, andy, an exponentialr) random variable, thaE[X] = nE[Y] and VafX] =
nVar[Y]. In the following theorem, we can also connect Erlang and Poisson random
variables.

Let K, denote a Poissofw) random variable. For any x 0, the CDF of an Erlangn, A)
random variable X satisfies

()\,X)k —AX
Fx (X)=1—Fg, (n—1)=1— 27.
k=0
Problem 3.4.12 outlines a proof of Theorem 3.11.

Continuous random variable X haq K] = 3 andVar[ X] = 9. Find the PDF, fx(x), if
(1) X has an exponential PDF, (2) X has a uniform PDF.

3.5 Gaussian Random Variables

Bell-shaped curveappear in many applications of probability theory. The probability
models in these applications are members of the familgafissian random variables.
Chapter 6 contains a mathematical explanation for the prevalence of Gaussian random
variables in models of practical phenomena. Because they occur so frequently in practice,
Gaussian random variables are sometimes referredrtorazal random variables.
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Figure 3.5 Two examples of a Gaussian random variaKlevith expected valug. and standard
deviationo .

Gaussian Random Variable
X is a Gaussiariu, o) random variable if the PDF of X is

1
fx () = ———@ X2,
o

where the parametex can be any real number and the parametet 0.

Many statistics texts use the notati¥ris N[, o 2] as shorthand foX is a Gaussiariu, o)
random variable.In this notation, theN denoteshnormal The graph off x(x) has a bell
shape, where the center of the beltis- « ando reflects the width of the bell.  is small,

the bell is narrow, with a high, pointy peak. dfis large, the bell is wide, with a low, flat
peak. (The height of the peak is 14/2x.) Figure 3.5 contains two examples of Gaussian
PDFs withu = 2. In Figure 3.5(a)g = 0.5, and in Figure 3.5(b}y = 2. Of course, the
area under any Gaussian PDFfL%OOo fx (x)dx = 1. Furthermore, the parameters of the
PDF are the expected value and the standard deviatigh of

If X is a Gaussian(u, o) random variable,

E[X]=n  Var[X] =0c2

The proof of Theorem 3.12, as well as the proof that the area under a Gaussian PDF is 1,
employs integration by parts and other calculus techniques. We leave them as an exercise
for the reader in Problem 3.5.9.

It is impossible to express the integral of a Gaussian PDF between noninfinite limits as
a function that appears on most scientific calculators. Instead, we usually find integrals
of the Gaussian PDF by referring to tables, such as Table 3.1, that have been obtained by
numerical integration. To learn how to use this table, we introduce the following important
property of Gaussian random variables.
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Theorem 3.13  If X is Gaussian(i, o), Y = aX + b is Gaussiaau + b, as).

The theorem states that any linear transformation of a Gaussian random variable produces
another Gaussian random variable. This theorem allows us to relate the properties of an
arbitrary Gaussian random variable to the properties of a specific random variable.

Definition 3.9  Standard Normal Random Variable
Thestandard normal random variable Z is the Gaussian0, 1) random variable.

Theorem 3.12 indicates th&[Z] = 0 and VafZ] = 1. The tables that we use to find
integrals of Gaussian PDFs contain valueB gtz), the CDF ofZ. We introduce the special
notation® (z) for this function.

Definition 3.10 Standard Normal CDF
The CDF of the standard normal random variable Z is

(2) = —U2 4y,

1 z
— e
A/ 27T /;oo
Given a table of values ob(z), we use the following theorem to find probabilities of a

Gaussian random variable with paramete@sndo .

Theorem 3.14  If X is a Gaussianu, o) random variable, the CDF of X is

Fx(x)=d><x_“).

o

The probability that X is in the intervdh, b] is

P[a<X§b]:d>(b;—’u>—CD<a_’u>.

o

In using this theorem, we transform values of a Gaussian random vaighteequivalent
values of the standard normal random variallle, For a sample valug of the random
variableX, the corresponding sample valuebfs
X —_—
2= 2K (3.54)

o

Note thatz is dimensionless. It representsas a number of standard deviations relative
to the expected value of. Table 3.1 present®(z) for 0 < z < 2.99. People working

with probability and statistics spend a lot of time referring to tables like Table 3.1. It seems
strange to us thab(z) isn’'t included in every scientific calculator. For many people, it is
far more useful than many of the functions included in ordinary scientific calculators.

Example 3.15  Suppose your score on a test is x = 46, a sample value of the Gaussian (61, 10)
random variable. Express your test score as a sample value of the standard normal
random variable, Z.
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Figure 3.6 Symmetry properties of Gaussian(0,1) PDF.

Equation (3.54) indicates that z = (46 — 61)/10 = —1.5. Therefore your score is 1.5
standard deviations less than the expected value.

To find probabilities of Gaussian random variables, we use the value&dpresented in
Table 3.1. Note that this table contains entries onlyzfer 0. For negative values af we
apply the following property of (2).

Theorem 3.15
P(—=2)=1— d(2).

Figure 3.6 displays the symmetry propertiesiaiz). Both graphs contain the standard
normal PDF. In Figure 3.6(a), the shaded area under the PDFzis Since the area under
the PDF equals 1, the unshaded area under the PDFigb{z). In Figure 3.6(b), the
shaded area on the right is-1®(z) and the shaded area on the leftlig—z). This graph
demonstrates that(—z) = 1 — ®(2).

Example 3.16 If X is the Gaussian (61, 10) random variable, what is P[X < 46]?

Applying Theorem 3.14, Theorem 3.15 and the result of Example 3.15, we have
P[X <46]= Fx (46) = ®(—-15)=1—- &(1.5) =1 - 0.933= 0.067. (3.55)

This suggests that if your test score is 1.5 standard deviations below the expected
value, you are in the lowest 6.7% of the population of test takers.

Example 3.17 If X is a Gaussian random variable with © = 61and o = 10, whatis P[51 < X < 71]?

Applying Equation (3.54), we find thatthe event {51 < X < 71} correspondsto{—1 < Z < 1}.
The probability of this event is

®(1) — d(—1) = ¢(1) — [1— d(1)] = 2d(1) — 1 = 0.683. (3.56)
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Definition 3.11

The solution to Example 3.17 reflects the fact that in an experiment with a Gaussian prob-
ability model, 68.3% (about two-thirds) of the outcomes are withinstandard deviation

of the expected value. About 9502® (2) — 1) of the outcomes are within two standard
deviations of the expected value.

Tables of®d (z) are useful for obtaining numerical values of integrals of a Gaussian PDF
over intervals near the expected value. Regions further than three standard deviations from
the expected value (correspondinggio> 3) are in theails of the PDF. Wherniz| > 3, ®(z2)
is very close to one; for examplé,(3) = 0.9987 andd (4) = 0.9999768. The properties
of ®(z) for extreme values of are apparent in th&tandard normal complementary CDF.

Standard Normal Complementary CDF
Thestandard normal complementary CDF is

Q) =P[Z>7= \/—i_n/:oe_uz/zdu:l—dXz).

Although we may regard bot# (3) = 0.9987 andd(4) = 0.9999768 as being very close
to one, we see in Table 3.2 th@(3) = 1.35- 103 is almost two orders of magnitude larger
thanQ(4) = 3.17- 1075,

Example 3.18 In an optical fiber transmission system, the probability of a binary error is Q( /v /2),

Quiz3.5

where y is the signal-to-noise ratio. What is the minimum value of y that produces a
binary error rate not exceeding 10762

Referring to Table 3.1, we find that Q(z) < 10~6 when z > 4.75. Therefore, if Jy/2=
475, ory > 45, the probability of error is less than 10~6.

Keep in mind thatQ(z) is the probability that a Gaussian random variable exceeds
its expected value by more thanstandard deviations. We can observe from Table 3.2,
Q(3) = 0.0013. This means that the probability that a Gaussian random variable is more
than three standard deviations above its expected value is approximately one in a thousand.
In conversation we refer to the evdX — u x > 3ox} as ahree-sigma eventtis unlikely
to occur. Table 3.2 indicates that the probability of adent is on the order of 10/.

X is the Gaussial0, 1) random variable and Y is the Gaussiéh 2) random variable.

(1) Sketchthe PDFsxf(x) and fy(y)on (2) Whatis B—1 < X < 1]?
the same axes.
(3) Whatis F—1 <Y < 1]? (4) Whatis BX > 3.5]?

(5) Whatis RY > 3.5]?

3.6 Delta Functions, Mixed Random Variables

Thus far, our analysis of continuous random variables parallels our analysis of discrete
random variables in Chapter 2. Because of the different nature of discrete and continuous
random variables, we represent the probability model of a discrete random variable as a
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D(2) | z

®(2)

| z

D(2) | z

D(2) | z

®(2) | z

?(2) |

0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
0.11
0.12
0.13
0.14
0.15
0.16
0.17
0.18
0.19
0.20
021
0.22
0.23
0.24
0.25
0.26
0.27
028
0.29
0.30
031
0.32
0.33
0.34
0.35
0.36
0.37
0.38
0.39
040
041
042
043
044
045
046
047
048
0.49

05000
05040
05080
05120
05160
05199
05239
05279
05319
05359
05398
05438
05478
05517
05557
05596
05636
05675
05714
05753
05793
05832
05871
05910
05948
05987
06026
06064
06103
06141
06179
06217
06255
06293
06331
06368
06406
06443
06480
06517
06554
06591
06628
06664
06700
06736
06772
06808
06844
06879

0.50
051
052
053
0.54
0.55
0.56
0.57
0.58
0.59
0.60
061
0.62
0.63
0.64
0.65
0.66
0.67
0.68
0.69
0.70
0.71
0.72
0.73
0.74
0.75
0.76
0.77
0.78
0.79
0.80
081
0.82
0.83
0.84
0.85
0.86
0.87
0.88
0.89
0.90
091
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99

06915
06950
06985
07019
07054
07088
07123
07157
07190
07224
07257
07291
07324
07357
07389
07422
07454
07486
07517
07549
07580
07611
07642
07673
07704
07734
07764
07794
07823
07852
07881
07910
07939
07967
07995
08023
08051
08078
08106
08133
08159
08186
08212
08238
08264
08289
08315
08340
08365
08389

1.00
101
1.02
1.03
104
1.05
1.06
107
1.08
1.09
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
1.30
131
132
133
134
135
1.36
137
138
139
140
141
142
143
144
145
146
147
148
149

08413
08438
08461
08485
08508
08531
08554
08577
08599
08621
08643
08665
08686
08708
08729
08749
08770
08790
08810
08830
08849
08869
08888
08907
08925
08944
08962
08980
08997
09015
09032
09049
09066
09082
09099
09115
09131
09147
09162
09177
09192
09207
09222
09236
09251
09265
09279
09292
09306
09319

150
151
152
153
154
155
156
157
158
159
1.60
161
162
163
164
1.65
1.66
167
168
169
170
171
172
173
174
175
176
177
178
179
1.80
181
182
183
184
185
1.86
187
1.88
1.89
190
191
192
193
194
195
196
197
1.98
1.99

09332
09345
09357
09370
09382
09394
09406
09418
09429
09441
09452
09463
09474
09484
09495
09505
09515
09525
09535
09545
09554
09564
09573
09582
09591
09599
09608
09616
09625
09633
09641
09649
09656
09664
09671
09678
09686
09693
09699
09706
09713
09719
09726
09732
09738
09744
09750
09756
09761
09767

2.00
201
202
203
204
205
2.06
207
2.08
2.09
2.10
211
212
213
214
215
2.16
217
218
219
2.20
221
222
2.23
224
2.25
2.26
2.27
2.28
2.29
230
231
232
2.33
234
235
2.36
2.37
2.38
2.39
240
241
242
243
244
245
246
247
248
249

097725
097778
097831
097882
097932
097982
098030
098077
098124
098169
098214
098257
098300
098341
098382
098422
098461
098500
098537
098574
098610
098645
098679
098713
098745
098778
098809
098840
098870
098899
098928
098956
098983
099010
099036
099061
099086
099111
099134
099158
099180
099202
099224
099245
099266
099286
099305
099324
099343
099361

250
251
252
253
254
255
2.56
257
258
259
2.60
261
262
263
264
2.65
2.66
267
2.68
2.69
2.70
271
272
2.73
274
2.75
2.76
277
2.78
2.79
2.80
281
2.82
283
284
2.85
2.86
287
2.88
2.89
290
291
292
293
294
295
2.96
297
298
299

099379
099396
099413
099430
099446
099461
099477
099492
099506
099520
099534
099547
099560
099573
099585
099598
099609
099621
099632
099643
099653
099664
099674
099683
099693
099702
099711
099720
099728
099736
099744
099752
099760
099767
099774
099781
099788
099795
099801
099807
099813
099819
099825
099831
099836
099841
099846
099851
099856
099861

Table 3.1 The standard normal CD& (y).
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| z

Q2

| z

Q2

| z

Q2

| z

Q2

3.00
301
3.02
3.03
3.04
3.05
3.06
3.07
3.08
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3.10
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3.14
3.15
3.16
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321
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3.27
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3.38
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1311073
1261073
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1141073
1111073
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104103
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968104
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816104
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687104
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641104
619104
598104
577104
5571074
538104
519104
501104
483104
466104
450104
434104
419104
404104
390104
376104
362104
349104

340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
3.55
3.56
357
3.58
3.59
3.60
361
3.62
3.63
3.64
3.65
3.66
3.67
3.68
3.69
3.70
371
3.72
3.73
3.74
3.75
3.76
3.77
378
3.79

3371074
325104
313104
302104
291104
280104
270104
260104
251104
242104
233104
224104
216104
208104
200104
1931074
185104
1781074
172104
1651074
159104
15310~
14710°%
142104
1361074
1311074
126104
121104
11710°*
1121074
108104
104104
996.107°
957.10°°
920107°
884.10°°
850-10~°
816107°
784.107°
753107°

3.80
381
382
383
384
385
3.86
387
388
3.89
3.90
3901
392
393
3.94
3.95
3.96
397
3.98
3.99
4.00
401
402
403
404
405
406
407
408
4.09
410
411
412
413
414
415
416
417
418
419

723107°
695.107°
6671075
64110°°
61510°°
591.10°°
567.10°°
544105
52210°°
50110°°
48110°°
461107°
443107°
42510°°
40710°°
39110°°
375107°
359.107°
345105
33010°°
31710°°
304105
291107°
279107°
267107°
256-107°
24510°°
235107°
225107°
216107°
20710°°
19810°°
189105
1811075
1741075
166105
15910°°
1521075
1461075
1391075

420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
4.40
441
4.42
443
444
445
4.46
4.47
4.48
449
450
451
452
453
454
455
456
457
458
459

13310°°
1281075
122105
1171075
11210°°
107102
102103
977107
9341076
893106
8541076
8161076
78010~
7461076
7121076
681106
65010~
621107
593106
567106
541106
517107
4941076
4711076
450106
4291076
410106
3911076
3731076
356106
340106
3241076
30910~
2951076
281107
268106
25610~
2441076
2321076
2221076

460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
4.90
491
492
493
494
495
4.96
497
498
4.99

2111076
2011076
192106
183106
174106
1661076
1581076
1511076
143106
137106
130106
1241076
1181076
112106
107106
102106
96810~
921107
876107
834107
7931077
755107
718107
68310~
649107
617107
587107
55810~
53010~
504107
4791077
455107
4331077
4111077
391107
3711077
352107
335107
3181077
302107

Table 3.2 The standard normal complementary CRQFz).
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PMF and we represent the probability model of a continuous random variable as a PDF.
These functions are important because they enable us to calculate conveniently parameters
of probability models (such as the expected value and the variance) and probabilities of
events. Calculations containing a PMF involve sums. The corresponding calculations for
a PDF contain integrals.

In this section, we introduce the unit impulse functig®) as a mathematical tool that
unites the analyses of discrete and continuous random variables. The unit impulse, often
called thedelta function, allows us to use the same formulas to describe calculations with
both types of random variables. It does not alter the calculations, it just provides a new
notation for describing them. This is especially convenient when we refenioesl random
variable, which has properties of both continuous and discrete random variables.

The delta function is not completely respectable mathematically because it is zero every-
where except at one point, and there it is infinite. Thus at its most interesting point it has no
numerical value at all. Whilé(x) is somewhat disreputable, it is extremely useful. There
are various definitions of the delta function. All of them share the key property presented
in Theorem 3.16. Here is the definition adopted in this book.

Unit Impulse (Delta) Function
Let
| 1/e —€/2<Xx=<¢€/2,
de (x) = { 0 otherwise.

Theunit impulse function is
§(X) = Iim0 de (X).
€—

The mathematical problem with Definition 3.12 is tlohix) has no limit atx = 0. As
indicated in Figure 3.7]. (0) just gets bigger and bigger as— 0. Although this makes
Definition 3.12 somewhat unsatisfactory, the useful properties of the delta function are
readily demonstrated wheiix) is approximated by (x) for very smalk. We now present
some properties of the delta function. We state these properties as theorems even though
they are not theorems in the usual sense of this text because we cannot prove them. Instead
of theorem proofs, we refer t, (x) for small values ot to indicate why the properties
hold.

Although,d, (0) blows up ag — 0, the area undet.(x) is the integral

o0 €/2 1
/ de(x)dx:/ —dx=1. (3.57)
-0 —¢/2 €

That s, the area undeg (x) is always 1, no matter how small the valuecofWe conclude
that the area undéi(x) is also 1:

/OO s(x)dx = 1. (3.58)

—00

This result is a special case of the following property of the delta function.
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Figure 3.7 Ase — 0, dc(x) approaches the delta functidx). For eacte, the area under the
curve ofd¢ (x) equals 1.

Theorem 3.16  For any continuous function(g),

/ g(X)8(x — Xo) dx = g(Xo).

Theorem 3.16 is often called tts#fting propertyof the delta function. We can see that
Equation (3.58) is a special case of the sifting propertygior) = 1 andxg = 0. To
understand Theorem 3.16, consider the integral

00 Xo+€/2
/ g(X)de(X — Xg) dX = — / g(x) dx. (3.59)
—00 € X0—6/2

On the right side, we have the average valug@) over the intervalxo — €/2, xo + €/2].
As ¢ — 0, this average value must converggtao).
The delta function has a close connection to the unit step function.

Definition 3.13  Unit Step Function
Theunit step function is

Theorem 3.17 «
/ §(v) dv = u(x).

—00

To understand Theorem 3.17, we observe that forasy0, we can choose < 2x so that

—X X
de(v)dv =0, / de(v)dv =1. (3.60)

—00
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Thus foranyx # 0, inthe limitass — 0, ffoo de (v) dv = u(x). Note that we have not yet
considerec = 0. In fact, it is not completely clear what the valueﬁﬂOo 8(v) dv should
be. Reasonable arguments can be made for 0, 1/2, or 1. We have adopted the convention

thatff)Oo 3(x)dx = 1. We will see that this is a particularly convenient choice when we
reexamine discrete random variables.
Theorem 3.17 allows us to write

du(x)
dx

3(X) = . (3.61)
Equation (3.61) embodies a certain kind of consistency in its inconsistency. Théat)is,
does not really exist at = 0. Similarly, the derivative ofi(x) does not really exist at
x = 0. However, Equation (3.61) allows us to ud&) to define a generalized PDF that
applies to discrete random variables as well as to continuous random variables.

Considerthe CDF of a discrete random varialle Recall that it is constant everywhere
except at pointg; € Sk, where it has jumps of heiglitx (x;). Using the definition of the
unit step function, we can write the CDF ¥fas

Fx (xX) = Z Px (Xi) U(X — Xi). (3.62)

X € Sx

From Definition 3.3, we take the derivative Bf (x) to find the PDFfx (x). Referring to
Equation (3.61), the PDF of the discrete random variable

fx () =D Px (%) 8(X—X). (3.63)

Xi € Sx

When the PDF includes delta functions of the far — Xx;), we say there is an impulse
atx;. When we graph a PDRx(x) that contains an impulse at, we draw a vertical
arrow labeled by the constant that multiplies the impulse. We draw each arrow representing
an impulse at the same height because the PDF is always infinite at each such point. For
example, the graph offx (x) from Equation (3.63) is

Sx)
Pyx)  Pyx) Pfx)  Pyx)

N

X X, X3 Xy

Using delta functions in the PDF, we can apply the formulas in this chapter to all random
variables. In the case of discrete random variables, these formulas will be equivalent to the
ones presented in Chapter 2. For examplX,ig a discrete random variable, Definition 3.4
becomes

E[X] =/Oox D7 Px (%) 8(x — %) dx. (3.64)

% xeSx
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By writing the integral of the sum as a sum of integrals, and using the sifting property of

PY)
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Figure 3.8 The PMF, CDF, and PDF of the mixed random variable

the delta function,

E[X] = Z/ XPx (X)) 8(X — xj)dx = Z Xi Px (Xi), (3.65)

Xi€Sx Xj € Sx

which is Definition 2.14.

Example 3.19

Suppose Y takes on the values 1, 2, 3 with equal probability. The PMF and the corre-
sponding CDF of Y are

0 y <1,
_ |13 y=123, ] 13 1<y<2,
Py (y) = { 0 otherwise, Fy (y) = 2/3 2<y<3, (3.66)
1 y > 3.
Using the unit step function u(y), we can write Fy (y) more compactly as
1 1 1
Fy () = guly =D+ zuly = 2) + Zuly - 3). (3.67)
The PDF of Y is
dR @y _ 1 1 1
fy (y) = =8y — D+ Z8(y—2)+ Z8(y — 3). :
Y (Y) dy YD+ -D+38(y-3) (3.68)

We see that the discrete random variable Y can be represented graphically either by
a PMF Py(y) with bars at y = 1,2,3, by a CDF with jumps aty = 1,2,3, or by a
PDF fy(y) with impulses at y = 1,2,3. These three representations are shown in
Figure 3.8. The expected value of Y can be calculated either by summing over the
PMF Py (y) or integrating over the PDF fy (y). Using the PDF, we have

ELV] = [ yhy (y) dy (3.69)

:/ —6(y—1)dy+/ —8(y—2)dy+/ Zs(y—3)dy  (3.70)
% 3 % 3 % 3

=1/3+2/3+1=2. (3.71)
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When Fx (x) has a discontinuity at, we will use Fx(x*) and Fx(x™) to denote the
upper and lower limits at. That is,

Fx (x7) = hin& Fx (x —h), Fx (x*) = hirrg)+ Fx (X +h). (3.72)

Using this notation, we can say that if the CBl (x) has a jump axo, then fx (x) has an
impulse atxg weighted by the height of the discontinulfw(xa“) — Fx(Xg)-

Example 3.20  For the random variable Y of Example 3.19,

Fy (27) =1/3, Fy (27) = 2/3. (3.73)

Theorem 3.18  For a random variable X, we have the following equivalent statements:
(@ PIX=x0l=q
(b) Px(x0) =q
(€) Fx(xg) — Fx(x%g) =1
(d) fx(x0) =0qs(0)

In Example 3.19, we saw thdt (y) consists of a series of impulses. The valud pfy)
is either 0 oro. By contrast, the PDF of a continuous random variable has nonzero, finite

values over intervals of. In the next example, we encounter a random variable that has
continuous parts and impulses.

Definition 3.14 Mixed Random Variable

X is amixed random variable if and only if §(x) contains both impulses and nonzero,
finite values.

Example 3.21  Observe someone dialing a telephone and record the duration of the call. In a simple
model of the experiment, 1/3 of the calls never begin either because no one answers
or the line is busy. The duration of these calls is 0 minutes. Otherwise, with probability
2/3, a call duration is uniformly distributed between 0 and 3 minutes. LetY denote
the call duration. Find the CDF Fy(y), the PDF fy(y), and the expected value E[Y].

Let A denote the event that the phone was answered. Since Y > 0, we know that for
y < 0, Fy(y) = 0. Similarly, we know that fory > 3, Fy(y) = 1. ForO <y < 3, we
apply the law of total probability to write

Fy(y) =P[Y <yl =P[Y <y|A°] P[A°] + P[Y < y|A] P[A]. (3.74)
When A€ occurs, Y =0, so thatfor0 < y < 3, P[Y < y|A®] = 1. When A occurs, the
call durationis uniformly distributed over [0, 3], so thatforO <y < 3, P[Y < y|A] = y/3.
So,for0O<y <3,

Fy (y) = 1/3) D)+ (2/3)(y/3) = 1/3+ 2y/9. (3.75)
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Finally, the complete CDF of Y is

1
% 0 y <0,
1/3 Fy(y)=1{ 1/3+2y/9 0<y<3, (3.76)
1 y>3

01 2 3

y
Consequently, the corresponding PDF fv (y) is

1/3
— y N
3 9 5(y)/342/9 0<y<3
fr = { 0 otherwise. (3.77)
0
0 1 2 3
y
For the mixed random variable Y, it is easiest to calculate E[Y] using the PDF:
3
oo 1 3 2 2 2
E[Y] 2/ y—6(y)dy+f Sydy=0+2Y| 1. (3.78)
00 3 0o 9 92 o

In Example 3.21, we see that with probability 1/8,resembles a discrete random
variable; otherwiseY behaves like a continuous random variable. This behavior is reflected
inthe impulse inthe PDF of . In many practical applications of probability, mixed random
variables arise as functions of continuous random variables. Electronic circuits perform
many of these functions. Example 3.25 in Section 3.7 gives one example.

Before going any further, we review what we have learned about random variables. For
any random variabl&,

e X always has a CDFx(x) = P[X < X].

e If Fx(X) is piecewise flat with discontinuous jumps, thens discrete.

o If Fx(X) is a continuous function, theX is continuous.

e If Fx(x) is a piecewise continuous function with discontinuities, theis mixed.

e WhenX is discrete or mixed, the PDFx (x) contains one or more delta functions.

The cumulative distribution function of random variable X is

0 X < —1,
Fx (X) = xX+1D/M4 -1<x<1, (3.79)
1 X > 1.

Sketch the CDF and find the following:
(1) PIX <1] (2 P[X < 1]

(3) PIX =1] (4) the PDF fx(x)
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3.7 Probability Models of Derived Random Variables

Here we return to derived random variablesYI& g(X), we discuss methods of deter-
mining fy (y) from g(X) and fx (x). The approach is considerably different from the task

of determining a derived PMF of a discrete random variable. In the discrete case we derive
the new PMF directly from the original one. For continuous random variables we follow a
two-step procedure.

1. Find the CDFFy (y) = PLY <l.
2. Compute the PDF by calculating the derivativg(y) = d Fy (y)/dy.

This proceduralwaysworks and is very easy to remember. The method is best demon-
strated by examples. However, as we shall see in the examples, following the procedure,
in particular findingFy (y), can be tricky. Before proceeding to the examples, we add one
reminder. If you have to findE[g(X)], it is easier to calculat&[g(X)] directly using
Theorem 3.4 than it is to derive the PDFYf= g(X) and then use the definition of ex-
pected value, Definition 3.4. The material in this section applies to situations in which it is
necessary to find a complete probability modeYo£ g(X).

Example 3.22  In Example 3.2, Y centimeters is the location of the pointer on the 1-meter circumfer-

Theorem 3.19

ence of the circle. Use the solution of Example 3.2 to derive fy(y).

The function Y = 100X, where X in Example 3.2 is the location of the pointer mea-
sured in meters. To find the PDF of Y, we first find the CDF Fy(y). Example 3.2
derives the CDF of X,

0 x<0,
Fx(x)=4 x 0<x<1, (3.80)
1 x>1.
We use this result to find the CDF Fy(y) = P[100X < y]. Equivalently,
0 y/100 < O,
Fy (y) = P[X < y/100] = Fx (y/100 = y y/100 0= y/100<1, (381)
1 y/100> 1.

We take the derivative of the CDF of Y over each of the three intervals to find the PDF:

dFy(y) [ 1/100 0<y < 100,
dy ~ | O otherwise.

We see that Y is the uniform (0, 100) random variable.

fy (y) = (3.82)

We use this two-step procedure in the following theorem to generalize Example 3.22 by
deriving the CDF and PDF for any scale change and any continuous random variable.

IfY =aX, where a> 0, then' Y has CDF and PDF
1
Fy (y) = Fx (y/a), fy (y) = 3 fx (y/a).

Proof First, we find the CDF o¥,
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Fy (y)=PlaX =yl =P[X =y/a] = Fx (y/a). (3.83)
We take the derivative dfy (y) to find the PDF:

dFy (y)

fy (y) = dy

1
Theorem 3.19 states that multiplying a random variable by a positive constant stretches
(a > 1) or shrinks (a< 1) the original PDF.
Example 3.23  Let X have the triangular PDF

2x 0<x<1,

fx 00 = { 0 otherwise. (3.85)
Find the PDF of Y = aX. Sketch the PDF of Y fora=1/2,1, 2.
For any a > 0, we use Theorem 3.19 to find the PDF:
o
/I
3 / Ih a=1/2
= ! | 1
20 fr =3 fxy/a (3.86)
/ . = a=1 5
1 Rk _J 2y/ac 0<y<a,
F - a=2 B { 0 otherwise. (3.87)
ol:
0 1 2 3

y
As aincreases, the PDF stretches horizontally.

For the families of continuous random variables in Sections 3.4 and 3.5, we can use
Theorem 3.19 to show that multiplying a random variable by a constant produces a new
family member with transformed parameters.

Theorem3.20 Y =aX, where a> 0.
(a) If X is uniform(b, ¢), then Y is uniforngab, ac).
(b) If X is exponentia{r), then Y is exponenti&h/a).
(c) If X 'is Erlang(n, 1), then Y is Erlangn, 1/a).
(d) If X is Gaussianu, o), then'Y is Gaussiatau, ao).

The next theorem shows that adding a constant to a random variable simply shifts the
CDF and the PDF by that constant.

Theorem3.21 IfY = X + b,
Fy (y) = Fx (y—b), fy (y) = fx (y —b).
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Proof First, we find the CDF o¥/,

Fy(y)=P[X+b=<yl=P[X=<y-b=Fx(y—b). (3.88)
We take the derivative dfy (y) to find the PDF:

dFy (y)
dy

fy (y) = = fx (y—Db). (3.89)

Thus far, the examples and theorems in this section relate to a continuous random variable
derived from another continuous random variable. By contrast, in the following example,
the functiong(x) transforms a continuous random variable to a discrete random variable.

Example 3.24  Let X be a random variable with CDF F x (x). Let Y be the output of a clipping circuit
with the characteristic Y = g(X) where

4
<
S 2 1 x<0,
g(X)—{ 3 x>0 (3.90)
0

-5 0 5

X
Express Fy (y) and fy (y) in terms of Fx (x) and fx(x).

Before going deeply into the math, it is helpful to think about the nature of the derived
random variable Y. The definition of g(x) tells us that Y has only two possible values,
Y =1andY = 3. ThusY is adiscrete random variable. Furthermore, the CDF, Fy (y),
hasjumpsaty =1andy = 3;itis zero fory < 1 and itis one for y > 3. Our job is to
find the heights of the jumps at y = 1 and y = 3. In particular,

Fy 1)=P[Y <1]=P[X <0l =Fx(0). (3.91)

This tells us that the CDF jumps by Fx(0) at y = 1. We also know that the CDF has
to jump to one at y = 3. Therefore, the entire story is

1
3 0 y<1,
F.(0) Fy(yy=1 Fx(@©O) 1<y<3, (3.92)
X 0 1 y > 3.

o 1 2 3 4

y
The PDF consists of impulses at y = 1 and y = 3. The weights of the impulses are
the sizes of the two jumps in the CDF: Fyx (0) and 1 — Fx (0), respectively.

)

F (0) 1-F (0)
1 2

X
I fy () =Fx @y -1 +[1-Fx 0]y —3). (3.93)
3

0 4

y
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The next two examples contain functions that transform continuous random variables to
mixed random variables.

Example 3.25  The output voltage of a microphone is a Gaussian random variable V with expected
value ny = 0 and standard deviation oy = 5 V. The microphone signal is the input
to a limiter circuit with cutoff value £10 V. The random variable W is the output of the

limiter:
10
Z 0 ~10 V < -10,
W=g\V)=] Vv  —10<V <10, (3.94)
-10 10 V> 10.
10 0 10
\Y

What are the CDF and PDF of W?

To find the CDF, we first observe that the minimum value of W is —10and the maximum
value is 10. Therefore,

0 w< -10,
P = PIw=ul = 9 ¥ =0 (3.95)
For -10<v <10,W =V and
Fw W) =P[W <w] =P[V <w] =Fy (w). (3.96)

Because V is Gaussian (0,5), Theorem 3.14 states that Fy/ (v) = ®(v/5). Therefore,

0 w < —10,
Fww) =13 ®w/5 -10<w <10, (3.97)
1 w > 10.

Note that the CDF jumps from 0 to ®(—10/5) = 0.023at w = —10 and that it jumps
from ®(10/5) = 0.977to 1 at w = 10. Therefore,

0.0235(w+10) w= —-10,

fuy (1) = d Ry (w) _ ﬁe—wz/SO —10 < w < 10, (3.98)
dw 0.0238(w—10) w = 10,
0 otherwise.

Derived density problems like the ones in the previous three examples are difficult
because there are no simple cookbook procedures for finding the CDF. The following
example is tricky becaugg X) transforms more than one valueXfto the sameY.

Example 3.26  Suppose X is uniformly distributed over [—-1,3]and Y = X 2. Find the CDF Fy(y) and
the PDF fy (y).

From the problem statement and Definition 3.5, the PDF of X is

1/4 —-1<x<3,
0 otherwise.

fx(X)={
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Following the two-step procedure, we first observe that0 <Y < 9, so Fy(y) = O for
y <0, and Fy(y) = 1fory > 9. To find the entire CDF,

2 vy
Fy (y) =P [x < y] =P[-/Y<X<Wy]= f fx (x) dx. (3.100)
y

This is somewhat tricky because the calculation of the integral depends on the exact

valueofy. Foro<y<1,—-./y <x < .yand

Jix)
A

1/2

NI
Fy (y) = f de: g (3.101)
4_4_’__’_'_'_L_> X 7\/y

R ’
Forl<y=<9 -1<x=<,/yand
Ji%)

4

A

1/2 |

ax=YT1 (3102

. _ NEAL
l l . Y(Y)—ﬁlzx— 2
-1 \1)7 3

By combining the separate pieces, we can write a complete expression for Fy (y). To
find fy(y), we take the derivative of Fy(y) over each interval.

1
) 0 y <0,
w05 VY/2 0<y=<1,
) Fy(y) = (WY+1/4 1=y<9 (3.103)
0 5 10 1 y=>9.
y
0.5
3 1/4y 0=<y=<1,
- fy(yy=1{ 1/8y)y 1<y=<9, (3.104)
0 0 otherwise.
0 5 10
y

We end this section with a useful application of derived random variables. The following
theorem shows how to derive various types of random variables from the transformation
X = g(U) whereU is a uniform(0, 1) random variable. In Section 3.9, we use this
technique with theVIATLAB r and function approximating) to generate sample values
of a random variable.
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Theorem 3.22

Let U be a uniform0, 1) random variable and let Ex) denote a cumulative distribution
function with aninverse F1(u) definedfol0 < u < 1. The random variable %= F ~1(U)
has CDF K (x) = F(x).

Proof First, we verify thatF ~1(u) is a nondecreasing function. To show this, suppose that for
u>u,x = F 1w andx’' = F~1@). In this casey = F(x) andu’ = F(x'). SinceF(x) is
nondecreasingf (x) > F(x') implies thatx > x’. Hence, for the random variabk = Ffl(U),

we can write

Fy (X) = P[F—l(U) < x] —P[U <FX]=F®X. (3.105)

We observe that the requirement tlgt(u) have an inverse for & u < 1 is quite strict.

For example, this requirement is not met by the mixed random variables of Section 3.6.
A generalizaton of the theorem that does hold for mixed random variables is given in
Problem 3.7.18. The following examples demonstrate the utility of Theorem 3.22.

Example 3.27 U is the uniform (0, 1) random variable and X = g(U). Derive g(U) such that X is the

exponential (1) random variable.

The CDF of X is simply

0 X <0,
Fx (xX) = { 1_e* x>0 (3.106)
Note that if u = Fx(x) = 1 — e %, then x = —In(1 — u). Thatis, for any u > 0,
F;l(u) = —In(1 —u). Thus, by Theorem 3.22,
X=gWU)=-In1-U) (3.107)

is an exponential random variable with parameter A = 1. Problem 3.7.5 asks the
reader to derive the PDF of X = —In(1 — U) directly from first principles.

Example 3.28 For a uniform (0, 1) random variable U, find a function g(-) such that X = g(U) has a

uniform (a, b) distribution.

The CDF of X is

0 X < a,
Fx(X)=1] x—a)/(b—a) a<x<h, (3.108)
1 X > h.

For any u satisfying0 <u < 1,u = Fx(X) = (x — a)/(b — a) if and only if
x=Fylw=a+(b-au. (3.109)

Thus by Theorem 3.22, X = a+ (b — @)U is a uniform (a, b) random variable. Note
that we could have reached the same conclusion by observing that Theorem 3.20
implies (b — a)U has a uniform (0,b — a) distribution and that Theorem 3.21 implies
a+ (b —a)U has a uniform (a, (b — a) + a) distribution. Another approach, as taken
in Problem 3.7.13, is to derive the CDF and PDF of a + (b — a)U.

The technique of Theorem 3.22is particularly useful when the CDF is an easily invertible
function. Unfortunately, there are many cases, including Gaussian and Erlang random



Quiz3.7

3.8 CONDITIONING A CONTINUOUS RANDOM VARIABLE 137

variables, when the CDF is difficult to compute much less to invert. In these cases, we will
need to develop other methods.

Random variable X has probability density function

] 1-x/2 0<x<2,
fx 00 = { 0 otherwise. (3.110)
A hard limiter produces
X X<1,
Y = { 1 Xo1 (3.111)
(1) Whatis the CDF k(x)? (2) Whatis RY = 1]?
(3) Whatis K (y)? (4) Whatis f(y)?

3.8 Conditioning a Continuous Random Variable

In an experimentthat produces a random variaglthere are occasions in which we cannot
observeX. Instead, we obtain information aboXtwithout learning its precise value.

Example 3.29  Recall the experiment in which you wait for the professor to arrive for the probability

Definition 3.15

lecture. Let X denote the arrival time in minutes either before (X < 0) or after (X > 0)
the scheduled lecture time. When you observe that the professor is already two
minutes late but has not yet arrived, you have learned that X > 2 but you have not
learned the precise value of X.

In general, we learn that an evelBthas occurred, wherB is defined in terms of the
random variableX. For exampleB could be the ever{tX < 33} or {|X| > 1}. Given the
occurrence of the conditioning eveBt we define a conditional probability model for the
random variablex.

Conditional PDF given an Event
For a random variable X with PDF y(x) and an event BCc Sx with P[B] > 0, the
conditional PDF of X given B is

fx (x) cB
fxig (X) =1 P[B] ’
0 otherwise.

The functionfx g (x) is a probability model for a new random variable relateXtorhus
it has the same properties as any PBRXx). For example, the integral of the conditional
PDF over allx is 1 (Theorem 3.2(c)) and the conditional probability of any interval is the
integral of the conditional PDF over the interval (Theorem 3.3).

The definition of the conditional PDF follows naturally from the formula for conditional
probability P[A|B] = P[AB]/P[B] for the infinitesimal evenA = {x < X < x + dx}.
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O m m »2

Figure 3.9 Theb-bit uniform quantizer shown fds = 3 bits.

Since fx|g(x) is a probability density function, the conditional probability formula yields

P[x < X <x+4 dx,B]

fxig (X) dx=P[x < X <x+dx|B] = A 18]

(3.112)

Example 3.30  For the wheel-spinning experiment of Example 3.1, find the conditional PDF of the
pointer position for spins in which the pointer stops on the left side of the circle. What
are the conditional expected value and the conditional standard deviation?

Let L denote the left side of the circle. In terms of the stopping position, L = [1/2,1).
Recalling from Example 3.4 that the pointer position X has a uniform PDF over [0, 1),

1 1
P[L] :/ fx (X) dx:/ dx=1/2. (3.113)
1/2 1/2
Therefore,
]2 J2<x<1,
fxjL 0 = { 0 otherwise. (3.114)

Example 3.31  The uniform (—r/2,r/2) random variable X is processed by a b-bit uniform quantizer
to produce the quantized output Y. Random variable X is rounded to the nearest
quantizer level. With a b-bit quantizer, there are n = 2P quantization levels. The
quantization step size is A =r/n, and Y takes on values in the set

Qv ={yj=A/2+iAli=-n/2,—n/2+1,...,n/2—1}. (3.115)

This relationship is shown for b = 3in Figure 3.9. Given the event B; thatY = y;, find
the conditional PDF of X given B;.

In terms of X, we observe that B = {iA < X < (i + 1)A}. Thus,

(i+1)A A 1
P[Bi]=/A fx (0 dx=— = (3.116)
|
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By Definition 3.15,

fx (X)
fxig ) =1 P[Bi]
0

X € Bj, _{1/A iIA<x<(+DA,

0 otherwise. (3.117)

otherwise,

Given B;, the conditional PDF of X is uniform over the ith quantization interval.

We observe in Example 3.31 thid; } is an event space. The following theorem shows
how we can can reconstruct the PDPogjiven the conditional PDF$xg; (X).

Theorem3.23  Given an event spadé; } and the conditional PDFs g, (X),

fx )= fxg (x) P[Bi].

Although we initially defined the ever®; as a subset 08y, Theorem 3.23 extends
naturally to arbitrary event spacgB;} for which we know the conditional PDFyg; (X).

Example 3.32  Continuing Example 3.3, when symbol “0” is transmitted (event B g), X is the Gaussian
(=5, 2) random variable. When symbol “1” is transmitted (event B 1), X is the Gaussian
(5,2) random variable. Given that symbols “0” and “1” are equally likely to be sent,
what is the PDF of X?

The problem statement implies that P[Bg] = P[B1] = 1/2 and

1 2 1 2
f X) = g~ (X+5)7/8 f X) = — g (X=5/8 3.118
X|Bo (X) iz X|B1 (X) iz ( )

By Theorem 3.23,
fx (X) = fx|B, X P [Bo] + fxjB, (X) P[B1] (3.119)
1 2 2
_ —(X+5)%/8 | o—(x—=5)/8

= € +e . 3.120
4./2n ( ) ( )

Problem 3.9.2 asks the reader to graph f x (x) to show its similarity to Figure 3.3.
Conditional probability models have parameters corresponding to the parameters of
unconditional probability models.

Definition 3.16 Conditional Expected Value Given an Event
If {x € B}, the conditional expected value of X is

E[X|B] = /oo xfxg (x) dx.

—00
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The conditional expected value gfX) is

E[9(X)|B] = / gx) fx (x) dx. (3.121)

The conditional variance is

Var[X|B] = E [(x - MX|B)2|B] —E [x2|B] — iy (3.122)

The conditional standard deviationds g = +/Var[X|B]. The conditional variance and

conditional standard deviation are useful because they measure the spread of the random

variable after we learn the conditioning informati®nIf the conditional standard deviation
ox|s is much smaller thamrx, then we can say that learning the occurrencB oéduces
our uncertainty abouX because it shrinks the range of typical valueXof

Example 3.33

Example 3.34

Continuing the wheel spinning of Example 3.30, find the conditional expected value
and the conditional standard deviation of the pointer position X given the event L that
the pointer stops on the left side of the circle.

The conditional expected value and the conditional variance are

1
E[X|L] = /Oo XFx L (%) dx:/ 2x dx = 3/4 meters. (3.123)
—00 1/2
2 2_ 1 3\? 2
var[X|L] = E[x ||_] ~EXIL? = 55— () =1/48m2 (3.124)

The conditional standard deviationis o x| = /Var[X|L] = 0.144meters. Example 3.9
derives ox = 0.289 meters. Thatis, ox = 2ox|_. It follows that learning that the
pointer is on the left side of the circle leads to a set of typical values that are within
0.144 meters of 0.75 meters. Prior to learning which half of the circle the pointer is in,
we had a set of typical values within 0.289 of 0.5 meters.

Suppose the duration T (in minutes) of a telephone call is an exponential (1/3) random
variable:

0.4
& 02 133 t>o,
fr= { 0 otherwise. (3.125)
0

0 5 10
t
For calls that last at least 2 minutes, what is the conditional PDF of the call duration?

In this case, the conditioning eventis T > 2. The probability of the event is

PIT>2]= foo fr (t) dt = e 2/3, (3.126)
2
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The conditional PDF of T given T > 2is

0.4
= fr t>2
202 frire2®) =4 PIT>2] o (3.127)
F 0 otherwise,
1,—(t-2)/3
0 _ 1 3¢ t> 2, 3.128
0 5 10 { 0 otherwise. 128

t

Note that fr|7.2(t) is a time-shifted version of fr(t). In particular, fr|7.2(t) =

fr (t — 2). Aninterpretation of this resultis that if the call is in progress after 2 minutes,

the duration of the call is 2 minutes plus an exponential time equal to the duration of
a new call.

The conditional expected value is
Flet-2m
E[T|T > 2] =/ t§e dt. (3.129)
2
Integration by parts (Appendix B, Math Fact B.10) yields
00 o0
E[TIT > 2]= —te_(t_z)/3‘2 +/ e -2/3dt =2+ 3=5minutes.  (3.130)

2

Recall in Example 3.13 that the expected duration of the call is E[T] = 3 minutes. We
interpret E[T|T > 2] by saying that if the call is still in progress after 2 minutes, the
additional duration is 3 minutes (the same as the expected time of a new call) and the
expected total time is 5 minutes.

Quiz3.8 The probability density function of random variable Y is
_ ] 1/10 O0=<y <10,
fr(y) = { 0 otherwise. (3.131)
Find the following:
(1) PLY < 6] (2) the conditional PDF §y<e(y)
(3) PLY > 8] (4) the conditional PDF §v-g(y)

(5) ELlYIY <6] (6) ELY|Y > 8]

3.9 MATLAB

Probability Functions

Now that we have introduced continuous random variables, we can say that the built-in
functiony=r and( m n) is MATLAB’s approximationto a uniforrf0, 1) random variable.

Itis an approximation for two reasons. Firstand produces pseudorandom numbers; the
numbers seem random but are actually the output of a deterministic algorithm. Second,
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r and produces a double precision floating point number, represented in the computer by
64 bits. ThusMaTLAB distinguishes no more tharf2unique double precision floating
point numbers. By comparision, there are uncountably infinite real numb@slin Even
thoughr and is not random and does not have a continuous range, we can for all practical
purposes use it as a source of independent sample values of the uf@drandom
variable.

Table 3.3 describeSIATLAB functions related to four families of continuous random
variables introduced in this’ chapter: uniform, exponential, Erlang, and Gaussian. The
functions calculate directly the CDFs and PDFs of uniform and exponential random vari-
ables. The correspondinadf and cdf functions are simply defined for our convenience.
For Erlang and Gaussian random variables, the PDFs can be calculated directly butthe CDFs
require numerical integration. For Erlang random variables, we can use Theorem 3.11 in
MATLAB:

function F=erl angcdf (n, | anbda, x)
F=1. 0- poi ssoncdf (| anbda*x, n-1);

For the Gaussian CDF, we use the standdrdrLAB error function

erf(x) = —2 / e du (3.132)
v Jo ' '
Itis related to the Gaussian CDF by
1 1 X
DX) ==+ —erfl — ), 3.133
00=5+5o( ) (3133
which is how we implement thelATLAB function phi ( x) . In each function description
in Table 3.3,x denotes a vector = [x1 e xm]/. The pdf function outputis a vector
ysuchthat; = fx(xj). The cdf functionoutputis avectorsuch thaty; = Fx(xj). The
r v function output is a vectoX = [Xl e Xm]’ such that eaclX; is a sample value

of the random variablX. If m = 1, then the output is a single sample value of random
variableX.

Random Samples

We have already employed th@and function to generate random samples of unif@¢éni )

random variables. ConvenientlylATLAB also includes the built-in functiom andn to
generate random samples of standard normal random variables. Thus we generate Gaussian
(i, o) random variables by stretching and shifting standard normal random variables

functi on x=gaussrv(nu, sigma, m
x=mu +(sigma*randn(m1l));

For other continuous random variables, we use Theorem 3.22 to transform a ug@ifdnm
random variabléJ into other types of random variables.

Example 3.35  Use Example 3.27 to write a MATLAB program that generates m samples of an expo-

nential (A) random variable.
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Random Variable  Matlab Function Function Output
X Uniform (a, b) y=uni f or npdf (a, b, x) Vi = fx (%)
y=uni f or ntdf (a, b, x) Vi = Fx(Xi)
x=uni fornrv(a, b, m X=[X1 - Xm]

X Exponential) y=exponenti al pdf (I anbda, x) vy = fx(X)
y=exponenti al cdf (I anbda, x) vy = Fx(Xj)

x=exponential rv(l anbda, m  X=[X1 -+ Xm]
X Erlang(n, %) y=er | angpdf ( n, | anbda, x) yi = fx (%)

y=er | angcdf (n, | anbda, x) Vi = Fx(Xi)

x=er | angrv(n, | ambda, m X=[X1 - Xm]
X Gaussian(u, %)  y=gausspdf (mu, si gma, x) Vi = fx(Xi)

y=gausscdf ( mu, si gnma, x) Vi = Fx(Xi)

x=gaussrv(mu, si gna, m X=[X1 -+ Xm]

Table 3.3 MaTLAB functions for continuous random variables.

In Example 3.27, we found that if U is a uniform (0, 1) random variable, then
Y =—In(l-U) (3.134)

is an exponential (x = 1) random variable. By Theorem 3.20(b), X = Y/A is an
exponential () random variable. Using r and to approximate U, we have the following
MATLAB code:

function x=exponenti al rv(l anbda, m
x=-(1/1 anmbda)*l og(1-rand(m1));

Example 3.36  Use Example 3.28 to write a MATLAB function that generates m samples of a uniform
(a, b) random variable.

Example 3.28 says that Y = a + (b — @)U is a uniform (a, b) random variable. Thus
we use the following code:

function x=unifornrv(a, b, m
x=a+(b-a)*rand(m 1);

Theorem 6.11 will demonstrate that the surmahdependent exponentiél) random
variables is an Erlang random variable. The following code genemaszssnple values of
the Erlang(n, ») random variable.

function x=erl angrv(n,|anbda, m
y=exponenti al rv(| anbda, ntn);
x=sun(reshape(y, mn), 2);

Note that we first generatem exponential random variables. Theeshape function
arranges these samples in @nx n array. Summing across the rows yielasErlang
samples.

Finally, for arandom variabl® with an arbitrary CDFR- x (x), we implement the function
i cdf rv. mwhich uses Theorem 3.22 for generating random samples. The key is that
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we need to define &1aTLAB function x=i cdf x(u) that calculatex = F;l(u). The
functioni cdf x( u) isthen passed as anargumenittaf r v. mwhich generates samples

of X. Note thatMATLAB passes a function as an argument to another function using a
functionhandle, which is a kind of pointer. Here is the code fardf r v. m

function x=i cdfrv(icdfhandl e, m

Ytsage: x=icdfrv(@cdf,m

% eturns msanples of rv X with inverse CDF icdf.m
u=rand(m 1);

x=f eval (i cdf handl e, u);

The following example shows how to usecdf rv. m

Example 3.37  WriteaMaTLAB functionthatuses i cdf r v. mto generate samples of Y, the maximum

Quiz 3.9

of three pointer spins, in Example 3.5.

From Equation (3.18), we see thatfor 0 < y < 1, Fy(y) = y3. If u = Fy(y) = y3, then
y = Fy h(u) = ul/3. So we define (and save to disk) i cdf 3spin. m

function y = icdf3spin(u);
y=u." (1/3);
Now, y=i cdf rv( @ cdf 3spi n, 1000) generates a vector holding 1000 samples of

random variable Y. The notation @ cdf 3spi n is the function handle for the function
i cdf 3spin. m

Keep in mind that for the\laTLAB code to run quickly, it is best for the inverse CDF
function, i cdf 3spi n. min the case of the last example, to process the vegtaithout
using af or loop to find the inverse CDF for each elemanti ) . We also note that this
same technique can be extended to cases where the inverse )@bﬁ) does not exist for
all0 < u < 1. Forexample, the inverse CDF does not exi3t i§ a mixed random variable
or if fx(x) is constant over an intervéh, b). How to usei cdf r v. min these cases is
addressed in Problems 3.7.18 and 3.9.9.

Write aMATLAB function t =t 2r v( n) that generates m samples of a random variable
with the PDF fr|7-2(t) as given in Example 3.34.

Chapter Summary

This chapter introduces continuous random variables. Most of the chapter parallels Chap-
ter 2 on discrete random variables. In the case of a continuous random variable, probabilities
and expected values are integrals. For a discrete random variable, they are sums.

e A random variable X is continuoukthe rangeSx consists of one or more intervals.
Each possible value of has probability zero.

e The PDF f(x) is a probability model for a continuous random variallle The PDF
fx(x) is proportional to the probability thaf is close tox.
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e The expected value[K] of a continuous random variable has the same interpretation
as the expected value of a discrete random varigb|&] is a typical value oiX.

e Arandomvariable X is mixeidit has at least one sample value with nonzero probability
(like a discrete random variable) but also has sample values that cover an interval (like
a continuous random variable.) The PDF of a mixed random variable contains finite
nonzero values and delta functions.

e A function of a random variabledansforms a random variabl into a new random
variableY = g(X). If X is continuous, we find the probability model6fby deriving
the CDF,Fy (y), from Fx (x) andg(x).

e The conditional PDF %g(x) is a probability model oKX that uses the information that

X e B.
Problems
Difficulty: Easy Moderate Difficult Experts Only
3.1.1 The cumulative distribution function of random var- (a) What isP[W < 4]?
iable X is (b) What isP[-2 < W < 2]?
0 X < -1, (c) What isP[W > 0]?
Fx )=y x+1/2 -1l=x<1, (d)What is the value oé such thatP[W < a] =
(@) What isP[X > 1/2]? 3.1.4 In this problem, we verify that lif_, oo [NX]/N =
(b)What isP[—1/2 < X < 3/4]? X
(c) What isP[|X| < 1/2]? (a) Verify thatnx < [nx] <nx+ 1.
(d) What is the value oé such thatP[X < a] = (b) Use part (a) to show that lim, oo [nX]/n = X.
0.8? (c)Use a similar argument to show that
3.1.2 The cumulative distribution function of the contin- limn— oo [NX]/N = x.
uous random variabl¥ is 3.2.1 Therandom variablX has probability density func-
tion
0 v < =5, ; [ ex 0=x<x2
Fv () =] cw+5° -5<v<7, XX =1 0 otherwise
! v=7. Use the PDF to find
(a) What isc? (a) the constant,
(b) What isP[V > 4]? (b) P[0 < X < 1],
(c)P[-3 <V <0]? (c) P[-1/2 < X <1/2],
(d) What is the value o& such thatP[V > a] = (d) the CDFFx (x).
2/3? 3.2.2 The cumulative distribution function of random var-
3.1.3 The CDF of random variablé/ is iable X is
0 w < —5, 0 X < —1,
(w+5)/8 -5<w< -3, Fx ) =1 x+1)/2 -1<x<1,
Fw (w) = 1/4 —-3<w <3, 1 x> 1.

1/4+3(w—-3)/8 3<w <5,
1 w > 5. Find the PDFfy (x) of X.
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3.2.3

3.2.4

3.2.5

3.3.1

3.3.2

3.3.3

3.34
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Find the PDFfy (u) of the random variabl& in
Problem 3.1.3.

For a constant parameter> 0, a Rayleigh random
variableX has PDF
2y o—a2x2)2 0
fo (x) = | &xe X >0,
x (0 { 0 otherwise

What is the CDF ofX?

3.35

3.3.6

For constanta andb, random variableX has PDF

2
_ ) ax*+bx 0<x<1,
fx 00 = { 0 otherwise.

What conditions ora andb are necessary and suf-
ficient to guarantee thdity (x) is a valid PDF?

Continuous random variablé has PDF

fx(X)={ J

-1<x<3,

otherwise.

Define the random variabM by Y = h(X) = X2.
(a) FindE[X] and Var[X].

(b) Findh(E[X]) and E[h(X)].

(c) Find E[Y] and VarlY].

Let X be a continuous random variable with PDF

] 18 1=<x<09,
fx 00 = { 0  otherwise

3.3.7

LetY = h(X) = 1//X. 3.3.8
(a) FindE[X] and Var[X].

(b) Findh(E[X]) and E[h(X)].

(c) Find E[Y] and Var[Y]. 3.4.1

Random variableX has CDF

0 X <0,
Fx(x)=1 x/2 0<x=<2,
1 X > 2.

(a) What ise[ X]?
(b) What is Var[X]?
The probability density function of random variable
Y is
_ly2 0=sy<2
fr = { 0 otherwise

3.4.2

What areE[Y] and Var[Y]?

The cumulative distribution function of the random
variableY is

0 y < -1,
Fryy=41 (y+D/2 -1=y=1,
1 y> 1

(a) What isg[Y]?
(b) What is Vary]?

The cumulative distribution function of random var-
iableV is

0 v < =5,
Fv () =1 (w+5)%/144 —5<v<7,
1 v>7.

(a) What ise[V]?

(b) What is Vary1?

(c) What isE[V3]?

The cumulative distribution function of random var-
iableU is

0 u< -5,

(u+5)/8 —5<u<-3,
Fuuw=1 1/4 —-3<u<3,

1/44+3u—-3)/8 3<u<b5,

1 u>>5.

(a) What ise[U]?

(b) What is Varp1?

(c) What isE[2Y ]?

X is a Paretoe, 1) random variable, as defined
in Appendix A. What is the largest value offor

which thenth momentE[X"] exists? For all feasi-
ble values on, find E[X"].

Radars detect flying objects by measuring the power
reflected from them. The reflected power of an air-
craft can be modeled as a random variableith
PDF

1 —y/P
fY (y) = ?Oe y/Po y > 0 -
0 otherwise

wherePy > 0 is some constant. The aircraft is cor-
rectly identified by the radar if the reflected power
of the aircraft is larger than its average value. What
is the probabilityP[C] that an aircraft is correctly
identified?

Y is an exponential random variable with variance
Var[Y] = 25.
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3.4.5

3.4.6

3.4.7

3.4.8

3.4.9
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(a) What is the PDF oY ? 3.4.10 In this problem we verify that an Erlang, ») PDF
(b) What isE[Y?2]? integrates to 1. Let the integral of theth order

(c) What isP[Y > 52 Erlang PDF be denoted by

X is an Erlangn, A) random variable with param- | 00 jNyn—1lg=Ax
eterr = 1/3 and expected valug[ X] = 15. n= _/0 (n—1)!

(a) What is the value of the parametet

dx.

First, show directly that the Erlang PDF with= 1

(b) What is the PDF oX? integrates to 1 by verifying thag = 1. Second, use
(c) What is VarX]? integration by parts (Appendix B, Math Fact B.10)
Y is an Erlangin = 2, » = 2) random variable. to show thatin = Ip_3.

(a) What isE[Y]? 3.4.11 Calculate thekth moment E[XK] of an Erlang
(b) What is Vary]? (n, 1) random variableX. Use your result to ver-

. 5 ify Theorem 3.10. Hint: Remember that the Erlang
(c) WhatisP[05 =Y < 1.5]7 (n +k, A) PDF integrates to 1.

Xis a continuous unifor-5, 5) random variable. 3.4.12 In this problem, we outline the proof of Theo-
(a) What is the PDR x (x)? rem 3.11.

(b) What is the CDRFx (x)? (a) LetXp denote an Erlangn, A) random variable.

(c) What isE[X]? Use the definition of the Erlang PDF to show that
(d) What isE[X°]? for anyx > 0,
(e) What isE[eX]? X yngn—1g-2t
X is a uniform random variable with expected value Fxn 0 = /0 (n—1) t.
ux = 7 andvariance Va] = 3. Whatis the PDF
of X? (b) Apply integration by parts (Appendix B, Math
The probability density function of random variable FactB.10) to this integral to show that for> 0,
Xis Fv 00 = F ® (kx)n—le—kx
b 00 = (/22 x>0, Xn 2= T Xng (n—1)
X =10 otherwise
(c) Use the fact thax, (x) = 1 — e ** for x > 0
(@) What isP[1 < X < 2]? to verify the claim of Theorem 3.11.
(b) WhatisFx (x), the cumulative distribution func- 3.4.13 Prove by induction that an exponential random var-
tion of X? iable X with expected value 1/hasnth moment
(c) What isg[ X], the expected value of? n
(d) What is Var[X], the variance oX? E [Xn] = one

Verify parts (b) and (c) of Theorem 3.6 by directly
calculating the expected value and variance of a uni-
form random variable with parameteas< b.

Long-distance calling plaA offers flat rate service
at 10 cents per minute. Calling placharges 99
cents for every call under 20 minutes; for calls over
20 minutes, the charge is 99 cents for the first 20 o0 o0
minutes plus 10 cents for every additional minute. E[X] = / xfx (x) dx = / [1—Fx ()] dx.
(Note that these plans measure your call duration ex- 0 0

actly, without rounding to the next minute or even (a) For anyr > 0, show that

second.) If your long-distance calls have expo- ~

nential distribution with expected valueminutes, rP[X>r] < / X fy () dx.

which plan offers a lower expected cost per call? r

Hint: Use integration by parts (Appendix B, Math
Fact B.10).

3.4.14 This problem outlines the steps needed to show that
a nonnegative continuous random variablehas
expected value
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3.5.2

3.5.3

3.5.4

3.5.5

3.5.6

3.5.7
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(b) Use part (a) to argue thatB[X] < oo, then
lim rP[X >r]=0.
r—00

(c) Now use integration by parts (Appendix B, Math
Fact B.10) to evaluate

/OO [1—Fx ()] dx.
0

The peak temperaturd, as measured in de-
grees Fahrenheit, on a July day in New Jersey is

the Gaussian(85,10) random variable. What is 3.5.8

P[T > 10Q], P[T < 60],andP[70 < T < 10Q]?
What is the PDF o, the standard normal random
variable?

Xis aGaussianrandom variable wiiX] = 0 and
P[|X| < 10] = 0.1. What is the standard deviation
ox?

Afunction commonly used in communications text-
books for the tail probabilities of Gaussian random
variables is the complementary error function, de-
fined as

2 2
erfc(z) = 7/ e " dx.
T Jz

Show that

3.5.9

1 z
Q@ = Eerf(:<ﬁ> .

The peak temperaturE, in degrees Fahrenheit, on
a July day in Antarctica is a Gaussian random var-
iable with a variance of 225. With probability 1/2,
the temperaturd exceeds 10 degrees. What is
P[T > 32],the probability the temperature is above
freezing? What i®[T < 0]? WhatisP[T > 60]?

A professor pays 25 cents for each blackboard er-
ror made in lecture to the student who points out
the error. In a career af years filled with black-
board errors, the total amount in dollars paid can
be approximated by a Gaussian random variagle
with expected value 40and variance 10QnWhat

is the probability thatYog exceeds 1000? How

Let N equal the number of men who are at least
7'6” tall.

(a) Calculateoy, the standard deviation of the
height of men in the United States.

(b) In terms of thed () function, what is the prob-
ability that a randomly chosen man is at least 8
feet tall?

(c) What is the probability that there is no man alive
in the U.S. today that is at leasi7 tall?

(d) What isE[N]?
In this problem, we verify that fox > 0,
P(X) = 1 + 1erf X
T2 2 V2)

(a) LetY have aN(0, 1/2) distribution and show
that

y 1
Fy (y) = / fy (u) du= >t erf(y).
—o0

(b) Observe thaZ = +/2Y is N(0, 1) and show that
®@2) =F7(2) =P [Y < z/\/i]
— Fy (z/«/é) .

This problem outlines the steps needed to show that
the Gaussian PDF integrates to unity. For a Gaus-
sian(u, o) random variabléV, we will show that

o0
|:/ fw (w) dw = 1.

—00
(a) Use the substitutiorn = (w — u)/o to show
that
e ¥°/2gx.

l o0
| = —
2 /—oo
(b) Show that

21 /Oo /Oo e CHY2)/2 gy dy,
27 J o0 J—0

(c) Change the integral far to polar coordinates
to show that it integrates to 1.

many years) must the professor teach in order thag 5 10 |n mobile radio communications, the radio channel

P[Yn > 1000 > 0.99?

Suppose that out of 100 million men in the United
States, 23,000 are at least 7 feet tall. Suppose that
the heights of U.S. men are independent Gaussian
random variables with a expected value 6.

can vary randomly. In particular, in communicat-

ing with a fixed transmitter power over a “Rayleigh

fading” channel, the receiver signal-to-noise ratio
Y is an exponential random variable with expected
value y. Moreover, whenY = vy, the proba-



3.6.1

3.6.2

3.6.3

3.6.4

3.6.5

3.6.6

bility of an error in decoding a transmitted bit is
Pa(y) = Q(4/2y) whereQ(-) is the standard nor-
mal complementary CDF. The average probability
of bit error, also known as the bit error rate or BER,

is 3.6.7

9]

Po= E[Po(Y)] = f QW/Zy) fy (y) dy.

Find a simple formula for the BERg as a function
of the average SNRR.

Let X be a random variable with CDF

0 X < —1,
_ x/3+1/3 —-1<x<0,
Fx 00 = X/3+2/3 0<x<1,
1 1<x.

Sketch the CDF and find

(@) P[X < —1]andP[X < —1],

(b) P[X < 0]andP[X < 0],

(c) P[0 < X <1]landP[0 < X < 1].
Let X be a random variable with CDF

0 X < —1,
Fx (xX) = x/4+1/2 —-1<x<1,
1 1<x.

3.7.1

Sketch the CDF and find

(@) P[X < —1]andP[X < —1],

(b) P[X < 0]andP[X < 0],

(c) P[X > 1]andP[X > 1].

For random variable of Problem 3.6.2, find
(@) fx(x)

(b) E[X]

(c) Var[X]

X is Bernoulli random variable with expected value
p. What is the PDF x (x)?

X is a geometric random variable with expecteC
value 1/p. What is the PDF x (x)?

When you make a phone call, the line is busy with
probability 02 and no one answers with probability
0.3. The random variabl& describes the conver-
sation time (in minutes) of a phone call that is an-
swered. X is an exponential random variable with
E[X] = 3 minutes. Let the random variablé de-

note the conversation time (in seconds) of all call8.7.5

(W = 0when the line is busy or there is no answer;,

3.6.8

3.6.9

3.7.2

3.7.3

3.7.4
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(a) What isFyy (w)?
(b) What is fyy (w)?
(c) What areE[W] and VafW]?

For 80% of lectures, Professor X arrives on time and
starts lecturing with delay = 0. When Professor
Xis late, the starting time delay is uniformly dis-
tributed between 0 and 300 seconds. Find the CDF
and PDF ofT.

With probability 0.7, the toss of an Olympic shot-
putter travelsD = 60 + X feet, whereX is an
exponential random variable with expected value
u = 10. Otherwise, with probability 0.3, a foul is
committed by stepping outside of the shot-put circle
and we sayD = 0. What are the CDF and PDF of
random variableD?

For 70% of lectures, Professor Y arrives on time.
When Professor Y is late, the arrival time delay is
a continuous random variable uniformly distributed
from O to 10 minutes. Yet, as soon as Professor Y is
5 minutes late, all the students get up and leave. (It
is unknown if Professor Y still conducts the lecture.)
If a lecture starts when Professor Y arrives and al-
ways ends 80 minutes after the scheduled starting
time, what is the PDF of, the length of time that
the students observe a lecture.

The voltageX across a I resistor is a uniform
random variable with parameters 0 and 1. The in-
stantaneous power¥s= X2. Find the CDH~y (y)
and the PDFy (y) of Y.

Let X have an exponentigh) PDF. Find the CDF
and PDF ofY = +/X. Show thatY is a Rayleigh
random variable (see Appendix A.2). Express the
Rayleigh parametea in terms of the exponential
parameten.

If X has an exponentiah) PDF, what is the PDF
of W = X2?

X is the random variable in Problem 3.6.Y. =
g(X) where

0 X <0,
g(x):{ 100 X > 0.
(a) What isFy (y)?
(b) What is fy (y)?
(c) What isg[Y]?

U is a uniform (0, 1) random variable anK =
—In(1—-U).
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(a) What isFx (x)? Find the CDFFy (w), the PDF fy(w), and the
(b) What is fx (x)? expected valu&[W].
3.7.10 X is a random variable with CDFx(x). Let

(c) What ise[X]? Y = g(X) where

X is uniform random variable with parameters 0

and 1. Find a functiog(x) such that the PDF of ] 10 X <0,
: g(x) =
Y =9g(X)is -10 x>0.
fy (y) = { 3y2 0<y<1, ExpressFy (y) in terms ofFy (X).
YV =10 otherwise. 3.7.11 The input voltage to a rectifier is a random variable

U with a uniform distribution oj—1, 1]. The rec-

The voltageV at the output of a microphone is a tifier output is a random variabMy defined by

uniform random variable with limits-1 volt and

1 volt. The microphone voltage is processed by a 0 U<0
hard limiter with cutoff points—0.5 volt and 05 W=gU) = { Uu U-> oj
volt. The magnitude of the limiter output is a B
random variable such that Find the CDH~yy (w) and the expected valle W].
V.  |V| <05, 3.7.12 Use Theorem 3.19 to prove Theorem 3.20.
L= .
{ 0.5 otherwise

. 3.7.13 For a uniform(0, 1) random variabldJ, find the
(a) WhatisP[L = 0.5]? CDF and PDF off = a+ (b — a)U witha < b.
(b) WhatisF (1)? Show thaty is a uniform(a, b) random variable.
(c) What isg[L]? 3.7.14 Theorem 3.22 required the inverse CBF(u) to

exist for 0< u < 1. Why was ithot necessary that

Let X denote the position of the pointer after a spin F—1(u) exist at eithet = 0 o U= 1.

on a wheel of circumference 1. For that same spin,
let Y denote the area within the arc defined by th8.7.15 Random variableX has PDF
stopping position of the pointer: X2 0<x<2

[~ fx (0 = { 0  otherwise

X

B/ X is processed by a clipping circuit with outpyt
The circuit is defined by:

y_]05 0<x<1,
1 X X>1.
(a) What isP[Y = 0.5]?
(b) Find the CDF~y (y).

() What is the relationship betweshandY? 3.7.16 X is a continuous random variabl®. = aX + b,

(b) What isFy (y)? wherea, b # 0. Prove that
atisFy (y)7

(c) What is fy (y)? fy (y) =
(d) What isE[Y]?

U is a uniform random variable with parameters 0
and 2. The random variabW is the output of the
clipper:

fx ((y —b)/a)
al '

Hint: Consider the cases < 0 anda > 0 sepa-
rately.

3.7.17 Let continuous random variabl¥ have a CDF
F(x) such thathl(u) exists for allu in [0, 1].
, Show thatd = F(X) is uniformly distributed over

U 1
1 1. [0, 1]. Hint: U is a random variable such that when

w-gu={} §2



X =x',U = F(x). That is, we evaluate the CDF3.8.5

of X at the observed value of.

3.7.18 In this problem we prove a generalization of The-

3.8.1

3.8.2

3.8.3

3.8.4

orem 3.22. Given a random variabewith CDF
Fx (x), define

F(u) = min{x|Fx (X) > u}.

This problem proves that for a continuous uniforrg g g

(0, 1) random variableJ, X = F(U) has CDF

Fg () = Fx(X).

(a) Show that wherirx (x) is a continuous, strictly
increasing function (i.e X is not mixed,Fx (x)

has no jump discontinuities, arfgk (x) has no 3.8.7

“flat” interval::‘, (a, b) whereFx (x) = cfora <
X < b), thenF(u) = F;l(u) forO<u < 1.

(b) Show that ifFx (x) has a jump ak = xg, then
F (u) = Xg for all u in the interval

Fx<x0_)§u5Fx<x6L>.

(c) Prove thatX = F(U) has CDFFg(x) =

Fx (X).
X is a uniform random variable with parameters
and 5. Given the ever® = {|X| < 3},

(a) Find the conditional PDF,x|g (X).
(b) Find the conditional expected valuef X|B].
(c) What is the conditional variance, V| B]?

Y is an exponential random variable with parameter
A = 0.2. Given the evenA = {Y < 2},

(a) What is the conditional PDFy | a(Y)?
(b) Find the conditional expected valuefY|Al.

For the experiment of spinning the pointer three
times and observing the maximum pointer position,
Example 3.5, find the conditional PDF given the
eventR that the maximum position is on the right
side of the circle. What are the conditional expected
value and the conditional variance?

W is a Gaussian random variable with expected
value . = 0, and variances? = 16. Given the
eventC = {W > 0},

(@) What is the conditional PDFyyc (w)?
(b) Find the conditional expected value[W|C].
(c) Find the conditional variance, VAM|C].
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The time between telephone calls at a telephone
switch is an exponential random variablewith
expected value 01. GivenT > 0.02,

(&) What is E[T|T > 0.02], the conditional ex-
pected value of ?

(b) What is Var'|T > 0.02], the conditional vari-
ance ofT?

For the distanceD of a shot-put toss in Prob-
lem 3.6.8, find

(a) the conditional PDF ob given thatD > 0,
(b) the conditional PDF ob given D < 70.

Atestfor diabetes is a measuremenof a person’s
blood sugar level following an overnight fast. For a
healthy person, a blood sugar levélin the range
of 70 — 110 mg/dl is considered normal. When a
measuremenkX is used as a test for diabetes, the
result is called positive (eveftt) if X > 140; the
test is negative (everit~) if X < 110, and the test
is ambiguous (evert?) if 110 < X < 140.
Giventhatapersonis healthy (evéh}, a blood
sugar measuremeit is a Gaussialiu = 90, o0 =
20) random variable. Given that a person has dia-
betes, (evenD), X is a Gaussiafiux = 160, 0 =
40) random variable. A randomly chosen person
is healthy with probabilityP[H] = 0.9 or has dia-
betes with probabilityP[D] = 0.1.

(@) What is the conditional PDIFyH (X)?

(b) Interms of theb (-) function, find the conditional
probabilitiesP[TT|H], andP[T~|H].

(c) Find the conditional conditional probability
P[H|T ~]thatapersonis healthy given the event
of a negative test.

(d)When a person has an ambiguous test result,
(TO) the test is repeated, possibly many times,
until either a positiveT T or negativeT ~ result
is obtained. LeiN denote the number of times
the test is given. Assuming that for a given per-
son, the result of each test is independent of the
result of all other tests, find the condtional PMF
of N given event thata personis healthy. Note
that N = 1 if the person has a positivVE™ or
negative resulT — on the first test.

3.8.8 For the quantizer of Example 3.31, the difference

Z = X —Y isthe quantization error or quantization
“noise.” As in Example 3.31, assume théthas a
uniform (—r/2,r /2) PDF.
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3.8.9

3.9.1

3.9.2

3.9.3

3.9.4

3.9.5

CHAPTER 3 CONTINUOUS RANDOM VARIABLES

(a) Given evenB; thatY = y; = A/2+iA andX
is in theith quantization interval, find the con-
ditional PDF ofZ.

(b) Show thatZ is a uniform random variable. Find
the PDF, the expected value, and the variance of

Z. 3.9.6

For the quantizer of Example 3.31, we showed i
Problem 3.8.8 that the quantization no’&és a uni-
form random variable. 1iX is not uniform, show
that Z is nonuniform by calculating the PDF &

for a simple example.

Write aMATLAB function y=qui z31r v(n) that
producesm samples of random variab¥ defined
in Quiz 3.1.

For the modem receiver voltagéwith PDF given
in Example 3.32, us&lATLAB to plot the PDF and
CDF of random variabl&. Write aMATLAB func-
tion x=nmodenr v( m that producesnsamples of
the modem voltag&.

For the Gaussia(D, 1) complementary CDR)(z),
a useful numerical approximation far> 0 is
Q@) = (agt + apt? + agt3 + agt* + ast®)e 272,

where

3.9.7

1
t =—
1+40.231641888
ap = —0.142248368
ag = —0.7265760135

a; = 0.127414796

ag = 0.7107068705
a5 = 05307027145

To compare this approximation ©@(z), useMAT-
LAB to graph

Q2 — Q2

)

Use Theorem 3.9 andexponential rv. mto 3.9.8

write aMaTLAB function k=georv(p, m that
generatesn samples of a geometricp) random

variable K. Compare the resulting algorithm to3.9.9

the technique employed in Problem 2.10.7 for
geonetricrv(p, n.

Use i cdf r v. mto write a functionw=wr v1( m
that generatesn samples of random variablé/

from Problem 3.1.3. Note tha?tvj,l(u) does not
exist foru = 1/4; however, you must define
a function i cdf w(u) that returns a value for
i cdf (0. 25). Does it matter what value you
return for u=0. 257

Applying Equation (3.14) withx replaced byi A
anddx replaced byA, we obtain

PliA < X <iA+A]= fx (iA)A.

If we generate a large number of samples of
random variableX, letn; denote the number of oc-
currences of the event

{iA <X<(+1)A).

We would expect that i oo T = fx(iA)A, or

equivalently,

. I .
nleooﬁ = fx (iA).

UseMATLAB to confirm this withA = 0.01 for

(a) an exponentialh = 1) random variableX and
fori =0,...,500,

(b) a Gaussian3,1) random variableX and for
i=0,...,600.

For the quantizer of Example 3.31, we showed
in Problem 3.8.9 that the quantization noigeis
nonuniform if X is nonuniform. In this problem, we
examine whether itis a reasonable approximation to
model the quantization noise as uniform. Consider
the special case of a Gaussi@nl) random variable

X passed through a uniformbit quantizer over the
interval (—r/2,r/2) withr = 6. Does a uniform
approximation get better or worse hasncreases?
Write a MATLAB program to generate histograms
for Z to answer this question.

Write a MATLAB function u=ur v(m that gen-
eratesm samples of random variablé defined in
Problem 3.3.7.

Write aMATLAB function y=qui z36r v( n) that
returnsm samples of the random variabke de-
fined in Quiz 3.6. Sinc§)zl(u) is not defined for
1/2 < u < 1, you will need to use the result of
Problem 3.7.18.




Pairs of
Random Variables

Chapter 2 and Chapter 3 analyze experiments in which an outcome is one number. This
chapter and the next one analyze experiments in which an outcome s a collection of numbers.
Each number is a sample value of a random variable. The probability model for such an
experiment contains the properties of the individual random variables and it also contains
the relationships among the random variables. Chapter 2 considers only discrete random
variables and Chapter 3 considers only continuous random variables. The present chapter
considers all random variables because a high proportion of the definitions and theorems
apply to both discrete and continuous random variables. However, just as with individual
random variables, the details of numerical calculations depend on whether random variables
are discrete or continuous. Consequently we find that many formulas come in pairs. One
formula, for discrete random variables, contains sums, and the other formula, for continuous
random variables, contains integrals.

This chapter analyzes experiments that produce two random varixbées]Y. Chap-
ter 5 analyzes the general case of experiments that prodacelom variables, wherecan
be any integer. We begin with the definitionfok v (X, y), thejoint cumulative distribution
functionof two random variables, a generalization of the CDF introduced in Section 2.4
and againin Section 3.1. The joint CDF is a complete probability model for any experiment
that produces two random variables. However, it not very useful for analyzing practical
experiments. More useful models &P v (X, y), thejoint probability mass functioffor
two discrete random variables, presented in Sections 4.2 and 4.3 xan(k, y), thejoint
probability density functionf two continuous random variables, presented in Sections 4.4
and 4.5. Sections 4.6 and 4.7 consider functions of two random variables and expectations,
respectively. Sections 4.8, 4.9, and 4.10 go back to the concepts of conditional probability
and independence introduced in Chapter 1. We extend the definition of independent events
to define independent random variables. The subject of Section 4.11 is the special case in
which X andY are Gaussian.

Pairs of random variables appear in a wide variety of practical situations. An example of
two random variables that we encounter all the time in our research is the@gnamitted
by a radio transmitter, and the corresponding sigialthat eventually arrives at a receiver.
In practice we observ¥, but we really want to knowK. Noise and distortion prevent
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XOx YOy ()

s o

Figure4.1 The area ofthéX, Y) plane corresponding to the joint cumulative distribution function
Fx.y (X, y).

us from observing directly and we use the probability modgk v (x, y) to estimateX.
Another example is the strength of the signal at a cellular telephone base station re€eiver
and the distanceX) of the telephone from the base station. There are many more electrical
engineering examples as well as examples throughout the physical sciences, biology, and
social sciences. This chapter establishes the mathematical models for studying multiple
continuous random variables.

4.1 Joint Cumulative Distribution Function

Definition 4.1

In an experiment that produces one random variable, events are points or intervals on a line.
In an experiment that leads to two random variat{esdY, each outcoméx, y) is a point
in a plane and events are points or areas in the plane.

Just as the CDF of one random varialite,(x), is the probability of the interval to the
left of x, the joint CDFFx v (X, y) of two random variables is the probability of the areain
the plane below and to the left ¢f, y). This is the infinite region that includes the shaded
area in Figure 4.1 and everything below and to the left of it.

Joint Cumulative Distribution Function (CDF)
Thejoint cumulative distribution function of random variables X and Y is

Fxy (X, y)=P[X=x,Y <Yy].

The joint CDF is a complete probability model. The notation is an extension of the
notation convention adopted in Chapter 2. The subscripks skparated by a comma, are
the names of the two random variables. Each name is an uppercase letter. We usually write
the arguments of the function as the lowercase letters associated with the random variable
names.

The joint CDF has properties that are direct consequences of the definition. For example,
we note that the eveiX < x} suggests that can have any value so long as the condition
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on X is met. This corresponds to the joint evéit < x, Y < oo}. Therefore,

Fx X)) =P[X<X]=P[X=<X,Y <x] = ylﬂ;noo Fxy (X,y) = Fxy (X,00). (4.1)

We obtain a similar result when we consider the ey¥nk y}. The following theorem
summarizes some basic properties of the joint CDF.

For any pair of random variables, X,
(@ 0<Fxy(x,y) <1,
(b) Fx(x) = Fx y (X, 00),
(€) Fv(y) = Fx.y(c0,Y),
(d) Fx,y(=00,y) = Fxy(x, —00) =0,
(e) Ifx < xiandy< yi, then K v(X,y) < Fx (X1, Y1),
® Fx,y (o0, 00) = 1.

Although its definition is simple, we rarely use the joint CDF to study probability models.
Itis easier to work with a probability mass function when the random variables are discrete,
or a probability density function if they are continuous.

Express the following extreme values of the joint CDEVEX, y) as numbers or in terms
of the CDFs K (x) and R/ (y).
(1) Fxy(=00,2) (2) Fx,y(o0,00)

(3) Fx,y(o0,y) (4) Fx, v(oo, —00)

4.2 Joint Probability Mass Function

Definition 4.2

Corresponding to the PMF of a single discrete random variable, we have a probability mass
function of two variables.

Joint Probability Mass Function (PMF)
Thejoint probability mass function of discrete random variables X and Y is

Pxy (X,y) =P[X=X,Y =Y].

For a pair of discrete random variables, the joint PRty (X, y) is a complete proba-
bility model. For any pair of real numbers, the PMF is the probability of observing these
numbers. The notation is consistent with that of the joint CDF. The uppercase subscripts
of P, separated by a comma, are the names of the two random variables. We usually write
the arguments of the function as the lowercase letters associated with the random variable



156

CHAPTER 4 PAIRS OF RANDOM VARIABLES

names. Corresponding 8, the range of a single discrete random variable, we use the
notationSy v to denote the set of possible values of the p&irY). That is,

Sx.y = {(X, )IPxy (x,y) > 0} . (4.2)

Keep in mind tha{X = x, Y = y} is an event in an experiment. That is, for this exper-
iment, there is a set of observations that leads to both x andY = y. For anyx and
y, we find Px v (X, y) by summing the probabilities of all outcomes of the experiment for
which X = x andY =y.

There are various ways to represent a joint PMF. We use three of them in the following
example: alist, a matrix, and a graph.

Example 4.1 Test two integrated circuits one after the other. On each test, the possible outcomes
are a (accept) and r (reject). Assume that all circuits are acceptable with probability
0.9 and that the outcomes of successive tests are independent. Count the number of
acceptable circuits X and count the number of successful tests Y before you observe
the first reject. (If both tests are successful, let Y = 2.) Draw a tree diagram for the
experiment and find the joint PMF of X and Y.

The experiment has the following tree diagram.

0.9 a eaa 0.81 X=2,Y=2
0.1 r ear 0.09 X=1,Y=1
0.9 a era 0.09 X=1,Y=0
0.1 rerr 0.01 X=0,Y=0

The sample space of the experiment is
S={aa,ar,ra,rr}. (4.3)
Observing the tree diagram, we compute
P[aa] =081, Plar] =PJ[ra] =0.09, P[rr]=0.01. (4.4)

Each outcome specifies a pair of values X and Y. Let g(s) be the function that trans-
forms each outcome s in the sample space Sinto the pair of random variables (X, Y).
Then

gaa)=(2,2), gar)=(1.1, gra)=(1,0), g@r)=(,0). (4.5)
For each pair of values x, y, Px y (X, y) is the sum of the probabilities of the outcomes
for which X = x and Y = y. For example, Px y(1,1) = P[ar]. The joint PMF can be
given as a set of labeled points in the x, y plane where each point is a possible value
(probability > 0) of the pair (X, y), or as a simple list:
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Y Y
B={X+Y 03} B={X’+ Y’ 09}

e o o o o e o o o
e o o o e o o /0 o
L] e o o o o e o

Figure 4.2 Subsets of the (X, Y) plane. PointgX, Y) € Sx y are marked by bullets.

y
081 x=2,y=2
Px_ v (X, ’
Xy (%) 009 x=1y=1,
5 | 081 Pxy(x,y)y=14 009 x=1y=0 (4.6)
001 x=0,y=0
1] ¢09 0 otherwise
0 ¢0L 409
0 1 2
A third representation of Px v (x, y) is the matrix:
Pxyx.y) [y=0 y=1 y=2
x=0 0.01 0 0
x=1 0.09 009 0 @.7)
X=2 0 0 081

Note that all of the probabilities add up to 1. This reflects the second axiom of probability
(Section 1.3) that statd?[S] = 1. Using the notation of random variables, we write this as

3N Py oy =1 (4.8)

XeSx YESy

As defined in Chapter 2, the ran§eg is the set of all values oX with nonzero probability
and similarly forSy. Itis easy to see the role of the first axiom of probability in the PMF:
Px v(x,y) > 0 for all pairsx,y. The third axiom, which has to do with the union of
disjoint events, takes us to another important property of the joint PMF.

We represent an eveBtas a region in th&X, Y plane. Figure 4.2 shows two examples
of events. We would like to find the probability that the pair of random variaifey’) is
in the setB. When(X, Y) € B, we say the everB occurs. Moreover, we writ[B] as a
shorthand folP[ (X, Y) € B]. The next theorem says that we can flA[B] by adding the
probabilities of all pointgx, y) with nonzero probability that are iB.
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Theorem 4.2

For discrete random variables X and Y and any set B in th¥ Xlane, the probability of
the even{(X,Y) € B} is
P[Bl= > Pxy(Xx.y).

(x,y)eB

The following example uses Theorem 4.2.

Example 4.2 Continuing Example 4.1, find the probability of the event B that X, the number of

Quiz4.2

acceptable circuits, equals Y, the number of tests before observing the first failure.

Mathematically, B is the event {X = Y}. The elements of B with nonzero probability
are

BN Sxy =1{(0,0),(1,1), (2,2)}. (4.9)

Therefore,
P[B] = Px,y (0,0) + Px y (1.1) + Px vy (2,2 (4.10)
=0.01+0.09+0.81=0.91. (4.11)

If we view x, y as the outcome of an experiment, then Theorem 4.2 simply says that to
find the probability of an event, we sum over all the outcomes in that event. In essence,
Theorem 4.2 is a restatement of Theorem 1.5 in terms of random variddeslY and
joint PMF Px v (X, Y).

The joint PMF Ry c(q, g) for random variables Q and G is given in the following table:
Poc(@9|9=0 g=1 g=2 g=3

qg=20 006 018 024 012 (4.12)
g=1 0.04 012 016 008

Calculate the following probabilities:
(1) PIQ =0] (2) PIQ=G]
(3) PIG > 1] (4) PIG > Q]

4.3 Marginal PMF

In an experiment that produces two random variat{eand Y, it is always possible to
consider one of the random variabl&s,and ignore the other on.. In this case, we can
use the methods of Chapter 2 to analyze the experiment and dariwg, which contains
the probability model for the random variable of interest. On the other hand, if we have
already analyzed the experimentto derive the joint FR4Fy (X, y), it would be convenient
to derivePy (y) from Px v (X, y) without reexamining the details of the experiment.
To do so, we viewk, y as the outcome of an experiment and observeRhay (x, y) is
the probability of an outcome. MoreovéY, = y} is an event, so tha®y (y) = P[Y =]
is the probability of an event. Theorem 4.2 relates the probability of an event to the joint
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PMF. It implies that we can finy (y) by summingPx vy (X, y) over all points inSx y with

the propertyy¥ = y. In the sumy is a constant, and each term corresponds to a value of
X € Sx. Similarly, we can findPx (x) by summingPx vy (X, y) over all pointsX, Y such
that X = x. We state this mathematically in the next theorem.

Theorem 4.3 For discrete random variables X and Y with joint PMKR (X, y),

Px() =Y Pxy(x.y), Pr(y)=)Y PxyXy.

yeSy X€ Sy

Theorem 4.3 shows us how to obtain the probability model (PMB,cind the prob-
ability model ofY given a probability model (joint PMF) oK andY. When a random
variable X is part of an experiment that produces two random variables, we sometimes
refer to its PMF as anarginal probability mass function. This terminology comes from the
matrix representation of the joint PMF. By adding rows and columns and writing the results
in the margins, we obtain the marginal PMFS0andY. We illustrate this by reference to
the experiment in Example 4.1.

Example 4.3 In Example 4.1, we found the joint PMF of X and Y to be

Pxyx.y)|y=0 y=1 y=2 (4.13)
X =0 001 0 0
x=1 009 009 O
X =2 0 0 081

Find the marginal PMFs for the random variables X and Y.

To find Py (x), we note that both X and Y have range {0, 1, 2}. Theorem 4.3 gives

2 2
Px (0= Pxy(©.y)=001  Px(1)=) Pxy(Ly) =018  (4.14)

y=0 y=0
2
Py (2) = Z Px.y (2,y) =081 Px(X)=0 x#£0,1,2 (4.15)
y=0

For the PMF of Y, we obtain

2 2
Py (0)= ) Pxy(x,0)=0.10 Py ()= Pxy(x,1) =009 (4.16)
x=0 x=0
2
Py (=) Pxy(x,2)=081 P (y)=0 y#£0,1,2 (4.17)
x=0

Referring to the matrix representation of Px y(x, y) in Example 4.1, we observe that
each value of Px(x) is the result of adding all the entries in one row of the matrix.
Each value of Py (y) is a column sum. We display Py (x) and Py (y) by rewriting the
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matrix in Example 4.1 and placing the row sums and column sums in the margins.

Pxy(X,y) |y=0 y=1 y=2]| Px(X)
X=0 0.01 0 0 0.01
XxX=1 0.09 009 0 0.18 (4.18)
X =2 0 0 081 0.81
Py(y) | 010 009 081

Note that the sum of all the entries in the bottom margin is 1 and so is the sum of all
the entries in the right margin. This is simply a verification of Theorem 2.1(b), which
states that the PMF of any random variable must sum to 1. The complete marginal
PMF, Py (y), appears in the bottom row of the table, and Px(x) appears in the last

column of the table.

001 x=0, 01 y=0,
] 018 x=1, ] 009 y=1,
Px®)=1 081 x=2 PP =1 081 y=2 (4.19)
0 otherwise. 0 otherwise.
Quiz4.3 The probability mass functionPg (h, b) for the two random variables H and B is given
in the following table. Find the marginal PMFsRh) and Rs(b).
Pug(h,b) [b=0 b=2 b=4
h=-1 0 0.4 0.2
h=0 0.1 0 01 (4.20)
h=1 0.1 0.1 0

4.4 Joint Probability Density Function

The most useful probability model of a pair of continuous random variables is a general-
ization of the PDF of a single random variable (Definition 3.3).

Definition 4.3  Joint Probability Density Function (PDF)

The joint PDF of the continuous random variables X and Y is a functigg (k, y) with

the property

X y
Fxy (X,y) = / / fx.y (u,v) dvdu.
—00 v =00

For a single random variabb¢, the PDFfx (X) is a measure of probability per unit length.
For two random variableX andY, the joint PDFfx v (X, y) measures probability per unit

area. In particular, from the definition of the PDF,

Px < X <x+dx,y <Y <y+dy] = fxy (x,y) dxdy. (4.21)

GivenFx v (X, y), Definition 4.3 implies thaff x v (X, y) is a derivative of the CDF.
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32Fx.y (X, y)

fxy (X, y) = ox 3y

Definition 4.3 and Theorem 4.4 demonstrate that the joint ERF (X, y) and the joint
PDF fx y(x, y) are equivalent probability models for random variabeandY. In the
case of one random variable, we found in Chapter 3 that the PDF is typically more useful for
problem solving. This conclusion is even more true for pairs of random variables. Typically,
it is very difficult to useFx v (X, y) to calculate the probabilities of events. To get an idea
of the complication that arises, try proving the following theorem, which expresses the
probability of a finite rectangle in th¥, Y plane in terms of the joint CDF.

Plx1 < X <x2,y1 <Y =< ¥2] = Fxy (X2, ¥2) — Fx,y (X2, Y1)
— Fx,y (X1, ¥2) + Fx vy (X1, Y1)

The steps needed to prove the theorem are outlined in Problem 4.1.5. The theorem says that
to find the probability that an outcome is in a rectangle, it is necessary to evaluate the joint
CDF at all four corners. When the probability of interest corresponds to a nonrectangular
area, the joint CDF is much harder to use.

Of course, not every functiofix, v (X, y) is a valid joint PDF. Properties (e) and (f) of
Theorem 4.1 for the CDIFx v (X, y) imply corresponding properties for the PDF.

A joint PDF fx v (X, y) has the following properties corresponding to first and second
axioms of probability (see Section 1.3):

(@ fxy(x,y) > 0forall (x,y),
o o
(b) / / fxy(x, y)dxdy=1.
Given an experiment that produces a pair of continuous random variddesY, an
eventA corresponds to a region of the, Y plane. The probability oA is the double

integral of fx v (X, y) over the region of th&, Y plane corresponding ta.

The probability that the continuous random variab{es Y) are in A is

PIAl = // fuy (x. y) dx dy
A

Example 4.4 Random variables X and Y have joint PDF

c 0<x=<50=<y=<3,

0 otherwise. (4.22)

fxy (X, y) = {



162 CHAPTER 4 PAIRS OF RANDOM VARIABLES

Find the constantcand P[A] = P[2< X <3,1<Y < 3].

The large rectangle in the diagram is the area of nonzero probability. Theorem 4.6
states that the integral of the joint PDF over this rectangle is 1:

5 03
y 1:/ / cdydx= 15c (4.23)
o Jo

A
Therefore, c = 1/15. The small dark rectangle in the dia-

gramistheevent A={2< X <3,1<Y < 3}. P[A]isthe
integral of the PDF over this rectangle, which is

> X

3 31
F’[A]:'/2 /1 1—5dvdU:2/l5. (4.24)

This probability model is an example of a pair of random variables uniformly dis-
tributed over a rectangle in the X, Y plane.

The following example derives the CDF of a pair of random variables that has a joint PDF
that is easy to write mathematically. The purpose of the example is to introduce techniques
for analyzing a more complex probability model than the one in Example 4.4. Typically,
we extract interesting information from a model by integrating the PDF or a function of the
PDF over some region in the, Y plane. In performing this integration, the most difficult
task is to identify the limits. The PDF in the example is very simple, just a constant over a
triangle intheX, Y plane. However, to evaluate its integral over the region in Figure 4.1 we
need to consider five different situations depending on the values gj. The solution
of the example demonstrates the point that the PDF is usually a more concise probability
model that offers more insights into the nature of an experiment than the CDF.

Example 4.5 Find the joint CDF Fx y(x, y) when X and Y have joint PDF
Y
Jolxy)=2

2 O0=y=x=1,

0 otherwise. (4.25)

fxy (X, y) = {

The joint CDF can be found using Definition 4.3 in which we integrate the joint PDF
fx,y (X, y) over the area shown in Figure 4.1. To perform the integration itis extremely
useful to draw a diagram that clearly shows the area with nonzero probability, and then
to use the diagram to derive the limits of the integral in Definition 4.3.

The difficulty with this integral is that the nature of the region of integration depends
criticallyon x and y. Inthis apparently simple example, there are five cases to consider!
The five cases are shown in Figure 4.3. First, we note that with x < 0 ory < 0, the
triangle is completely outside the region of integration as shown in Figure 4.3a. Thus
we have Fx y (X, y) = Oifeitherx < Oory < 0. Another simple case ariseswhenx > 1
and y > 1. In this case, we see in Figure 4.3e that the triangle is completely inside the
region of integration and we infer from Theorem 4.6 that F x v(x, y) = 1. The other
cases we must consider are more complicated. In each case, since fx y(x,y) = 2
over the triangular region, the value of the integral is two times the indicated area.
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Xx<0ory<0

(@)

O<x<y O<y<1
0<x<1 X>1

(c) (d)

x> landy >1
(e)

Figure 4.3 Five cases for the CDFx v (x, y) of Example 4.5.
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When (X, y) is inside the area of nonzero probability (Figure 4.3b), the integral is
Yy X
Fxy (X, y) = / / 2dudv=2xy — y2 (Figure 4.3b). (4.26)
0 Juv
In Figure 4.3c, (X, y) is above the triangle, and the integral is
X X
Fyy (X, y) = / / 2dudv=x%2  (Figure 4.3c). (4.27)
0 Ju

The remaining situation to consider is shown in Figure 4.3d when (X, y) is to the right
of the triangle of nonzero probability, in which case the integral is

y rl
Fxy (X, y) = / / 2dudv=2y — y2 (Figure 4.3d) (4.28)
0 Jv

The resulting CDF, corresponding to the five cases of Figure 4.3, is

0 X<0ory<0 (a),
2xy—y? O0<y<x=<1 (b),
Fxyxy =1 x? 0<x<y0<x=<1 (c), (4.29)
2y-y? O0s<ys<1lx>1 (d),
1 x>1ly>1 (e).

In Figure 4.4, the surface plot of Fx v (X, y) shows that cases (a) through (e) corre-
spond to contours on the “hill” that is F x v (X, y). In terms of visualizing the random
variables, the surface plot of Fx v(x, y) is less instructive than the simple triangle
characterizing the PDF fx vy (X, y).

Because the PDF in this example is two over Sy y, each probability is just two times
the area of the region shown in one of the diagrams (either a triangle or a trapezoid).
You may want to apply some high school geometry to verify that the results obtained
from the integrals are indeed twice the areas of the regions indicated. The approach
taken in our solution, integrating over Sx y to obtain the CDF, works for any PDF.

In Example 4.5, it takes careful study to verify tiag v (x, y) is a valid CDF that satisfies

the properties of Theorem 4.1, or even that it is defined for all vatuesly. Comparing

the joint PDF with the joint CDF we see that the PDF indicates clearlyXhat occurs

with equal probability in all areas of the same size in the triangular regiory0< x < 1.

The joint CDF completely hides this simple, important property of the probability model.
Inthe previous example, the triangular shape of the area of nonzero probability demanded

our careful attention. In the next example, the area of nonzero probability is a rectangle.

However, the area corresponding to the event of interest is more complicated.

Example 4.6 As in Example 4.4, random variables X and Y have joint PDF

_ ] 115 0<x=<50<y=<3,
oy 6y = { 0 otherwise.

What is P[A] = P[Y > X]?

Applying Theorem 4.7, we integrate the density fx vy (X, y) over the part of the X, Y



4.5 MARGINAL PDF 165

Figure 4.4 A graph of the joint CDFFx v (X, y) of Example 4.5.

plane satisfying Y > X. In this case,

Y>X 3/ r31
P[A]:/0 (/X 1—5) dy dx (4.31)

33-x (3—x)23 3
_ - _ -2 4.32
/0 15 dx 30 10 (4.32)

X

0

In this example, we note that it made little difference whether we integrate firstyover
and then ovex or the other way around. In general, however, an initial effort to decide
the simplest way to integrate over a region can avoid a lot of complicated mathematical
maneuvering in performing the integration.

Quiz4.4 The joint probability density function of random variables X and Y is
_Jexy 0<x<10=<y<2
By (6 y) = { 0  otherwise. (4.33)

Find the constant c. What is the probability of the evert X2 + Y2 < 1?

4.5 Marginal PDF

Suppose we perform an experiment that produces a pair of random varktzad Y
with joint PDF fx y (X, y). For certain purposes we may be interested only in the random
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variable X. We can imagine that we ignok and observe onl)X. SinceX is a random
variable, it has a PDRx(x). It should be apparent that there is a relationship between
fx(x) and fx v (X, y). In particular, if fx vy (X, y) completely summarizes our knowledge
of joint events of the fornX = x,Y = vy, then we should be able to derive the PDFs
of X andY from fx y(x,y). The situation parallels (with integrals replacing sums) the
relationship in Theorem 4.3 between the joint PRk v (X, y), and the marginal PMFs
Px(x) and Py (y). Therefore, we refer tdx (x) and fy(y) as themarginal probability
density functionsf fx y (X, y).

Theorem 4.8 If X and Y are random variables with joint PDFxfy (X, y),

fx (X) = / fy (X, y) dy. fy (y) = / fy (X, y) dx.

Proof From the definition of the joint PDF, we can write
X oo
Fx X)) =P[X <X] = / </ fx.y (U, y) dy) du. (4.34)

—0o0 —0o0

Taking the derivative of both sides with respeckt¢which involves differentiating an integral with
variable limits), we obtainfx (x) = ffooo fx.y (X, y) dy. A similar argument holds fofy (y).

Example 4.7 The joint PDF of X and Y is

_[5y/4 -l=x=1x*<y=<1,
oy O y) = { 0 otherwise. (4.35)

Find the marginal PDFs fx(x) and fy(y).

We use Theorem 4.8 to find the marginal PDF f x(x). When x < —1 or when x > 1,
fx.y(X,y) =0, and therefore fx(x) =0. For -1 <x <1,

I X=x
Hy 15 51— x4
fx (X) :/ N gy 20X (4.36)
xz X2 4 8
X
-1 x 1
he complete expression for the marginal PDF of X is
-~ 05
% 51-x%/8 -1<x<1
fx o0 = { 0 otherwise. (4.37)
0

-1 0 1
X
For the marginal PDF of Y, we note thatfory <Oory > 1, fy(y) =0. ForO<y <1,

we integrate over the horizontal bar marked Y = y. The boundaries of the bar are
x=—,/yand x = ./y. Therefore,for0 <y <1,
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Y
]AL
_ vy x=
=y fy (y) :/ Y gx = Yy —5y32/2.  (4.38)
X -y 4 4 X=—,/Y
_1 _y//z yl/ZI
The complete marginal PDF of Y is
3
g ° (5/2y%? 0=<y=<1
u—>_ — -_ — )
! = { 0 otherwise. (4.39)
0
-1 0 1
y
The joint probability density function of random variables X and Y is
| Bx+y?)/5 0=<x=<10<y=<1,
By 06 y) = { 0 otherwise. (4.40)

Find fx(x) and fy(y), the marginal PDFs of X and Y.

4.6 Functions of Two Random Variables

There are many situations in which we observe two random variables and use their values to
compute a new random variable. For example, we can describe the amplitude of the signal
transmitted by a radio station as a random variaKle\We can describe the attenuation of

the signal as it travels to the antenna of a moving car as another random vaiale,

this case the amplitude of the signal at the radio receiver in the car is the random variable
W = X/Y. Other practical examples appear in cellular telephone base stations with two
antennas. The amplitudes of the signals arriving at the two antennas are modeled as random
variablesX andY. The radio receiver connected to the two antennas can use the received
signals in a variety of ways.

e It can choose the signal with the larger amplitude and ignore the other one. In this
case, the receiver produces the random varigble- X if |X| > |Y|andW =Y,
otherwise. This is an example sélection diversity combining.

e The receiver can add the two signals andWse= X + Y. This process is referred
to asequal gain combiningpecause it treats both signals equally.

e Athird alternative is to combine the two signals unequally in order to give less weight
to the signal considered to be more distorted. In this ¥dse aX + bY. If aandb
are optimized, the receiver performmaximal ratio combining.

All three combining processes appear in practical radio receivers.
Formally, we have the following situation. We perform an experiment and observe
sample values of two random variabkéandY. Based on our knowledge of the experiment,
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we have a probability model fo andY embodied in the joint PMP x v (X, y) or a joint
PDF fx v(X,y). After performing the experiment, we calculate a sample value of the
random variabl®/ = g(X, Y). The mathematical problem is to derive a probability model
for W.

When X andY are discrete random variableS,y, the range ofV, is a countable set
correspondingto all possible valuesgiiX, Y). ThereforeW is a discrete random variable
and has a PMPy (w). We can apply Theorem 4.2 to filRly (w) = P[W = w]. Observe
that{W = w} is another name for the evefd(X, Y) = w}. Thus we obtairPy(w) by
adding the values dPx vy (X, y) corresponding to the, y pairs for whichg(x, y) = w.

Theorem 4.9 For discrete random variables X and Y, the derived random variable-\W(X, Y) has

PMF
Pww = Y  Pxy(Xy).
X y):9(x,y)=w
Example 4.8 A firm sends out two kinds of promotional facsimiles. One kind contains only text

and requires 40 seconds to transmit each page. The other kind contains grayscale
pictures that take 60 seconds per page. Faxes can be 1, 2, or 3 pages long. Let
the random variable L represent the length of a fax in pages. S| = {1,2,3}. Let
the random variable T represent the time to send each page. St = {40,60}. After
observing many fax transmissions, the firm derives the following probability model:

PLT(,t) |t=40sec t=60sec

| =1page | 0.15 01
| =2 pages | 0.3 0.2 (4.41)
| =3 pages | 0.15 01

LetD = g(L, T) = LT be the total duration in seconds of a fax transmission. Find the
range Sp, the PMF Pp(d), and the expected value E[D].

By examining the six possible combinations of L and T we find that the possible values

of D are Sp = {40,60,80,120,180}. For the five elements of Sp, we find the following
probabilities:

Pb (40)= P 1 (1,40) = 015, Pp (120) = P_ 7 (3,40) + P_ T (2,60) = 0.35,
Pp (60)= P_ 1 (1,60) =01, Pp (180 = P_ 1 (3.60) = 0.1,
Pp (80)= P 1 (2,40) = 03, Pp (d) =0; d # 40,60,80,120,180.

The expected duration of a fax transmission is

E[D]= ) dPp(d) (4.42)
deSp

= (40)(015)+ 60(0.1) + 80(0.3) + 120(0.35) + 180(0.1) = 96 sec. (4.43)

When X andY are continuous random variables agic, y) is a continuous function,
W = g(X,Y) is a continuous random variable. To find the PDOky(w), it is usually
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helpful to first find the CDH~w (w) and then calculate the derivative. Viewifiyy < w}
as an evenh, we can apply Theorem 4.7.

Theorem4.10  For continuous random variables X and Y, the CDF o2Ag(X, Y) is

Fu (w) = P[W < w] = / fy (x. y) dx dy
gx,y)<w

Once we obtain the CDFw (w), it is generally straightforward to calculate the derivative
fw(w) = dFRw(w)/dw. However, for most functiong(x, y), performing the integration

to find Fw(w) can be a tedious process. Fortunately, there are convenient techniques for
finding fw(w) for certain functions that arise in many applications. The most important
function,g(X, Y) = X+, is the subject of Chapter 6. Another interesting function is the
maximum of two random variables. The following theorem follows from the observation
that{W < w} = {X < w}N{Y < w}.

Theorem4.11  For continuous random variables X and Y, the CDF o2Amax(X, Y) is

w w
Fw (w) = Fxy (w, w) = / / fx.y (x,y) dxdy.
—o0 J—0

Example 4.9 In Examples 4.4 and 4.6, X and Y have joint PDF

[ 1/15 0=<x<50=<y=<3,
fxy (. y) = { 0 otherwise.

Find the PDF of W = max(X, Y).

Because X > 0and Y > 0, W > 0. Therefore, Fyy(w) = 0for w < 0. Because X <5
andY < 3, W < 5. Thus Fy(w) = 1forw > 5. For0 < w < 5, diagrams provide a
guide to calculating Fy (w). Two cases, 0 < w < 3and 3 < w < 5, are shown here:

Y Y

X
w
O<w<3
When 0 < w < 3, Theorem 4.11 yields
w w 1
Fw (w) = / / — dx dy= w?/15. (4.45)

Because the joint PDF is uniform, we see this probability is just the area w 2 times the
value of the joint PDF over that area. When 3 < w < 5, the integral over the region
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{X <w,Y < w} becomes

F )—/w /Sld dx—/wldx— 5 (4.46)
W(w_o 01_5y —OE—LU/, .

which is the area 3w times the value of the joint PDF over that area. Combining the
parts, we can write the joint CDF:

1
z 0 w <0,
=< 05 w?/15 0<w <3
LL _ = =
Fw (w) = w5 3-w<s (4.47)
0
0 5 2 6 1 w > 5.
w
By taking the derivative, we find the corresponding joint PDF:
0.4
g 0.2 2w/l5 O0<w <3,
N fww) =1 1/5 3<w<b, (4.48)
0 0 otherwise.
0 2 4 6
w
In the following exampleWV is the quotient of two positive numbers.
Example 4.10 X and Y have the joint PDF
| pe®XFY) x>0,y >0,
iy 06y = { 0 otherwise. (4.49)
Find the PDF of W = Y/ X.
First we find the CDF:
Fw (w) = P[Y/X <w] = P[Y <wX]. (4.50)

For w < 0, Fyy(w) = 0. Forw > 0, we integrate the joint PDF fx y(x, y) over the
region of the X, Y plane for whichY < wX, X > 0, andY > 0 as shown:

o0 wX
Y PIY < wX] :/ (/ fx.y X, ¥) dy) dx (4.51)
Y=wX 0
:/ re X (f pe Y dy) dx  (4.52)
YOwX 0 0
o
_ f A& (1 — e HUX) dx (4.53)
0
X o
=1- (4.54)
A+ pw
Therefore,

0 0,
Fw(w):{ 1o 2 w<0. (4.55)

Apw W=
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Differentiating with respect to w, we obtain

fw (w) = (4.56)

ai/Oo+ pw)? w =0,
0 otherwise.

Quiz4.6
(A) Two computers use modems and a telephone line to transfer e-mail and Internet
news every hour. At the start of a data call, the modems at each end of the line
negotiate a speed that depends on the line quality. When the negotiated speed is
low, the computers reduce the amount of news that they transfer. The number of bits
transmitted L and the speed B in bits per second have the joint PMF

PLed,b) | b=14,400 b=21,600 b=28,800

| = 518,400 0.2 0.1 0.05

| = 2,592,000 0.05 01 0.2 (4.57)
| =7,776,000 0 01 0.2

Let T denote the number of seconds needed for the transfer. Express T as a function
of L and B. What is the PMF of T ?

(B) Findthe CDF and the PDF of W= XY when random variables X and Y have joint

PDF
1 0<x<1l0=<y=<1,

0 otherwise. (4.58)

fxy (X, y) = {

4.7 Expected Values

There are many situations in which we are interested only in the expected value of a derived
random variablaV = g(X, Y), not the entire probability model. In these situations, we
can obtain the expected value directly frahg v (X, y) or fx v (X, y) without taking the
trouble to computéy (w) or fw(w). Corresponding to Theorems 2.10 and 3.4, we have:

Theorem4.12  For random variables X and Y, the expected value cEW(X, Y) is

Discrete:  E[W] = Z Z g(x, Y)Px.y (X, y),
XeSx YeSy

o0 o0
Continuous: W] = / / ax, y) fx,y (x,y) dx dy.
—00 J —0OQ

Example 4.11  In Example 4.8, compute E[D] directly from P 1 (,1).
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Theorem 4.13

Theorem 4.14

Applying Theorem 4.12 to the discrete random variable D, we obtain

3
E[DI=) Y ItPL7d.1) (4.59)
|=1t=40,60
= (1)(40)(015) + (1)60(0.1) + (2)(40)(03) + (2)(60)(02) (4.60)
+ (3)(40)(015) + (3)(60)(01) = 96 sec, (4.61)

which is the same result obtained in Example 4.8 after calculating P p(d).

Theorem 4.12 is surprisingly powerful. For example, it lets us calculate easily the expected
value of a sum.

E[9(X,Y) + -+ gn(X, V)] = E[91(X, V)] +--- + E[gn(X, Y)].

Proof Letg(X,Y) = g1(X,Y)+---+dn(X,Y). For discrete random variabl&s Y, Theorem 4.12
states

E[9OG Y] = ) D (G106 ) + -+ 4 Gn(X ) Py (X, Y). (4.62)
XeSx YeSy
We can break the double summation intdouble summations:

E[OX.V]= D D a1 yPxy .+ 4+ > > (X Y)Pxy (. y). (4.63)
XeSx YeSy XeSx yeSy

By Theorem 4.12, thith double summation on the right sidel$g (X, Y)], thus
E[g(X. )] = E[91(X, V)] + -+ E[gn(X, Y)]. (4.64)

For continuous random variables, Theorem 4.12 says

E[g(X. V)] = /_ /_ (@Y 4+ Gk ) Txy (0 y) dxdy  (4.65)

To complete the proof, we express this integral as the sumimtegrals and recognize that each of
the new integrals is an expected val&gg; (X, Y)].

Inwords, Theorem 4.13 says that the expected value of a sum equals the sum of the expected
values. We will have many occasions to apply this theorem. The following theorem
describes the expected sum of two random variables, a special case of Theorem 4.13.

For any two random variables X and Y,
E[X+Y]=E[X]+ E[Y].
An important consequence of this theorem is that we can find the expected sum of two

random variables from the separate probability mod@g:(x) and Py (y) or fx(x) and
fy (y). We do not need a complete probability model embodidliry (X, y) or fx v (X, y).
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By contrast, the variance of + Y depends on the entire joint PMF or joint CDF:

Theorem4.15 The variance of the sum of two random variables is

Var[X + Y] = Var[X] + Var[Y] + 2E[(X — ux)(Y — uy)].

Proof SinceE[X + Y] = ux + uy,

Var[X + Y] = E [(x FY = (uy + ,uy))z] (4.66)
= E[((X =m0 + (Y = u)?] (4.67)
= B [(X = 130? + 20X = i)Y = piy) + (Y = u)?] . (4.68)

We observe that each of the three terms in the preceding expected values is a funetiandyY .
Therefore, Theorem 4.13 implies

Var X + Y] = E [(X = 1502] + 2E [(X = i)Y = )] + E[(Y = y)?]. (4.69)
The first and last terms are, respectively,[¥drand Var[Y].

The expressioiE[(X — ux)(Y — wy)]in the final term of Theorem 4.15 reveals important
properties of the relationship &f andY. This quantity appears over and over in practical
applications, and it has its own nangeyariance.

Definition 4.4  Covariance
Thecovariance of two random variables X and Y is

Cov[X,Y] = E[(X —ux) (Y — uy)].

Sometimes, the notatieryy is used to denote the covariancexdndY. Thecorrelation
of two random variables, denoted v, is a close relative of the covariance.

Definition 45  Correlation
Thecorrelation of X and Y is ky = E[XY]

The following theorem contains useful relationships among three expected values: the
covariance oX andY, the correlation ofX andY, and the variance of + Y.

Theorem 4.16
(@) CoMX, Y] =rxy — muxuy.
(b) Var[X + Y] = Var[X] + Var[Y] + 2Co\( X, Y].
(c) f X =Y,CoMX, Y]=VarX] = Var[Y]andryy = E[X?] = E[Y?].
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Proof Cross-multiplying inside the expected value of Definition 4.4 yields
Cov[X,Y] = E[XY — uxY — uy X + xpy] . (4.70)
Since the expected value of the sum equals the sum of the expected values,
Cov[X,Y] = E[XY] = E[uxY] — E[uyX] + E[uyux]. (4.71)

Note that in the expressidB[y X], iy is a constant. Referring to Theorem 2.12, wesset uy and
b = 0 to obtainE[uy X] = uy E[X] = nuyux. The same reasoning demonstrates Eiaty Y] =
ux E[Y] = uxwy. Therefore,

Cov[X,Y] = E[XY] — uxpy — Wy ix + Hypux =TX,y — LXLY- (4.72)

The other relationships follow directly from the definitions and Theorem 4.15.

Example 4.12  For the integrated circuits tests in Example 4.1, we found in Example 4.3 that the
probability model for X and Y is given by the following matrix.

PxyX.y) |y=0 y=1 y=2| Px(¥) (4.73)
x=0 001 0O 0 | 001
x=1 009 009 0 | 018
x=2 0 0 081 081
Py(yy | 010 009 081

Findrx v and Cov[X, Y].

By Definition 4.5,

2 2
rxy =E[XY]=)" > xyPy Xy (4.74)
x=0y=0
= (1)(1)0.09+ (2)(2)0.81 = 3.33. (4.75)

To use Theorem 4.16(a) to find the covariance, we find

E[X] = (1)(0.18) + (2)(0.81) = 1.80, (4.76)
E[Y] = (1)(009)+ (2)(081) = 1.71. 4.77)

Therefore, by Theorem 4.16(a), Cov[X, Y] = 3.33 — (1.80)(1.71) = 0.252.

Associated with the definitions of covariance and correlation are special terms to describe
random variables for whichx y = 0 and random variables for which Jo¢, Y] = 0.

Definition 4.6 Orthogonal Random Variables
Random variables X and Y acethogonal ifr x v = 0.
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Definition 4.7  Uncorrelated Random Variables
Random variables X and Y aumcorrelated if Cov X, Y] = 0.

This terminology, while widely used, is somewhat confusing, since orthogonal means zero
correlation while uncorrelated means zero covariance.
The correlation coefficient is closely related to the covariance of two random variables.

Definition 4.8  Correlation Coefficient
Thecorrelation coefficient of two random variables X and Y is

Cov[X,Y]  Cov[X,Y]

PRy = JVar[ X] VarY] oxXoy

Note that the units of the covariance and the correlation are the product of the uKits of
andY. Thus, if X has units of kilograms and has units of seconds, then QoY Y] and
rx v have units of kilogram-seconds. By contrast,y is a dimensionless quantity.

An important property of the correlation coefficient is that it is bounded-hyand 1:

Theorem 4.17
-1l=<pxy =1

Proof Leta>2( anda$ denote the variances of andY and for a constard, letW = X —aY. Then,
varfw] = E [(x - aY)z] —(E[X —aY])2. (4.78)
SinceE[X — aY] = ux — auy, expanding the squares yields

varfw] = E [xz —2axY+ aZYZ] - (Mi — Dauy ey + a2p,$) (4.79)
= Var[X] —2aCov[X, Y] + a2 Var[Y]. (4.80)

Since VarW] > 0 for anya, we have 2 Cov[X, Y] < Var[X] + a2 var[Y]. Choosinga = ox /oy
yields CoJ X, Y] < oyox, which impliespx y < 1. Choosinga = —ox /oy yields CoyX, Y] >
—oyox, which impliespy y > —1.

We encountepx_y in several contexts in this book. We will see that vy describes
the information we gain about by observingX. For example, a positive correlation
coefficient,px v > 0, suggests that wheX is high relative to its expected valug,also
tends to be high, and wheftis low, Y is likely to be low. A negative correlation coefficient,
px.y < 0, suggests that a high value Xfis likely to be accompanied by a low value of
Y and that a low value oKX is likely to be accompanied by a high valueYf A linear
relationship betweeX andY produces the extreme valugsy v = +1.
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Theorem4.18 If X and Y are random variables such thatYaX + b,

-1 a<0,
OX,Y = 0 a=0,
1 a=>0.

The proofis left as an exercise for the reader (Problem 4.7.7). Some examples of positive,
negative, and zero correlation coefficients include:

e X is the height of a studen¥. is the weight of the same student<Opx vy < 1.

e X s the distance of a cellular phone from the nearest base statimthe power of
the received signal at the cellular phorel < px v < O.

X is the temperature of a resistor measured in degrees Ce¥siaghe temperature
of the same resistor measured in degrees Kepijny = 1.

X is the gain of an electrical circuit measured in decibe¥sis the attenuation,
measured in decibels, of the same circpik,y = —1.

e X s the telephone number of a cellular phoives the social security number of the
phone’s ownerpx y = 0.

Quiz4.7
(A) Random variables L and T given in Example 4.8 have joint PMF

PLt(,t) | t=40sec t=60sec

| =1 page 0.15 01

| = 2 pages 0.30 02 (4.81)

| = 3 pages 0.15 01.
Find the following quantities.
(1) E[L]andVar[L] (2) E[T]andVar[T]
(3) The correlationt 1 = E[LT] (4) The covarianc€oVL, T]
(5) The correlation coefficient, 1

(B) The joint probability density function of random variables X and Y is
] xy 0<x=<10=<y=<2,
iy (y) = { 0 otherwise. (4.82)

Find the following quantities.
(1) E[X]andVar[X] (2) E[Y]andVar[Y]
(3) The correlation i,y = E[XY] (4) The covarianc€oV X, Y]

(5) The correlation coefficientx vy



4.8 CONDITIONING BY AN EVENT 177

4.8 Conditioning by an Event

An experiment produces two random variabkandY. We learn that the outcongg, y) is

an element of an ever. We use the informatiofx, y) € B to construct a new probability
model. If X andY are discrete, the new model is a conditional joint PMF, the ratio of the
joint PMF to P[B]. If X andY are continuous, the new model is a conditional joint PDF,
defined as the ratio of the joint PDF R} B]. The definitions of these functions follow from

the same intuition as Definition 1.6 for the conditional probability of an event. Section 4.9
considers the special case of an event that corresponds to an observation of one of the two
random variables: eithd® = {X = x}, orB = {Y = y}.

7
+Pxy(2,2)+Pxy @ 1=

Definition 49  Conditional Joint PMF
For discrete random variables X and Y and an event, B wifB]P> 0, theconditional
joint PMF of X and Y given B is
Px.yis (X,y) = P[X=X,Y =y|B].
The following theorem is an immediate consequence of the definition.
Theorem4.19  For any event B, a region of the, X plane with RB] > 0,
Px.y (X, y)
e - 7 X, c B’
Px.yig (X,y) = P[B] (*.¥)
0 otherwise.
Example 4.13
y 1
4 4 Pxy(X,y) eIs
11
3 . '112 '116 Random variables X and Y have the joint PMF Px v (X, y)
2 o8 o12 16 as shown. Let B denote the event X +Y < 4. Find the
1 o of iz g  conditional PMF of X and Y given B.
0 X
y Event B = {(1,1), (2,1), (2,2), (3,1)} consists of all points
4 Px.v|B(X, ¥) (X, y) such that x + y < 4. By adding up the probabilities of
5 ' all outcomes in B, we find
2 ot P[B] = Pxy (1,1)+ Pxy (2, 1)
1 o% ol%l o%
0

X 12
The conditional PMF Py y|g(X, Y) is shown on the left.




178 CHAPTER 4 PAIRS OF RANDOM VARIABLES

In the case of two continuous random variables, we have the following definition of the
conditional probability model.

Definition 4.10 Conditional Joint PDF
Given an event B with [B] > 0, the conditional joint probability density function of X

andY is
fxy (X, y)

vy =1 P YV EB
0

otherwise.

Example 4.14 X and Y are random variables with joint PDF

_ ] 115 0<x=<50<y=<3,
Py 6y = { 0 otherwise. (4.83)
Find the conditional PDF of X and Y given the event B = {X +Y > 4}.
We calculate P[B] by integrating f x v (X, y) over the region B.
Y
3 5 1
P[B] :/ / —dxdy (4.84)
0 J4-y 15
1 3
= — 1 d 4.85
& ) @y (4.85)
X =1/2. (4.86)
Definition 4.10 leads to the conditional joint PDF
_ ] 2/15 0<x=<50<y=<3,x+y=>4,
fx.yip X y) = { 0 otherwise. (4.87)

Corresponding to Theorem 4.12, we have

Theorem4.20  Conditional Expected Value
For random variables X and Y and an event B of nonzero probability, the conditional
expected value of W= g(X, Y) given B is

Discrete:  E[W[B] = > > g(X.y)Px.vg (X.Y).
XeSx YeSy

o0 o0
Continuous: HW|B] = / / a(x, y) fx,yis (X, y) dxdy.
—o00 J—00

Another notation for conditional expected valuguig, .
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Definition 4.11 Conditional variance
Theconditional variance of the random variable W= g(X, Y) is

Var[W|B] = E [(W — nwis)’ |B] .

Another notation for conditional varianced%,lB. The following formula is a convenient
computational shortcut.

Theorem 4.21

Example 4.15

Example 4.16

Var[W|B] = E [W2B] - (uwe)?

Continuing Example 4.13, find the conditional expected value and the conditional vari-
ance of W = X + Y giventheevent B = {X +Y < 4}.

We recall from Example 4.13 that Py y|g(X, y) has four points with nonzero proba-
bility: (1, 1), (1,2), (1,3), and (2,2). Their probabilities are 3/7, 3/14, 1/7, and 3/14,
respectively. Therefore,

E[W[B] =Y (X+Y)Px B (X.Y) (4.88)
X,y
3 .3 1 3 4
=25 48 +4s+a =14 (4.89)
Similarly,
E[W2IB] = Y+ )2Px vig (x. ) (4.90)
X,y
3 3 1 3 131
=222 4R 4422 422 2 4.91
AR VR R VIV (4.91)

The conditional variance is VarfW|B] = E[W?2|B]—(E[W|B])2 = (131/14)— (41/14¢ =
153/196.

Continuing Example 4.14, find the conditional expected value of W = XY given the
event B={X+Y > 4}.

B For the event B shown in the adjacent graph, Example 4.14
showed that the conditional PDF of X, Y given B is

2/15 0<x=<50=<y=<3,(x,y)€B,

fx.yiB X y) = { 0 otherwise.
X
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Quiz4.8

From Theorem 4.20,

3 r5 2
E[XY]|B] :/ / 1—5xydx dy (4.92)
0 Ja-y
1 (30 P
=%/, (x ’47y)ydy (4.93)
1 3 > 3 123
_1_5/0 (9y+8y —y)dy_z—o. (4.94)

(A) From Example 4.8, random variables L and T have joint PMF

PLT(,t) |t=40sec t=60sec
| =1page | 0.15 01
| =2 pages| 0.3 0.2
| = 3 pages| 0.15 01

(4.95)

For random variable V= LT, we define the event A {V > 80}. Find the condi-
tional PMF A 1ja(l,t) of L and T given A. What are [&/ |A] andVar[V |A]?

(B) Random variables X and Y have the joint PDF

Xy/4000 1<x <3,40<y <60,

fxy x.y) = { 0 otherwise. (4.96)

For random variable W= XY, we define the event B {W > 80}. Find the
conditional joint PDF fx v|g(l,t) of X and Y given B. What are[®/|B] and
Var[W|B]?

4.9 Conditioning by a Random Variable

In Section 4.8, we use the partial knowledge that the outcome of an experixngntc B

in order to derive a new probability model for the experiment. Now we turn our attention
to the special case in which the partial knowledge consists of the value of one of the
random variables: eitheéB = {X = x} or B = {Y = y}. Learning{Y = y} changes our
knowledge of random variable§ Y. We now have complete knowledgeYoeind modified
knowledge ofX. From this information, we derive a modified probability modelXorThe

new model is either aonditional PMF of X given Yor aconditional PDF of X given Y
WhenX andY are discrete, the conditional PMF and associated expected values represent a
specialized notation for their counterpar®s vig(x, y) andE[g(X, Y)|B] in Section 4.8.

By contrast, wherKX andY are continuous, we cannot apply Section 4.8 directly because
P[B] = P[Y = y] = O as discussed in Chapter 3. Instead, we define a conditional PDF as
the ratio of the joint PDF to the marginal PDF.
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Definition 4.12 Conditional PMF

For any event Y=y such that R(y) > 0, theconditional PMF of X given Y=y is

Pxiy (Xly) = P[X =x|Y =Y].

The following theorem contains the relationship between the joint PMkarfdY and
the two conditional PMFsRx v (x]y) and Py |x (y|X).

Theorem4.22  Forrandom variables X and Y with joint PMFEy (X, y), and x and y such that;&x) > 0
and R (y) > 0,
Px,y (X, y) = Pxjy (X]y) Py (y) = Pyjx (YIX) Px (X).
Proof Referring to Definition 4.12, Definition 1.6, and Theorem 4.3, we observe that
PIX=x,Y=y] PxyXy
Pxiy (Xly) = P[X =X|]Y =y] = == 4.97
v vy =PI =P =y Py ) @97
Hence,Px v (X, y) = Px)y(X|y)Py(y). The proof of the second part is the same wittand Y
reversed.
Example 4.17
y 1
41 Pxy(Xy)  eI6
1 1
3 o2 oI6 Random variables X and Y have the joint PMF
5 | .% .%2 .1_16 Px v (X, y), as given in Example 4.13 and repeated in
the accompanying graph. Find the conditional PMF
1 1 1 1 .
1 o4 o8 oI2 16 of Y given X = x for each x € Sx.
0 X

To apply Theorem 4.22, we first find the marginal PMF Px(x). By Theorem 4.3,
Px(x) = ZyeS( Px v(x,y). For agiven X = x, we sum the nonzero probablities
along the vertical line X = x. Thatis,

1/4 x =1, 1/4 x=1,
1/8+1/8 X =2, 1/4 x =2,
Px (x) ={ 1/1241/124+1/12 X =3, ={ 1/4 x=3,
1/16+1/16+1/16+1/16 x = 4, 1/4 x =4,
0 otherwise, 0 otherwise.

Theorem 4.22 implies that for x € {1, 2, 3, 4},

Pxy (X, ¥)

Py|x (yIx) = Py (%)

=4Px y (X,y). (4.98)



182 CHAPTER 4 PAIRS OF RANDOM VARIABLES

For each x € {1,2, 3,4}, Pyx(y|x) is a different PMF.

(1 oy=1, _ 12 ye{12,
Pyix (yl1) = { 0 otherwise. Pyix(yl2) = { 0  otherwise.

| 13 ye{1.23} _ | 14 ye{l.23.4}
Pyix (¥I3) = { 0  otherwise. Pyix (yI4) = { 0  otherwise.

Given X = x, the conditional PMF of Y is the discrete uniform (1, x) random variable.

For eachy € Sy, the conditional probability mass function ¥f, gives us a new prob-
ability model of X. We can use this model in any way that we #se(x), the model we
have in the absence of knowledgeYaf Most important, we can find expected values with
respect taPx y (X|y) just as we do in Chapter 2 with respectRg (x).

Theorem4.23  Conditional Expected Value of a Function
X and Y are discrete random variables. For ang 5y, the conditional expected value of
g(X,Y)givenY=yis

E[gOXCYIY =yl = > g%, y)Pxy (XIY) -

X€Sx
The conditional expected value ¥fgivenY = vy is a special case of Theorem 4.23:

E[XIY =yl = > xPxy (x]y). (4.99)

X€Sx

Theorem 4.22 shows how to obtain the conditional PMF given the joint PMF; (X, Y).
In many practical situations, including the next example, we first obtain information about
marginal and conditional probabilities. We can then use that information to build the
complete model.

Example 4.18  In Example 4.17, we derived the following conditional PMFs: Py x(y|1), Py|x(y|2),
Pyx (yI3), and Py|x (y|4). Find E[Y|X = x] forx = 1,2, 3, 4.

Applying Theorem 4.23 with g(x, y) = x, we calculate

E[YIX=1]=1, E[Y|X =2] =15, (4.100)
E[Y|X =3]=2, E[Y|X =4] = 25. (4.101)

Now we consider the case in whick andY are continuous random variables. We
observelY = y} and define the PDF oX given{Y = y}. We cannot us® = {Y =y}
in Definition 4.10 becaus®[Y = y] = 0. Instead, we define eonditional probability
density function, denoted dy (x]y).
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Definition 4.13 Conditional PDF
For y such that §(y) > 0, the conditional PDF of X givefY =y} is

by (xly) = 2L,
Definition 4.13 implies
fyix (yIx) = %17(())(())/) (4.102)
Example 4.19  Returning to Example 4.5, random variables X and Y have joint PDF
A L=
fx.y (X, y) = { (2) gtﬁefwfiszé L, (4.103)

1
For 0 < x < 1, find the conditional PDF fy‘x(y|X). For 0 < y < 1, find the conditional
PDF fx|y(X|y).

For 0 < x <1, Theorem 4.8 implies

e} X
fx (X) :/ fxy X, y) dy:/O 2dy = 2x. (4.104)
o0

The conditional PDF of Y given X is

fyix (YIX) =

fxy .y :{ Lx 0=y=x (4.105)

fx (X) 0 otherwise.

Given X = X, we see that Y is the uniform (0, x) random variable. For0 <y < 1,
Theorem 4.8 implies

00 1
fy (y) = / fxy (X, y)dx= / 2dx=21-y). (4.106)
—00 y

Furthermore, Equation (4.102) implies

fxy X,y _{ 1/Q—-y) y<x<1,

fxiy Xly) = === =1 ; otherwise.

4.107
fy (¥) ( )

Conditioned on Y =y, we see that X is the uniform (y, 1) random variable.

We can include both expressions for conditional PDFs in the following formulas.

Theorem 4.24
fxy (X, ¥) = fyx (YIx) fx (X) = fxjy (X]y) fy (y).

For eachy with fy(y) > O, the conditional PDF xy (X|y) gives us a new probability
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Definition 4.14

Definition 4.15

model of X. We can use this model in any way that we dsgx), the model we have in
the absence of knowledge ¥f Most important, we can find expected values with respect
to fxv (x|y) just as we do in Chapter 3 with respectfte(x). More generally, we define
the conditional expected value of a function of the random variable

Conditional Expected Value of a Function
For continuous random variables X and Y and any y such tRdy ¥ > 0, theconditional
expected value of g(X, Y) given Y=y is

E[g(X, MY =] =/ ax, y) fxyy (x]y) dx.

The conditional expected value ¥fgivenY = vy is a special case of Definition 4.14:

(@]
E[X]Y =y] = / xfxpy (x]y) dx. (4.108)
—0o0

When we introduced the concept of expected value in Chapters 2 and 3, we observed that

E[X] is a number derived from the probability modelXf This is also true foE[ X|B].

The conditional expected value given an event is a number derived from the conditional

probability model. The situation is more complex when we consklet|Y = y], the

conditional expected value given a random variable. In this case, the conditional expected

value is a different number for each possible observatienSy. ThereforeE[X|Y = Y]

is a deterministic function of the observatign This implies that when we perform an

experiment and observé = y, E[X|Y = y] is a function of the random variab¥. We

use the notatiofe[ X|Y] to denote this function of the random varialfleSince a function

of a random variable is another random variable, we conclude&n4tY] is a random

variable! For some readers, the following definition may help to clarify this point.

Conditional Expected Value
The conditional expected value[ X|Y] is a function of random variable Y such that if
Y =y then BX|Y] = E[X|Y =V].

Example 4.20  For random variables X and Y in Example 4.5, we found in Example 4.19 that the

conditional PDF of X given Y is

_fxyxy) [ 1/d-y) y=x<=1,
fx)y (Xly) = ) { 0 otherwise. (4.109)

Find the conditional expected values E[X|Y = y] and E[X]|Y].

Given the conditional PDF fyx y (x]y), we perform the integration

o0
E[X]Y =y] = / xfxpy (x]y) dx (4.110)
o

-1
_fl 1 e x2 | 1+y
B y 1=y 21—y

= (4.111)
x=y
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Theorem 4.26
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Since E[X]Y = y] = (1+Y)/2, E[X|Y] = (1+Y)/2.

Aninteresting property of the random varialdgX| Y] is its expected valuE[E[ X | Y]].
We find E[E[ X|Y]] in two steps: first we calculatgy) = E[X|Y = y] and then we apply
Theorem 3.4 to evaluate[g(Y)]. This two-step process is knownitsrated expectation.

| terated Expectation

E[E[X|Y]] = E[X].
Proof We consider continuous random variab¥sndY and apply Theorem 3.4:

E[E[XIV]] = foo ELXIY = y] fy (y) dy. (4.112)

To obtain this formula from Theorem 3.4, we have ugdX|Y = y] in place ofg(x) and fy (y) in
place of fx (x). Next, we substitute the right side of Equation (4.108)E¢X|Y = y]:

eletvl = [ ([ xtay oy dx) v . (4.113)

Rearranging terms in the double integral and reversing the order of integration, we obtain:

o0 o0
E[E[X|Y] = / x/ fpy (XIy) Ty (y) dydx (4.114)
—00 —00

Next, we apply Theorem 4.24 and Theorem 4.8 to infer that the inner integral is sifrky.

Therefore,
o0

E[E[X|Y]] :/ Xy (X) dx. (4.115)

—00
The proof is complete because the right side of this formula is the definitidf{ ¥1. A similar
derivation (using sums instead of integrals) proves the theorem for discrete random variables.

The same derivation can be generalized to any funaiof) of one of the two random
variables:

ETE[9OIY]] = E[9(X)].
The following versions of Theorem 4.26 are instructiveY lis continuous,

o0
E[g(X)] = E[E[g(X)IY]] = f E[gO1Y =y] fy (y) dy. (4.116)
—0o0
and ifY is discrete, we have a similar expression,

E[gO)] = E[E[gOOIYI = Y E[GOOIY = Y] Py (y). (4.117)
yeSy
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Theorem 4.26 decomposes the calculatiorEfd(X)] into two steps: the calculation of
E[g(X)]Y = y], followed by the averaging dE[g(X)|Y = y] over the distribution of.

This is another example of iterated expectation. In Section 4.11, we will see that the iterated
expectation can both facilitate understanding as well as simplify calculations.

Example 4.21 At noon on a weekday, we begin recording new call attempts at a telephone switch.
Let X denote the arrival time of the first call, as measured by the number of seconds
after noon. Let Y denote the arrival time of the second call. In the most common
model used in the telephone industry, X and Y are continuous random variables with
joint PDF

22e M 0<x<y,

fx,y X, y) = { 0 otherwise.

(4.118)

where L > 0 calls/second is the average arrival rate of telephone calls. Find the
marginal PDFs fx (x) and fy(y) and the conditional PDFs fx vy (x]y) and fy|x(y|X).

For x < 0, fx(x) = 0. Forx > 0, Theorem 4.8 gives fx(x):
o
fx (X) = / A2e Y dy = e X, (4.119)
X

Referring to Appendix A.2, we see that X is an exponential random variable with
expected value 1/x. Given X = x, the conditional PDF of Y is

fix (Yo = “ 10 otherwise. (4.120)

fx (%)
To interpret this result, let U = Y — X denote the interarrival time, the time between
the arrival of the first and second calls. Problem 4.10.15 asks the reader to show that
given X = x, U has the same PDF as X. Thatis, U is an exponential (1) random
variable.
Now we can find the marginal PDF of Y. Fory < 0, fy(y) = 0. Theorem 4.8
implies

fxy (X, y) { e Y0y s x,

foy 12eMdx=A12ye ™ y>0,
0

otherwise. (4.121)

fy (y) = {

Y is the Erlang (2, 1) random variable (Appendix A). Given Y = vy, the conditional
PDF of X is

fxyxy) [1)y 0<x<y,

fy(yy ~ | O otherwise.

Under the condition that the second call arrives at time y, the time of arrival of the first
call is the uniform (0, y) random variable.

fx)y (Xly) = (4.122)

In Example 4.21, we begin with a joint PDF and compute two conditional PDFs. Often
in practical situations, we begin with a conditional PDF and a marginal PDF. Then we use
this information to compute the joint PDF and the other conditional PDF.

Example 4.22  Let R be the uniform (0, 1) random variable. Given R = r, X is the uniform (0, r)
random variable. Find the conditional PDF of R given X.

The problem definition states that

] 1 0=<r<1, ) 1/r 0=sx<r <1,
fR(N) = { 0 otherwise, fxiR (XIN) = { 0  otherwise. (4.123)
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It follows from Theorem 4.24 that the joint PDF of Rand X is

1 0 1,
frx 00 = b fre)={ o/ Xl (4.124)
Now we can find the marginal PDF of X from Theorem 4.8. For 0 < x < 1,
00 Ldr
fx (X) :/ frx (r,x) dr = / — =—Inx. (4.125)
By the definition of the conditional PDF,
_frxx | A5 x<r=1,
FRix (rX) = fx () { 0 otherwise. (4.126)
Quiz4.9
(A) The probability model for random variable A is
04 a=0,
Pa(@ =1 06 a=2, (4.127)
0 otherwise.
The conditional probability model for random variable B given A is
08 b=0, 05 b=0,
Peia(bl0) =4 02 b=1, Peia(bl2)=41 05 b=1, (4.128)
0 otherwise, 0 otherwise.

(1) What is the probability model for (2) If A = 2, what is the conditional
A and B? Write the joint PMF expected value BB|A = 2]?
Pa B(a, b) as atable.

(3) If B = 0, what is the conditional (4) If B = 0, what is the conditional

PMF Pag(al0)? varianceVar[A|B = 0] of A?
(B) The PDF of random variable X and the conditional PDF of random variable Y given
X are
| 3% 0<x<1, [ 2y/x? 0<y<x,0<x<1,

fx 00 = { 0 otherwise, VX0 = { 0 otherwise.

(1) What is the probability model for (2) If X = 1/2, find the conditional
XandY? Find & v(X,Y). PDF fy|x(y|1/2).

3) If Y = 1/2, what is the condi- (4) If Y = 1/2, what is the condi-

tional PDF fxy(x|1/2? tional variancevar[ X|Y = 1/2]?
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4.10 Independent Random Variables

Chapter 1 presents the concept of independent events. Definition 1.7 states thafevents
andB are independent if and only if the probability of the intersection is the product of the
individual probabilitiesP[AB] = P[A]P[B].

Applying the idea of independence to random variables, we sayilaaidY are inde-
pendent random variables if and only if the evefs= x} and{Y = y} are independent
forall x € Sx and ally € Sy. In terms of probability mass functions and probability
density functions we have the following definition.

Definition 4.16 I ndependent Random Variables
Random variables X and Y aiedependent if and only if

Discrete: Ry (X, y) = Px (X) Py (y),
Continuous: Ky (X,y) = fx (X) fv (y).
Because Definition 4.16 is an equality of functions, it must be true for all valursaati
y. Theorem 4.22 implies that X andY are independent discrete random variables, then

Pxjy (Xly) = Px (), Pyix (YIX) = Py (y). (4.129)

Theorem 4.24 implies that X andY are independent continuous random variables, then

fxjy (xly) = fx (%) fyix (yIx) = fy (). (4.130)
Example 4.23
_ ) 4y 0=<x=<1l0=<y=<l1,
fxy 6 y) = { 0  otherwise. (4.131)
Are X and Y independent?
The marginal PDFs of X and Y are
) 2x 0=x<1, ]2y O0=<y=<1,
fx (0 = { 0 otherwise, fy (y) = { 0 otherwise. (4.132)
Itis easily verified that fx v (x, y) = fx(x) fy(y) for all pairs (x, y) and so we conclude
that X and Y are independent.
Example 4.24

24w u>0,v>0,u+v <1,

fuv (v = { 0 otherwise. (4.133)

Are U and V independent?

Since fy v (u, v) looks similar in form to fx vy (X, y) in the previous example, we might
suppose that U and V can also be factored into marginal PDFs f(u) and fy (v).
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However, this is not the case. Owing to the triangular shape of the region of nonzero
probability, the marginal PDFs are

12u1—-u? O0<u<l,

fu W = { 0 otherwise, (4.134)
[ 12va-v? 0<v<1,
fv = { 0 otherwise. (4.139)

Clearly, U and V are not independent. Learning U changes our knowledge of V. For
example, learning U = 1/2 informs us that P[V < 1/2] = 1.

In these two examples, we see that the region of nonzero probability plays a crucial role
in determining whether random variables are independent. Once again, we emphasize that
to infer thatX andY are independent, it is necessary to verify the functional equalities in
Definition 4.16 for allx € Sx andy € Sy. There are many cases in which some events of
the form{X = x} and{Y = y} are independent and others are not independent. If this is
the case, the random variablEsandY are not independent.

The interpretation of independent random variables is a generalization of the interpreta-
tion of independent events. Recall thafiindB are independent, then learning tighas
occurred does not change the probabilityBobccurring. WhenX andY are independent
random variables, the conditional PMF or the conditional PDX afivenY = y is the
same for ally € Sy, and the conditional PMF or the conditional PDFYoQiven X = x
is the same for alk € Sx. Moreover, Equations (4.129) and (4.130) state that when two
random variables are indpendent, each conditional PMF or PDF is identical to a correspond-
ing marginal PMF or PDF. In summary, whéhandY are independent, observiiyg=y
does not alter our probability model f&. Similarly, observing< = x does not alter our
probability model fory. Therefore, learning that = y provides no information abo{,
and learning thaX = x provides no information abot.

The following theorem contains several important properties of expected values of in-
dependent random variables.

For independent random variables X and Y,
(@) E[g(X)h(Y)] = E[g(X)IE[h(Y)],
(b) rx,y = E[XY] = E[X]E[Y],
(c) CouX,Y]=pxy =0,
(d) Var[X + Y] = Var[X] + Var[Y],
(e) E[X|Y =y]=E[X]forally € Sy,
(H ELY|X =x] = E[Y]forall x € S.

Proof We present the proof for discrete random variables. By replacing PMFs and sums with
PDFs and integrals we arrive at essentially the same proof for continuous random variables. Since
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Px. vy (X, ¥) = Px X) Py (y),

E[gOOhM] = ) D" g0oh(y)Px (%) Py (y) (4.136)
XeSx YeSy
= (Z 9(x)Px () (Z h(y)Py (y)) =E[gX]E[(Y)]. (4137
X€Sx yeSy

If g(X) = X, andh(Y) =Y, this equation impliesx v = E[XY] = E[X]E[Y]. This equation
and Theorem 4.16(a) imply CPX, Y] = 0. As a result, Theorem 4.16(b) implies VArf- Y] =
Var[ X] 4 Var[Y]. Furthermorepy v = CoV X, Y]/(oxoy) = 0.

SincePyy (X|y) = Px (),

EIXIY=y]= ) xPxy Xly) = ) xPx (x) = E[X]. (4.138)

X€Sx X€Sx

SincePy|x (yIx) = Py (y),

EIYIX=X]= ) yRyx ()= ) yR (y) = E[Y]. (4.139)
yeSy yeSy

These results all follow directly from the joint PMF for independent random variables. We
observe that Theorem 4.27(c) states thdependent random variables are uncorrelated.
We will have many occasions to refer to this property. It is important to know that while
CoVv X, Y] = 0 is a necessary property for independence, it is not sufficient. There are
many pairs of uncorrelated random variables thanaténdependent.

Example 4.25 Random variables X and Y have a joint PMF given by the following matrix

Pxy(X.y) |y=-1 y=0 y=1
X=—1 0 025 0 (4.140)
x=1 025 025 025

Are X and Y independent? Are X and Y uncorrelated?

For the marginal PMFs, we have Px(—1) = 0.25and Py(—1) = 0.25. Thus
Px (=1) Py (=1) = 0.0625# Py y (-1, 1) =0, (4.141)

and we conclude that X and Y are not independent.
To find CoV[ X, Y], we calculate

E[X] =025, E[Y] =0, E[XY] =0. (4.142)
Therefore, Theorem 4.16(a) implies
Cov[X,Y] =E[XY] -E[X]E[Y] =px vy =0, (4.143)

and by definition X and Y are uncorrelated.
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Quiz4.10
(A) Randomvariables X andY in Example 4.1 and random variables Q and G in Quiz 4.2
have joint PMFs:

Pxy(X,y) |y=0 y=1 y=2 Pgg(.9 |g=0 g=1 g=2 g=3

x=0 0.01 0 0 g=0 0.06 018 024 012
x=1 0.09 009 0 g=1 0.04 012 016 008
X =2 0 0 081

(1) Are X and Y independent? (2) Are Q and G independent?

(B) Random variables Xand X, are independent and identically distributed with prob-
ability density function

1-x/2 0<x<2,

fx () = { 0 otherwise. (4.144)

(1) Whatisthejoint PDF %, x, (X1, X2)? (2) Findthe CDF of Z= max(X1, X2).

4.11 Bivariate Gaussian Random Variables

The bivariate Gaussiardisribution is a probability model foK andY with the property
that X andY are each Gaussian random variables.

Definition 4.17 Bivariate Gaussian Random Variables
Random variables X and Y havéizariate Gaussian PDF with parameterse 1, o1, 12,
o2, andp if

(X—m)z _ 20=p)=pa) 4 (y—uz)z

o1 0102 09

2(1-p?)

2m o102/ 1 — p? 7

whereu; and 2 can be any real numbersg > 0,02 > 0,and—1 < p < 1.

exp| —

fxy (X, y) =

Figure 4.5 illustrates the bivariate Gaussian PDFfgr= u> = 0,01 = 02 = 1, and
three values op. Whenp = 0, the joint PDF has the circular symmetry of a sombrero.
Whenp = 0.9, the joint PDF forms a ridge over the like= y, and wherp = —0.9 there
is a ridge over the ling = —y. The ridge becomes increasingly steepas +1.

To examine mathematically the properties of the bivariate Gaussian PDF, we define

3 02 ~
X) = (X — 1), = 1— p2?, 4.145
fl2(X) = 2 + pUl( 1) G2 =o02/1—p ( )
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Figure 4.5 The Joint Gaussian PDFy v (X, y) for u; = up = 0,01 = 02 = 1, and three values
of p.
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and manipulate the formula in Definition 4.17 to obtain the following expression for the
joint Gaussian PDF:

1 bm s 1
fxy (X, y) = ———e X—r200 __—
Yo G2v/2m

Equation (4.146) expressds vy (X, y) as the product of two Gaussian PDFs, one with
parameterg.1 ando1 and the other with parameteiis anda,. This formula plays a key
role in the proof of the following theorem.

e (V=i2(0)?/253 (4.146)

If X and Y are the bivariate Gaussian random variables in Definition 4.17, X is the Gaussian
(1, o1) random variable and Y is the Gaussigny, o2) random variable:

1
fx (X) = ———e %207 (y) = e y—n2?/20%

o1V 27 02~/ 27

Proof Integratingfx v (x, y) in Equation (4.146) over ajf, we have

o0
fx (%) =/ fxy (x,y) dy (4.147)
—00
1 2,92 [ 1 - 2,522
_ —(x—11)?/20 f —(y—fi2(x))%/25
= e 1 e 2d 4.148
o1V 21 —o0 G4/ 27 y ( )

1

The integral above the bracket equals 1 because it is the integral of a Gaussian PDF. The remainder
of the formula is the PDF of the Gaussigm, o1) random variable. The same reasoning with the
roles of X andY reversed leads to the formula féy (y).

Given the marginal PDFs of andY, we use Definition 4.13 to find the conditional PDFs.

If X and Y are the bivariate Gaussian random variables in Definition 4.17, the conditional
PDF of Y given X is

1 ; >
fyix (YIX) = N—ef(yfuz(x)) /2,7227
o2/ 21

where, given X= X, the conditional expected value and variance of Y are

~ 02 ~
p2(X) = uz+pa—1(X—m), 62 = o2(1— p?).

Theorem 4.29 s the result of dividinik v (X, y) in Equation (4.146) byf x (X) to obtain
fyix (y|x). The cross sections of Figure 4.6 illustrate the conditional PDF. The figure is a
graph of fx y(x,y) = fy;x(y|x) fx(x). SinceX is a constant on each cross section, the
cross section is a scaled pictureffx (y|x). As Theorem 4.29 indicates, the cross section
has the Gaussian bell shape. Corresponding to Theorem 4.29, the conditional RDF of
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Theorem 4.30

Theorem 4.31

Figure 4.6 Cross-sectional view of the joint Gaussian PDF with = u» = 0,01 = 02 = 1,
andp = 0.9. Theorem 4.29 confirms that the bell shape of the cross section occurs because the
conditional PDFfy|x (y|x) is Gaussian.

givenY is also Gaussian. This conditional PDF is found by dividingy (x, y) by fy(y)
to obtain fx;y (X]y).

If X and Y are the bivariate Gaussian random variables in Definition 4.17, the conditional
PDF of X givenY is

1 . 2,52
fxy (X|y) = = e~ (X=f1(y) /201’
o1 27

where, given Y=y, the conditional expected value and variance of X are

~ o ~
faly) = pa1+ pg—l(y —w2) =01 p?).

The next theorem identifigs in Definition 4.17 as the correlation coefficient fand
Y, pX.Y-

Bivariate Gaussian random variables X and Y in Definition 4.17 have correlation coefficient

PX.Y = P

Proof Substitutinguy, o1, 1o, andos for wy, ox, iy, andey in Definition 4.4 and Definition 4.8,

we have
E[(X— Y —
Py = [(X = nD(Y = u2)] . (4.149)

0102
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To evaluate this expected value, we use the substitdtiop(x, y) = fy|x (yIx) fx (x) in the double
integral of Theorem 4.12. The result can be expressed as

l o0 o0
PXY = —— (X — 1) (/ (y — 12) Ty x (yIx) dy) fx (x) dx (4.150)
0102 J—o0 —00
l o
= (x — n1) E[Y = n2lX = x] fx (x) dx (4.151)
0102 J—o0

BecauseE[Y|X = x] = f12(X) in Theorem 4.29, it follows that
~ o
E[Y — polX =x] = fia(x) — u2 ZPU—i(X—Ml) (4.152)

Therefore,
4 o 2
PXY = —3 / (X = pp” fx ) dx=p, (4.153)
0'1 —00

because the integral in the final expression is XarE 012.

From Theorem 4.31, we observe thaiXifandY are uncorrelated, them = 0 and, from
Theorems 4.29 and 4.30y x (y|x) = fy(y) and fx;y (x]y) = fx(x). Thus we have the
following theorem.

Theorem4.32  Bivariate Gaussian random variables X and Y are uncorrelated if and only if they are
independent.

Theorem 4.31 identifies the parameten the bivariate gaussian PDF as the correlation
coefficientpx y of bivariate Gaussian random variablsandY. Theorem 4.17 states
that for any pair of random variableg x y| < 1, which explains the restrictiop| < 1
in Definition 4.17. Introducing this inequality to the formulas for conditional variance in
Theorem 4.29 and Theorem 4.30 leads to the following inequalities:

Var[Y|X = x] = 02(1 — p?) < o2, (4.154)
Var[X|Y = y] = 0Z(1— p?) < of. (4.155)
These formulas state that for# 0, learning the value of one of the random variables leads

to a model of the other random variable with reduced variance. This suggests that learning
the value ofY reduces our uncertainty regardiXg

Quiz4.11 Let X and Y be jointly Gaussia®, 1) random variables with correlation coefficiebf2.
(1) What is the joint PDF of X and Y ?
(2) What is the conditional PDF of X given=¢ 2?
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412 MATLAB

MATLAB is a useful tool for studying experiments that produce a pair of random vari-
ablesX, Y. For discrete random variables andY with joint PMF Px v (X, y), we use
MATLAB to to calculate probabilities of events and expected values of derived random
variablesW = g(X,Y) using Theorem 4.9. In addition, simulation experiments often
depend on the generation of sample pairs of random variables with specific probability
models. That is, given a joint PMPx v (X, y) or PDF fx y(X, y), we need to produce a
collection{(x1, y1), (X2, ¥2), ..., (Xm, Ym)}. For finite discrete random variables, we are
able to develop some general techniques. For continuous random variables, we give some
specific examples.

Discrete Random Variables

We start with the case wheXiandY are finite random variables with ranges
Sx = {X1, ..., %n} Sy =1{y1,..., Ym}- (4.156)

In this case, we can take advantageMdATLAB techniques for surface plots gix, y)
over thex, y plane. INMATLAB, we represenByx andSy by then element vectorsx and
m element vectorsy. The function[ SX, SY] =ndgri d( sx, sy) produces the pair of
n x m matrices,

X1 - X1 Y1 -+ Ym
Xn -+ Xp Y1 o Ym

We refer to matriceSXand SY as assample space gridecause they are a grid representation
of the joint sample space

Sxy ={(X,y)|x € S,y € S¢}. (4.158)

Thatis, [ SX(i,j) SY(i,j)] isthe pair(xi, yj).

To complete the probability model, fof andY, in MATLAB, we employ then x m
matrix PXY such thatPXY(i,j) = Pxyv(Xi,yj). To make sure that probabilities have
been generated properly, we note thi&8X(:) SY(:) PXY(:)] is a matrix whose
rows list all possible pairs;, y; and corresponding probabilitid® v (Xi, ;).

Given a functiorg(x, y) that operates on the elements of vectoi@ndy, the advantage
of this grid approach is that thefaATLAB function g( SX, SY) will calculateg(x, y) for
eachx € Sx andy € Sy. In particular, g( SX, SY) produces am x m matrix withi, jth
elementg(xi, yj).

Example 4.26  An Internet photo developer Web site prints compressed photo images. Each image
file contains a variable-sized image of X x Y pixels described by the joint PMF

Px,y (X.y) | y=400 y=800 y=1200
x = 800 0.2 0.05 01
x = 1200 0.05 02 01
X = 1600 0 01 0.2.

(4.159)
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For random variables X, Y, write a script i nagepnf . mthat defines the sample space
grid matrices SX, SY, and PXY.

In the script i magepnf . m the matrix SX has [800 1200 160]5 for each column
while SY has [400 800 120pfor each row. After running i magepnf . m we can
inspect the variables:

% magepnf. m » i magepnf
PXY=[0.2 0.05 0.1; ... » SX
0.050.2 0.1, ... SX =
0 0.1 0.2]; 800 800 800
[ SX, SY] =ndgri d([ 800 1200 1600], . .. 1200 1200 1200
[400 800 1200]); 1600 1600 1600
» SY
SY =
400 800 1200
400 800 1200
400 800 1200

Example 4.27 At 24 bits (3 bytes) per pixel, a 10:1 image compression factor yields image files with
B = 0.3XY bytes. Find the expected value E[B] and the PMF Pg(b).

The script i magesi ze. mproduces the expected value as eb, and the PMF, repre-
sented by the vectors sb and pb.

% magesi ze. m The 3 x 3 matrix SB has i, jth element
i magepnf ; g(xi,yj) = 0.3xyj. The calculation of eb
SB=0. 3* ( SX. *SY) ; is simply a MATLAB implementation of The-
eb=sun{ sun{ SB. *PXY) ) orem 4.12. Since some elements of SB
sb=uni que( SB)’ are identical, sb=uni que( SB) extracts the
pb=fi ni t epnf ( SB, PXY, sh)’ unique elements.

Although SBand PXY are both 3 x 3matrices, each is stored internally by MATLAB
as a 9-element vector. Hence, we can pass SB and PXY to the finitepnf()
function which was designed to handle a finite random variable described by a pair
of column vectors. Figure 4.7 shows one result of running the program i magesi ze.
The vectors sb and pb comprise Pg(b). For example, Pg(288000 = 0.3.

We note thatndgr i d is very similar to anotheMATLAB function meshgri d that
is more commonly used for graphing scalar functions of two variables. For our purposes,
ndgr i dismore convenient. In particular, as we can observe from Example 4.27, the matrix
PXY has the same row and column structure as our table representaianai, y).

Random Sample Pairs

For finite random variable pair¥, Y described bySx, Sy and joint PMFPx y (X, y), or
equivalentlySX, SY, andPXY in MATLAB, we can generate random sample pairs using the
functionfini terv(s, p, n) definedinChapter2. Recallthatfi niterv(s, p, m
returnedm samples (arranged as a column vecigrof a random variabl& such that a
sample value iss(i ) with probability p(i). Infact, to support random variable pairs
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» i magesi ze
eb =
319200
sb =
96000 144000 192000 288000 384000 432000 576000
pb =
0.2000 0.0500 0.0500 0.3000 0.1000 0.1000 0.2000

Figure 4.7 Output resulting fromi magesi ze. min Example 4.27.

X, Y, the functionw=f i ni terv(s, p, M permitss to be &k x 2 matrix where the rows
of s enumerate all pair&, y) with nonzero probability. Given the grid representati®X,
SY, and PXY, we generaten sample pairs via

xy=finiterv([SX(:) SY(:)],PXY(:),m

In particular, theith pair, SX(i), SY(i), will occur with probability PXY(i). The
output xy will be anm x 2 matrix such that each row represents a samplexpair

Example 4.28

Write a function xy=i mager v(n) that generates m sample pairs of the image size
random variables X, Y of Example 4.27.

The function i nager v uses the i magesi ze. mscript to define the matrices SX, SY,
and PXY. Itthen calls the fi ni t er v. mfunction. Here is the code i nager v. mand
a sample run:

function xy = imgerv(m; » xXy=i mager v(3)

i magepnf ; Xy =

S=[SX(:) SY(:)]; 800 400

xy=finiterv(S, PXY(:),m; 1200 800
1600 800

Example 4.28 can be generalized to produce sample pairs for any discrete random variable

pair X, Y. However, given a collection of, for exampla,= 10,000 samples oK, Y, it

is desirable to be able to check whether the code generates the sample pairs properly. In
particular, we wish to check for eaghe Sx andy € Sy whether the relative frequency of

X,y in msamples is close tBx vy (X, y). In the following example, we develop a program

to calculate a matrix of relative frequencies that corresponds to the ni2xiyk

Example 4.29

Given a list xy of sample pairs of random variables X, Y with MATLAB range grids
SXand SY, write a MATLAB function f xy=f r egqxy(xy, SX, SY) that calculates the
relative frequency of every pair x, y. The output f xy should correspond to the matrix
[SX(:) SY(:) PXY(:)].
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function fxy = fregxy(xy, SX, SY) In fregxy. m the rows of the ma-
xy=[xy; SX(:) SY(:)]; trix [ SX(:) SY(:)] listall possi-
[U I,J] =uni que(xy, ' rows’); ble pairs x, y. We append this matrix
N=hi st (J, 1: max(J)) - 1; to xy to ensure that the new xy has
N=N/ sum(N) ; every possible pair x,y. Next, the
fxy=[UN(:)]; uni que function copies all unique
fxy=sortrows(fxy,[2 1 3]); rows of xy to the matrix U and

also provides the vector J that in-
dexes the rows of xy in U; that is,
xy=U(J).

In addition, the number of occurrences of j in J indicates the number of occur-
rences in Xy of row j in U. Thus we use the hi st function on J to calculate
the relative frequencies. We include the correction factor -1 because we had ap-
pended [ SX(:) SY(:)] to xy atthe start. Lastly, we reorder the rows of f xy
because the output of uni que produces the rows of U in a different order from
[SX(:) SY(:) PXY(:)].

MATLAB provides the functionst enB8( x, y, z), where x, y, and z are lengtn
vectors, for visualizing a bivariate PMPyx vy (X, y) or for visualizing relative frequencies
of sample values of a pair of random variables. At each positién),y(i) onthexy
plane, the function draws a stem of heighti ) .

Example 4.30  Generate m = 10,000 samples of random variables X, Y of Example 4.27. Calculate
the relative frequencies and use st en8 to graph them.

The script i magest em mgenerates the following relative frequency stem plot.

% magest em m

i magepnf ;

xy=i mager v(10000) ;

fxy=freqgxy(xy, SX, SY);

stemB(fxy(:,1),...
fxy(:,2),fxy(:,3));

xlabel ("\it x");

ylabel ("\it y');

Continuous Random Variables

Finally, we turn to the subject of generating sample pairs of continuous random variables. In
this case, there are no general techniques such as the sample space grids for discrete random
variables. In general, a joint PDfx v (X, y) or CDF Fx y (X, y) can be viewed using the
function pl ot 3. For example, Figure 4.4 was generated this way. In addition, one can
calculateE[g(X, Y)] in Theorem 4.12 usin/IATLAB’S humerical integration methods;
however, such methods tend to be slow and not particularly instructive.

There exist a wide variety of techniques for generating sample values of pairs of con-
tinuous random variables of specific types. This is particularly true for bivariate Gaussian
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random variables. Inthe general case of an arbitrary joint PRoF(x, y), a basic approach
is to generate sample valugs, ..., Xy for X using the marginal PDF x (x). Then for
each samplei, we generatg; using the conditional PDF x|y (xX|yi). MATLAB can do
this efficiently provided the samples, ..., ym can be generated fromy, ..., Xm using
vector processing techniques, as in the following example.

Example 4.31  Write a function xy= xytri angl erv(m that generates m sample pairs of X and

Quiz4.12

Y in Example 4.19.

In Example 4.19, we found that

2x 0<x<1,

- I/x 0=y=x
fx ) _{ 0 otherwise,

Fix (yIx) = { 0 otherwise. (4.160)
For0 < x < 1, we have that Fx (X) = x2. Using Theorem 3.22 to generate sample val-
ues of X, we defineu = Fx(x) = x2. Then,forO <u < 1,x = J/u. By Theorem 3.22,
if U is uniform (0, 1), then ~/U has PDF fx(x). Next, we observe that given X = ¥,
Y is a uniform (0, xj ) random variable. Given another uniform (0, 1) random variable
U’, Theorem 3.20(a) states that Y = xj U’ is a uniform (0, x;) random variable.

function xy = xytrianglerv(m; We implement these ideas in the func-
x=sqgrt(rand(m1)); tion xytriangl erv. m
y=x.*rand(m 1);

xy=[x yl];

For random variables X and Y with joint PMFyR/ (X, y) given in Example 4.13, write a
MATLAB function xy=dt ri angl er v(n) that generates m sample pairs.

Chapter Summary

This chapter introduces experiments that produce two or more random variables.

e The joint CDF Fx y(x,y) = P[X <Xx,Y < y]is a complete probability model of the
random variableX andY. However, itis much easier to use the joint PMk v (X, y) for
discrete random variables and the joint PBEy (x, y) for continuous random variables.

e The marginal PMFs R(x) and Py (y) for discrete random variables atite marginal
PDFs fx(x) and fy (y) for continuous random variables are probability models for the
individual random variableX andY.

e Expected values [g(X, Y)] of functionsg(X, Y) summarize properties of the entire
probability model of an experiment. CjoX, Y] andr x y convey valuable insights into
the relationship oX andY.

e Conditional probability model®ccur when we obtain partial information about the

random variableX andY. We derive new probability models, including the conditional
joint PMF Px y|a(X, y) and the conditional PMFBx,y (x|y) andPy|x (y|x) for discrete
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random variables, as well as the conditional joint PDEy (X, y) and the conditional
PDFs fxv (x|y) and fy|x (y|x) for continuous random variables.

e Random variables X and Y are independérnhe events{X = x} and{Y = y} are
independent for alk, y in Sx y. If X andY are discrete, they are independent if and
only if Px y(X,y) = Px(x)Py(y) for all x andy. If X andY are continuous, they are
independent if and only if x v (X, y) = fx(x) fy(y) for all x andy.

Problems

Difficulty: Easy Moderate Difficult Experts Only

4.1.1 Random variableX andY have the joint CDF 4.1.4 Random variableX andY have CDFFy(x) and
Fy(y). IsF(x,y) = Fx(X)Fy(y) a valid CDF?

. 1-eMHl-eY) x> 8: Explain your answer.
X,y (X, y) = y=0, '
0 otherwise. 4.1.5 In this problem, we prove Theorem 4.5.

(a) Sketch the following events on the Y plane:
(@) What isP[X < 2,Y < 3]?

(b) What is the marginal CDF5x (x)?
(c) What is the marginal CDFy (y)?
4.1.2 Express the following extreme valuestf y (X, y)

A={X=<xX1,¥1 <Y <Yz},
B={x1 < X=x2,Y =<y},
C={x1 < X=X2,y1 <Y =< yp}.

in terms of the marginal cumulative distribution (b) Express the probability of the evems B, and
functionsFx (x) andFy (y). AUBUC interms of the joint CDFFx_y (X, Y).
(@) Fx,y (X, —o0) (c) Use the observation that evertsB, andC are
(b) Fx_y (X, 00) mutually exclusive to prove Theorem 4.5.

4.1.6 Can the following function be the joint CDF of

c)F —00,
(€) Fx.v(=e0, 00) random variableX andY?

(d)Fx,y (=00, y) L x4y) 0 0
_ —€e x=0,y=0,
©)Fx.y(c0.y) FOy) = { 0 otherwise.
4.1.3 For continuous random variable§, Y with joint
CDF Fyx_y(x,y) and marginal CDF§x(x) and 4.2.1 Random variableX andY have the joint PMF
Fy(y),findP[x; < X <x2Uy; <Y < yp]. This

is the probability of the shaded “cross” region in the Py y (X, y) = { cxy x=124; y=13,
following diagram. ' 0  otherwise.
Y (a) What is the value of the constart

(b) What isP[Y < X]?
(c) WhatisP[Y > X]?
(d)WhatisP[Y = X]?
(e) What isP[Y = 3]?
4.2.2 Random variableX andY have the joint PMF
X cix+yl x=-2,02;

Px.y (X, y) = y=-1,0,1,
0 otherwise




202

4.2.3

4.2.4

4.2.5

4.2.6

4.2.7
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(a) What is the value of the constarht
(b) What isP[Y < X]?
(c) What isP[Y > X]?
(d) What isP[Y = X]?
(e) What isP[X < 1]?

Test two integrated circuits. In each test, the prob-
ability of rejecting the circuit isp. Let X be the
number of rejects (either 0 or 1) in the first test and

let Y be the number of rejects in the second test.3.1

Find the joint PMFPx v (X, y).

For two flips of a fair coin, letX equal the total
number of tails and let equal the number of heads
on the last flip. Find the joint PMPy y (X, y).

In Figure 4.2, the axes of the figures are labe¥ed 4.3 2

andY because the figures depict possible values or
the random variableX andY. However, the figure

at the end of Example 4.1 depicBx y (X, y) on
axes labeled with lowercaseandy. Should those
axes be labeled with the uppercasandY? Hint:

Reasonable arguments can be made for both views3.3

As a generalization of Example 4.1, consider a tec:
of n circuits such that each circuit is acceptable with
probability p, independent of the outcome of any
other test. Show that the joint PMF &f, the num-
ber of acceptable circuits, and, the number of
acceptable circuits found before observing the first
reject, is

Px.y (X, y) =
(”;X;l) pPXA—p"* O0<y<x<n,
p" X=y=n,
0 otherwise.
Hint: For0< y < X < n, show that

{(X=x,Y=y}=ANBNC,

where
A: The firsty tests are acceptable.
B: Testy + 1 is a rejection.
C: The remainingn — y — 1 tests yieldx — y
acceptable circuits
Each test of an integrated circuit produces an ac-

ceptable circuit with probabilityp, independent of 4.4.1

the outcome of the test of any other circuit. In test
ing n circuits, letK denote the number of circuits
rejected and leX denote the number of acceptable

4.2.8

4.3.4

4.35

circuits (either 0 or 1) in the last test. Find the joint
PMF P x (K, X).

Each test of an integrated circuit produces an ac-
ceptable circuit with probabilityp, independent of
the outcome of the test of any other circuit. In test-
ing n circuits, letK denote the number of circuits
rejected and leX denote the number of acceptable
circuits that appear before the first reject is found.
Find the joint PMFPk x (K, X).

Given the random variableX and Y in Prob-
lem 4.2.1, find

(a) The marginal PMF®yx (x) and Py (y),
(b) The expected valugs[ X] andE[Y],
(c) The standard deviationsg andoy .

Given the random variableX and Y in Prob-
lem 4.2.2, find

(a) The marginal PMF®yx (x) and Py (y),
(b) The expected valugs[ X] andE[Y],
(c) The standard deviationsg andoy .

Forn =0,1,...and 0< k < 100, the joint PMF
of random variableN andK is

100'e~100 /100
100" ( ) pK(1— pyLoo—k

PNk (0 K) = —— K

Otherwise, Py k (N, k) = 0. Find the marginal
PMFs Py (n) and Pk (K).

Random variabledl andK have the joint PMF

PN,k (N, k)
A-p"lp/n k=1,....n;
= n=12,...,
0 otherwise

Find the marginal PMF®&y (n) and Pk (k).
Random variabledl andK have the joint PMF

—100
% k:O,l,.,.,n;
PN,k (N, K) = n=0,1,...,
0 otherwise

Find the marginal PMFPy (n). Show that
the marginal PMF Py (k) satisfies P (k) =
P[N > k]/100.

Random variableX andY have the joint PDF

C X+y<1x>0y>0,

fxy X, y) ={ 0 otherwise



4.4.2

4.4.3

4.4.4

45.1

45.2

4.5.3

(a) What is the value of the constarht

(b) What isP[X < Y]?

(c) WhatisP[X +Y < 1/2]?

Random variableX andY have joint PDF
Py 06y = { SXYZ ?)tﬁe):vﬁsg.o =y=t
(a) Find the constartt.

(b) Find P[X > Y]andP[Y < X2].

(c) Find P[min(X,Y) < 1/2].

(d) Find P[max(X, Y) < 3/4].

Random variableX andY have joint PDF

Ge—(2x+3y)

0,y >0,
fx,Y(X,y)={O Xz 0y =

otherwise
(@ FindP[X > Y]andP[X +Y < 1].

(b) Find P[min(X, Y) > 1].

(c) Find P[max(X, Y) < 1].

Random variableX andY have joint PDF

45.6

_ ] &y O0=<y=<x<l,
fxyxy = { 0 otherwise

Following the method of Example 4.5, find the joint
CDF FX,Y(Xs y).

Random variableX andY have the joint PDF

4.6.1

v 0 =1 7% Ghemee,

(a) Sketch the region of nonzero probability.

(b) What isP[X > 0]?

(c) Whatisfy (x)?

(d) What ise[X]?

X andY are random variables with the joint PDF

2 Xx+y=<1lx=>=0,y=>0,

fxy (X, y)={ 0 otherwise

4.6.3

(a) What is the marginal PDFFx (x)?

(b) What is the marginal PDFy (y)?

Over the circleX? + Y2 < r2, random variableX
andY have the uniform PDF

X2 4y?<r?,
otherwise

2
fxy (X, y) = { é/(m )

45.4

45.5

4.6.2
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(a) What is the marginal PDFyx (x)?
(b) What is the marginal PDFy (y)?
X andY are random variables with the joint PDF

5x2/2 —1<x<1;
fxy (x.y) = 0<y<x?
0 otherwise

(a) What is the marginal PDFx (x)?

(b) What is the marginal PDFy (y)?

Over the circlex? + Y2 < r2, random variableX
andY have the PDF

_ [ 2t ke ay? <2,
Py 6y = { 0 otherwise
(a) What is the marginal PDFx (x)?
(b) What is the marginal PDFy (y)?
Random variableX andY have the joint PDF
_Jecy O=sy=x=1,
oy O y) _{ 0 otherwise.
(a) Draw the region of nonzero probability.
(b) What is the value of the constar
(c) What isFx (x)?
(d)y What isFy (y)?
(e) What isP[Y < X/2]?

Given random variableX andY in Problem 4.2.1
and the functionlV = X — Y, find

(a) The probability mass functioBy (w),

(b) The expected valuE[W],

(c) P[W > 0].

Given random variableX andY in Problem 4.2.2
and the functioW = X + 2V, find

(a) The probability mass functioBy (w),

(b) The expected valuE[W],

(c) P[W > 0].

Let X andY be discrete random variables with joint
PMF Py y (X, y) that is zero except whexandy
are integers. LetW = X + Y and show that the
PMF of W satisfies

o0
Pw @)= > PxyXw-X.

X=—00
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4.6.4

4.6.5

4.6.6

4.6.7

4.6.8

4.6.9
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Let X andY be discrete random variables with joint4.6.11 For a constana > 0, random variableX andY

PMF have joint PDF
001 X=l,2...,10, f (X )_ 1/a2 OSXEa’OSyia
Pxy (X, y) = y=12...,10, Xy Xy =1 g otherwise
0 otherwise

Find the CDF and PDF of random variable
What is the PMF ofV = min(X, Y)?

XY
For random variablesX and Y given in Prob- W= max(v, ?> .
lem 4.6.4, what is the PMF o&f = max(X, Y)?
Random variableX andY have joint PDF Hint: Is it possible to observé/ < 1?
4.7.1 Forthe random variable$ andY in Problem 4.2.1,
’ (a) The expected value &7 = Y/ X,
LetW = max(X,Y). (b) The correlationE[X Y],
(a) What isSyy, the range ofNV? (c) The covariance, Co¥, Y],
(b) Find Fyy (w) and fyy (w). (d) The correlation coefficienny v,
Random variableX andY have joint PDF (€) The variance oK + Y, Vari X + Y].
(Refer to the results of Problem 4.3.1 to answer
Fxy (X, y) = 6y O=y=x=1, some of these questions.)
XY A% 0 otherwise. ; ;
4.7.2 For the random variables andY in Problem 4.2.2

LetW=Y — X. find
(a) What isSy, the range ofiN? (a) The expected value ¥ = 2XY,
(b) Find Fyy (w) and fyy (w). (b) The correlationE[X Y],

. " (c) The covariance, Co¥, Y],
Random variableX andY have joint PDF . -
(d) The correlation coefficienpy vy,

fyy (X, y) = { 2 0<y=<x<l, (e) The variance oK + Y, Vari X + Y.
o 0 otherwise. (Refer to the results of Problem 4.3.2 to answer
LetW = Y/X. some of these questions.)
. 4.7.3 Let H andB be the random variables in Quiz 4.3.
2

€) What isSy, the range ofV~ Findr g and CovH. BJ.
(b) Find Fy (w), fw(w), andE[W]. 4.7.4 Forthe random variables andY in Example 4.13,
Random variableX andY have joint PDF find

f ) (2 0=y=x=<1, (&) The expected valuds[ X] andE[Y],

XY (X, ¥) = 0 otherwise. (b) The variances VaK] and VafY],

(c) The correlationE[X Y],

LetW = X/V.

(d) The covariance, Co¥, Y],
(e) The correlation coefficienby y.
(b) Find Fw (w), fw(w), andE[W]. 4.7.5 Random variableX andY have joint PMF

(a) What isSyy, the range ofvV?

4.6.10 In a simple model of a cellular telephone system, '

portable telephone is equally likely to be found any- 1/21 x=0,1,2,3,4,5;
where in a circular cell of radius 4 km. (See Prob- Px,y (. y) = y=01....x
lem 4.5.3.) Find the CDFR(r) and PDFfR(r) of 0 otherwise.

R, the distance (in km) between the telephone and Find the marginal PMF®y (x) and Py (y). Also
the base station at the center of the cell. find the covariance Co, Y].



4.7.6 Forthe random variables andY in Example 4.13,

letW = min(X, Y) andV = max(X, Y). Find

(a) The expected valueE[W] andE[V],

(b) The variances, Vaw] and Var\V1,

(c) The correlationE[W V],

(d) The covariance, CoW, V],

(e) The correlation coefficient, COW, V1.
4.7.7

a<0,thenpx y =-1.

4.7.8 Random variableX andY have joint PDF
X+y)/3 0<x=<1;
fxy (X, y) = 0O<y=2

0 otherwise

(a) What areE[ X] and Var[X]?
(b) What areE[Y] and Var[Y]?
(c) What is CoyX, Y]?

(d) What isE[X + Y]?

(e) What is VarK + Y1?

4.7.9 Random variableX andY have joint PDF

fxy (X, y) = { 0 otherwise

(a) What areE[X] and Var[X]?
(b) What areE[Y] and Var[Y]?
(c) What is CoyX, Y]?
(d)WhatisE[X + Y]?
(e) What is VarK + Y1?
4.7.10 Random variableX andY have joint PDF

5x2/2 —1<x<1;
fxy (X, y) = 0<y<x?
0 otherwise

(a) What areE[X] and Var[X]?
(b) What areE[Y] and VarlY]?
(c) What is CoyX, Y]?
(d) What isE[X + Y]?
(e) What is VarK + Y1?
4.7.11 Random variableX andY have joint PDF

2 0=y=x=1,

fxy (X y) = { 0 otherwise.

For a random variabl&, letY = aX + b. Show
that ifa > O thenpx vy = 1. Also show that if

4xy 0<x<10<y<l1,
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(a) What areE[ X] and Var[X]?
(b) What areE[Y] and Var[Y]?
(c) What is CoyX, Y]?

(d) What isE[X + Y]?

(e) What is VarK + Y]?

4.7.12 Random variableX andY have joint PDF

_ |12 -1s<x<y<1,
fx.y %) = { 0  otherwise.

Find E[XY] and E[eX*Y].

4.7.13 Random variabledl andK have the joint PMF

48.1

4.8.2

4.8.3

4.8.4

Pn,k (0, K)
A-p"lp/n k=1,....n;
= n=12,...,

0 otherwise

Find the marginal PMFPy (n) and the expected
values E[N], VarfN], E[N2], E[K], VariK],
E[N + K], E[NK], Co\N, K].

Let random variableX andY have the joint PMF
Px v (X, y) given in Problem 4.6.4. LeA denote
the event that minX, Y) > 5. Find the conditional
PMF Px y|a(X, ¥).

Let random variableX andY have the joint PMF
Px v (X, y) given in Problem 4.6.4. LeB denote
the event that maX, Y) < 5. Find the conditional
PMF Px v |B(X, ¥).

Random variableX andY have joint PDF

Ge—(2x+3y)

>0,y>0,
fx,Y(X,y)={o Xz 0y =

otherwise

Let Abe the eventthaX +Y < 1. Find the condi-
tional PDF fx y|a(X, Y).

Forn=1,2,...andk =1,..., n, the joint PMF
of N andK satisfies

Pn.k (0, k) =@ — p)"~Lp/n.

Otherwise, Py k (n, k) = 0. Let B denote the
event thatN > 10. Find the conditional PMFs
PN,k (N, k) and Pyjg(n). In addition, find
the conditional expected valu&{N|B], E[K|B],
E[N + K|B], Var[N|B], VarK|B], E[NK|B].
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4.8.5

4.8.6

4.8.7

49.1

49.2

4.9.3
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Random variableX andY have joint PDF

49.4

x+y)/3 0=x=<1L
fxy X, y) = O=<y=2
0 otherwise
LetA={Y <1}
(a) What isP[A]?
(b)Find fx v|a(X, ¥), Txja(x), and fya(y).
Random variableX andY have joint PDF
(Ax+2y)/3 0<x<1;
fxy X, y) = O<y=1
0 otherwise.
Let A={Y <1/2}.
(a) What isP[A]?
(b) Find fx v|a(X, ¥), Txja(X), and fy|a(y).
Random variableX andY have joint PDF
5x2/2 —1<x<1;
fxy (X, y) = 0<y=<x?
0 otherwise

4.9.7

Let A={Y < 1/4}.

(@) What is the conditional PDFy y|a(X, ¥)?
(b) What is fy|a(y)?

(c) What isg[Y|A]?

(d)What is fx;a(x)?

(e) What isE[ X|A]?

A business trip is equally likely to take 2, 3, or 4
days. After ad-day trip, the change in the traveler's

weight, measured as an integer number of pounds,

is uniformly distributed betweend andd pounds.
For one such trip, denote the number of daydby
and the change in weight b. Find the joint PMF
Pp w(d, w).
Flip a coin twice. On each flip, the probability of
heads equalp. Let X; equal the number of heads
(either 0 or 1) on flipi. LetW = X; — X5 and
Y = X1+ Xo. Find Py, y (w, y), Pwjy (w]y), and
Py w (Ylw).
X andY have joint PDF

(Ax+2y)/3 0<x<1;

O<y=<1,
0 otherwise.

fx,y (X, y) =

4.9.5

4.9.6

(a) For which values ofy is fx)y(x|y) defined?
What is fxy (x|y)?

(b) For which values of is fy|x(y|x) defined?
What is fyx (y1x)?

Random variableX andY have joint PDF

2 0<sys<x<Ll,

fx.y X, y) = { 0 otherwise.

Find the PDF fy(y), the conditional PDF
fx)y(x]y), and the conditional expected value
E[X]Y =yl

Let random variablesX and Y have joint PDF
fx.y (X, y) given in Problem 4.9.4. Find the PDF
fx (x), the conditional PDRy, x (Y|x), and the con-
ditional expected valu&[Y|X = x].

A student’s final exam grade depends on how close
the student sits to the center of the classroom during
lectures. If a student sitsfeet from the center of
the room, the grade is a Gaussian random variable
with expected value 86 r and standard deviation

r. If r is a sample value of random variatie and

X is the exam grade, what ig¢|r(X|r)?

The probability model for random variabkeis

1/3 a=-1,

Pr(@ =14 2/3 a=1,
0 otherwise.

The conditional probability model for random var-
iable B given Aiis:

13 b=0,

Peia(bl —1) =1 2/3 b=1,
0 otherwise

12 b=0,

PB|A(b|l) = 1/2 b=1,
0 otherwise

(a) What is the probability model for random vari-
ablesAandB? Write the joint PMFPp g(a, b)
as atable.

(b) If A= 1, whatis the conditional expected value
E[BIA=1]?

(c)If B = 1, what is the conditional PMF
Pas@1)?
(d)If B = 1, what is the conditional variance

Var[A|B = 1] of A?
(e) What is the covariance Cp&, B] of AandB?



4.9.8

49.9

For random variablesA and B given in Prob-
lem 4.9.7, leU = E[B|A]. Find the PMFPy (u).
What isE[U] = E[E[B|A]]?

Random variabledl andK have the joint PMF

100'e~100 k=0.1,....n:
(n+1)!
PN,k (0, K) = n=0,1,...,
0 otherwise

Find the marginal PMFPy (n), the conditional
PMF Py n(kIn), and the conditional expected
value E[K|N = n]. Express the random variable
E[K|N] as a function ol and use the iterated ex-
pectation to finde[K].

4.9.10 Atthe One Top Pizza Shop, mushrooms are the only

topping. Curiously, a pizza sold before noon has
mushrooms with probability = 1/3 while a pizza
sold after noon never has mushrooms. Also, an
arbitrary pizza is equally likely to be sold before
noon as after noon. On a day in which 100 pizzas
are sold, letN equal the number of pizzas sold be-
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PMFs Py N (M[n) and Pyjv (njm). Interpret your
results.

4.9.14 Suppose you arrive at a bus stop at time 0 and at

the end of each minute, with probabilify, a bus
arrives, or with probability 2~ p, no bus arrives.
Whenever a bus arrives, you board that bus with
probability g and depart. LeT equal the number
of minutes you stand at a bus stop. W¢tbe the
number of buses that arrive while you wait at the
bus stop.

(a) Identify the set of points(n,t) for which
PIN=n,T=t]>0.

(b) Find Py T (N, 1).
(c) Find the marginal PMFBy (n) and Pr (1).

(d)Find the conditional PMFsPy T (n|t) and
Prin(tin).

fore noon and leM equal the number of mushroomy 9 15 Each millisecond at a telephone switch, a call inde-

pizzas sold during the day. What is the joint PMF
Pm.n(m, n)? Hint: Find the conditional PMF of
M givenN.

4.9.11 Random variableX andY have joint PDF

_ |12 -1<x=<y<1,
fx.y (%, y) = { 0  otherwise.
(@) What isfy (y)?
(b) What is fxy (x|y)?
(c) WhatisE[X|Y = y]?

4.9.12 Over the circleX? + Y2 < r2, random variableX

andY have the uniform PDF

X2 4y?<r?,

otherwise

2
fxy (X, y) = { é/(m )

pendently arrives with probability. Each call is
either a data calld) with probabilityq or a voice call
(v). Each data call is a fax call with probability
Let N equal the number of milliseconds required to
observe the first 100 fax calls. L&tequal the num-
ber of milliseconds you observe the switch waiting
for the first fax call. Find the marginal PMP (1)
and the conditional PMRPy T (n|t). Lastly, find
the conditional PMFPy | (t[n).

4.10.1 Flip a fair coin 100 times. LeKX equal the num-

ber of heads in the first 75 flips. L& equal the
number of heads in the remaining 25 flips. Find
Py (x) andPy (y). Are X andY independent? Find

Px.y (X, y).

4.10.2 X and Y are independent, identically distributed

(&) What isfy|x (y[x)?
(b) What isE[Y|X = x]?

4.9.13 Calls arriving at a telephone switch are either voice

calls (v) or data calls(d). Each call is a voice
call with probability p, independent of any other
call. Observe calls at a telephone switch until you
see two voice calls. LeM equal the number of
calls up to and including the first voice call. Let
N equal the number of calls observed up to and in-
cluding the second voice call. Find the conditional

random variables with PMF

3/4 k=0,
1/4 k=20,
0 otherwise.

Px (k) = Py (k) =

Find the following quantities:

E[X], Var[ X],
E[X+Y], VaiX+Y], E [xszY] .
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4.10.3 Random variablexX andY have a joint PMF de-
scribed by the following table.

Pxy(x.y) |y=-1 y=0 y=1
X=—1 3/16 16 0
Xx=0 1/6 16 1/6
x=1 0 /8  1/8

(a) Are X andY independent?

(b) What isE[ X Y]?
(c) What is CoyX, Y]?

4.10.8 X1 and X are independent identically distributed

random variables with expected vallg X] and
variance VarK].

(a) What isE[ X1 — X2]?
(b) What is VarXy — X2]?

(b) In fact, the experiment from whicK andY are 4.10.9 Let X andY be independent discrete random vari-

derived is performed sequentially. First, is
found, thenY is found. In this context, label the
conditional branch probabilities of the following
tree:

? :Yzfl
X=— > Y=0

ables such thaPy (k) = Py (k) = 0 for all non-
integerk. Show that the PMF oV = X + Y
satisfies

Pw )= Y Px(®Pyw—k.

k=—00

4.10.10An ice cream company orders supplies by fax. De-

0 Y=-1
»— X=0 »— Y=0
N v=1

4.10.4 For the One Top Pizza Shop of Problem 4.9.10, are
M andN independent?

4.10.5 Flip a fair coin until heads occurs twice. L&t
equal the number of flips up to and including the first
H. Let X5 equal the number of additional flips up
to and including the seconld. What arePx, (x1)
and Px, (xp). Are X1 and X, independent? Find
Px1, X, (X1, X2).

4.10.6 Flip a fair coin until heads occurs twice. L&
equal the number of flips up to and including the
first H. Let X2 equal the number of additional flips
uptoandincludingthe secomtl. LetY = X1—Xo.
Find E[Y] and Varly]. Hint: Don't try to find

Py (y).
4.10.7 X and Y are independent random variables with
PDFs
lex3 x>0
fx ) =1 3° =
x (0 { 0 otherwise
lo-y/2 >0
fyy=1{ 2° y=",
Y { 0 otherwise

(@) What isP[X > Y]?

pending on the size of the order, a fax can be either
1 page for a short order,
2 pages for a long order.
The company has three different suppliers:
The vanilla supplier is 20 miles away.
The chocolate supplier is 100 miles away.
The strawberry supplier is 300 miles away.
An experiment consists of monitoring an order and
observingN, the number of pages, argl, the dis-
tance the order is transmitted.
The following probability model describes the
experiment:
| van. choc. straw.
short| 0.2 0.2 0.2
long | 0.1 0.2 0.1

(a) Whatis the joint PMPy p (n, d) of the number
of pages and the distance?

(b) Whatisg[D], the expected distance of an order?

(c) FindPpN (d]2), the conditional PMF of the dis-
tance when the order requires 2 pages.

(d) Write E[D|N = 2], the expected distance given
that the order requires 2 pages.

(e) Are the random variabld3 andN independent?

(f) The price per page of sending a fax is one cent
per mile transmittedC cents is the price of one
fax. What isE[C], the expected price of one
fax?

4.10.11A company receives shipments from two factories.

Depending on the size of the order, a shipment can
be in



1 box for a small order,
2 boxes for a medium order,
3 boxes for a large order.
The company has two different suppliers:
Factory Q is 60 miles from the company.
Factory R is 180 miles from the company.

An experiment consists of monitoring a shipment
4.10.15-ollowing Example 4.21, leX andY denote the ar-

and observing3, the number of boxes, ard, the
number of miles the shipment travels. The follow-
ing probability model describes the experiment:

| FactoryQ Factory R
small order 0.3 0.2
medium order 0.1 0.2
large order 0.1 0.1

(a) FindPg_m (b, m), the joint PMF of the number
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(a) What areE[ X] andE[Y]?
(b) What areE[ X|A] andE[Y|A]?

4.10.14rove that random variableé andY are indepen-

dent if and only if

Fx.y (X, y) = Fx (X) Fy (y).
rival times of the first two calls at atelephone switch.
The joint PDF ofX andY is

[ 2% 0<x<y,
fxy (X, y) = { 0 otherwise.

What is the PDF oW =Y — X?

of boxes and the distance. (You may preseﬂt.lo.la:onsider random variables§, Y, andW from Prob-

your answer as a matrix if you like.)
(b) What isgE[B], the expected number of boxes?
(c) WhatisPy g (m|2), the conditional PMF of the

lem 4.10.15.
(a) AreW and X independent?
(b) Are W andY independent?

distance when the order requires two boxes? 4.10.17X and Y are independent random variables with

(d) Find E[M|B = 2], the expected distance given
that the order requires 2 boxes.
(e) Are the random variablésandM independent?

(f) The price per mile of sending each box is one
cent per mile the box travelsC cents is the
price of one shipment. What iB[C], the ex-
pected price of one shipment?

random variables with PDF
] x/2 0<x<2,
fx () = { 0 otherwise
(a) Find the CDFFx (X).
(b) WhatisP[X1 < 1, X5 < 1], the probability that
X1 and X, are both less than or equal to 1?
(c) Let W = max(Xq, X2). What is Fy (1), the
CDF of W evaluated atv = 17?

(d) Find the CDFFyy (w).
4.10.13X and Y are independent random variables with
PDFs
2x 0<x<1,
fx () = { 0 otherwise,
_[3? o=<y=<1,
= { 0 otherwise.

CDFsFx(x) andFy(y). LetU = min(X, Y) and
V =max(X,Y).

(@) What isFy v (u, v)?
(b)yWhatis fy v (u, v)?

Hint: To find the joint CDF, letA = {U < u} and
B = {V < v} and note thatP[AB] = P[B] —
P[A°B].

4.10.12X1 and X» are independent, identically distributed?-11.1 Random variableX and¥ have joint PDF

fx vy (X, y) = ce~ (02/8)—(y?/18).

What is the constar? Are X andY independent?

4.11.2 Random variableX andY have joint PDF

fx v (X, y) = ce~ @XC=4xy+4y?)

(a) What areE[ X] andE[Y]?

(b) Find p, the correlation coefficient ok andY.
(c) What are VarX] and Varly]?

(d) What is the constam?

(e) Are X andY independent?

4.11.3 X andY are jointly Gaussian random variables with

E[X] = E[Y] = 0andVarX] = Var[Y] = 1. Fur-
thermore,E[Y|X] = X/2. What is the joint PDF
of X andY?

4.11.4 An archer shoots an arrow at a circular target of ra-

LetA={X > Y}.

dius 50cm. The arrow pierces the target at a random
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position (X, Y), measured in centimeters from the
center of the disk at positiofX, Y) = (0,0). The
“bullseye” is a solid black circle of radius 2cm, at
the center of the target. Calculate the probability
P[B] of the event that the archer hits the bullseye
under each of the following models:

(@) X andY are iid continuous uniforni—50, 50)
random variables.
(b) The PDFfx v (x, y) is uniform over the 50cm
circular target.
(c) X andY are iid Gaussianiu = 0,0 = 10)
random variables.
4.11.5 A person’s white blood cell (WBC) coutw (mea-

sured in thousands of cells per microliter of blood)
and body temperatur€ (in degrees Celsius) can

be modeled as bivariate Gaussian random variables

such thatw is Gaussian7,2) and T is Gaussian

is a Gaussiatiui, oj) random variable. Show that
Y = X1 X has variance

Var[Y] = alzazz(l—f- ,0%2) + Ulzu% + ,LL%O‘ZZ — u%u%
Hints: Use the iterated expectation to calculate
2y2 2y2
E[x2x3] = E[E[x$X31x] |

You may also need to look ahead to Problem 6.3.4.

4.12.1 For random variableX andY in Example 4.27, use

MATLAB to generate a list of the form

X1 Y1 Pxy (X1, Y1)
X2 Y2 Pxy(X2,¥2)

that includes all possible paitg, y).

(37,1). To determine whether a person is sick4.12.2 For random variableX andY in Example 4.27, use

first the person’s temperatufe is measured. If

T > 38, then the person’s WBC count is measured.
4.12.3 Write a script t ri angl ecdf pl ot . mthat gen-

If W > 10, the person is declared ill (evelnt
(a) SupposeVN and T are uncorrelated. What is

MATLAB to calculateE[X], E[Y], the correlation
E[XY], and the covariance CPX, Y].

erates the graph d¥x v (x, y) of Figure 4.4.

P[1]? Hint: Draw a tree diagram for the exper-4.12 .4 Problem 4.2.6 extended Example 4.1 to a test of

iment.

(b) Now suppos&V andT have correlation coeffi-
cientp = 1/+/2. Find the conditional probabil-
ity P[I|T = t] thata person is declared ill given
that the person’s temperatureTis= t.

4.11.6 Under what conditions on the constanafd, ¢, and
dis
f(x,y) = de—@x%+bxy+c?y?)

a joint Gaussian PDF?

4.11.7 Show that the joint Gaussian POl vy (X, y) given
by Definition 4.17 satisfies

(e.¢] (e.¢]
/ / fxy (x,y) dxdy=1.
—00 J =00

Hint: Use Equation (4.146) and the result of Prob-
lem 3.5.9.

4.11.8 Let X1 and X2 have a bivariate Gaussian PDF
with correlation coefficienp;, such that eaclX;

n circuits and identified the joint PDF oX, the
number of acceptable circuits, aNg the number
of successful tests before the first reject. Write a
MaTLAB function

[ SX, SY, PXY] =ci rcui ts(n, p)
that generates the sample space grid fontbiecuit
test. Check your answer against Equation (4.6) for
the p = 0.9 andn = 2 case. Fop = 0.9 and
n = 50, calculate the correlation coefficieny v.

4.12.5 For random variabl&V of Example 4.10, we can

generate random samples in two different ways:
1. Generate samples of andY and calculate
W =Y/X.
2. Find the CDFFy (w) and generate samples
using Theorem 3.22.
Write  MATLAB functions w=wrv1(n) and
w=wr v2(m to implement these methods. Does
one method run much faster? If so, why? (Use
cput i ne to make run-time comparisons.)




Random Vectors

In this chapter, we generalize the concepts presented in Chapter 4 to any number of random
variables. In doing so, we find it convenient to introduce vector notation. A random vector
treats a collection ofi random variables as a single entity. Thus vector notation provides

a concise representation of relationships that would otherwise be extremely difficult to
represent. Section 5.1 defines a probability model for a serafdom variables in terms

of ann-dimensional CDF, an-dimensional PMF, and ardimensional PDF. The following
section presents vector notation for a set of random variables and the associated probability
functions. The subsequent sections define marginal probability functions of subsets of
n random variablesn independent random variables, independent random vectors, and
expected values of functions af random variables. We then introduce the covariance
matrix and correlation matrix, two collections of expected values that play an important role
in stochastic processes and in estimation of random variables. The final two sections cover
sets ofn Gaussian random variables and the applicatiohlafrLAB, which is especially

useful in working with multiple random variables.

5.1 Probability Models of N Random Variables

Definition 5.1

Chapter 4 presents probability models of two random variaklesdY. The definitions

and theorems can be generalized to experiments that yield an arbitrary number of random
variablesXs, ..., X,. To express a complete probability model6f, . .., X,, we define

the joint cumulative distribution function.

Multivariate Joint CDF
Thejoint CDF of X1, ..., X is

Fxi, oo Xn (X1, - ... Xn) = P[X1 < X1, ..., Xn < Xn] .

Definition 5.1 is concise and general. It provides a complete probability model regardless
of whether any or all of th&X; are discrete, continuous, or mixed. However, the joint CDF

211
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Definition 5.2

Definition 5.3

Theorem 5.1

Theorem 5.2

Theorem 5.3

is usually not convenient to use in analyzing practical probability models. Instead, we use
the joint PMF or the joint PDF.

Multivariate Joint PMF
Thejoint PMF of the discrete random variablesiX. .., Xp is

Pxy,..xn X1, ..., Xn) = P [X1=X1,..., Xnp = Xn].

Multivariate Joint PDF
Thejoint PDF of the continuous random variables; X . ., X is the function

"Fxy,.. Xn (XL, -+ .5 Xn)
X1 -+ IXn '

fX0, . Xn XLy oo Xn) =

Theorems 5.1 and 5.2 indicate that the joint PMF and the joint PDF have properties that are
generalizations of the axioms of probability.
If X1, ..., Xn are discrete random variables with joint PMFxP __ x, (X1, ..., Xn),

(@) Pxq..x,(X1,...,%n) >0,

X1€ le XnEan

If X1, ..., Xpn are continuous random variables with joint PDFf _ x, (X1, ..., Xn),
(@) fxg...xa(X1, ..., X%n) =0,

o0 o
(C) / / fxlym’xn(Xl,...,Xn)dX]_"'an:1-
— 00 —00

Often we consider an evert described in terms of a property &f1, ..., X, such as
X1+ X2+ -+ Xpl <1, ormax X; < 100. To find the probability of the eveit, we
sum the joint PMF or integrate the joint PDF overdl . . ., X, that belong tA.

The probability of an event A expressed in terms of the random variables. X X is

Discrete:  P[A] = Z Py X (XLs - -2 Xn) »

(X1,...,Xn)EA

Although we have written the discrete version of Theorem 5.3 with a single summation,
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X y z Px.v.z(X,Y.2) total events
(Lpage) (2pages) (3 pages) pages
0 0 4 1/1296 12 B
0 1 3 1/108 11 B
0 2 2 124 10 B
0 3 1 112 9 B
0 4 0 116 8 AB
1 0 3 1162 10 B
1 1 2 118 9 B
1 2 1 16 8 AB
1 3 0 1/6 7 B
2 0 2 1/54 8 AB
2 1 1 1/9 7 B
2 2 0 16 6 B
3 0 1 2/81 6
3 1 0 2/27 5
4 0 0 181 4

Table 5.1 The PMFPx y z(X, Y, z) and the eventé and B for Example 5.2.

we must remember that in fact it is a multiple sum overrthariablesxy, . .., Xn.
Example 5.1 Consider a set of nindependenttrials in which there arer possible outcomessy, ..., s
for each trial. In each trial, P[s;] = pj. Let N; equal the number of times that outcome
s occurs over n trials. What is the joint PMF of N1, ..., Ny ?

Example 5.2

The solution to this problem appears in Theorem 1.19 and is repeated here:

— n ny No N,
PNy, N (N1, ) = (nl, m’nr>p1 Py P (5.1)

In response to requests for information, a company sends faxes that can be 1, 2, or 3
pages in length, depending on the information requested. The PMF of L, the length
of one fax is

13 I=1,
192 1=2
PL() = 1;6 25 (5.2)

0 otherwise.
For a set of four independent information requests:
(a) Whatisthe joint PMF of the random variables, X, Y,and Z, the number of 1-page,
2-page, and 3-page faxes, respectively?
(b) Whatis P[A] = P[total length of four faxes is 8 pages]?
(c) Whatis P[B] = P[at least half of the four faxes has more than 1 page]?

Each fax sentis an independent trial with three possible outcomes: L =1, L = 2, and
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L = 3. Hence, the number of faxes of each length out of four faxes is described by
the multinomial PMF of Example 5.1:

4\ 1\ [1\Y [1)\?
- (LI EET e

The PMF is displayed numerically in Table 5.1. The final column of the table indicates
that there are three outcomes in event A and 12 outcomes in event B. Adding the
probabilities in the two events, we have P[A] = 107/432and P[B] = 8/9.

Example 5.3 The random variables X1, ..., Xn have the joint PDF
1 0<x<1/i=1,...,n
Xp. X O, Xn) { 0 otherwise. (54)
Let A denote the event that max; X; < 1/2. Find P[A].
P[A]=P [m,axxi < 1/2} =P[X1=<1/2,..., Xn < 1/2] (5.5)
|
1/2 1/2 1
:[) A lXm-'-an:%- (5.6)

Quiz5.1

Here we have n independent uniform (0, 1) random variables. As n grows, the proba-
bility that the maximum is less than 1/2 rapidly goes to 0.

The random variablesyY. .., Y4 have the joint PDF

4 0<y1<y2<10<ys<ys=<1,
0 otherwise

Let C denote the event thattax Y; < 1/2. Find FC].

(5.7)

5.2 Vector Notation

Definition 5.4

When an experiment produces two or more random variables, vector and matrix notation
provide a concise representation of probability models and their properties. This section
presents a set of definitions that establish the mathematical notation of random vectors. We
use boldface notatiaxnfor a column vector. Row vectors are transposed column veators;

is a row vector. The components of a column vector are, by definition, written in a column.
However, to save space, we will often use the transpose of a row vector to display a column

vector:y = [y1 - yn]/ is a column vector.
Random Vector
A random vector is a column vectoX = [Xl Xn]/. Each X is a random variable.

A random variable is a random vector with= 1. The sample values of the components
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Definition 5.6

Definition 5.7
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of a random vector comprise a column vector.

Vector Sample Value

A sample value of a random vector is a column vectox = [xl xn]/. The ith
component, x of the vectox is a sample value of a random variable;.X

Following our convention for random variables, the upperéagethe random vector and
the lowercase is a sample value of. However, we also use boldface capitals sucihas
andB to denote matrices with components that are not random variables. It will be clear
from the context whetheh is a matrix of numbers, a matrix of random variables, or a
random vector.

The CDF, PMF, or PDF of a random vector is the joint CDF, joint PMF, or joint PDF of
the components.

Random Vector Probability Functions

(a) TheCDF of arandom vector X is Fx(X) = Fx,,... x,(Xt, ..., Xn).
(b) ThePMF of a discrete random vector X is Px (X) = Px,,.. x,(X1, ..., Xn).
(c) ThePDF of a continuous random vector X is fx(X) = fx,,.. x,(X1, ..., Xn).

We use similar notation for a functi@i(X) = g(X1, ..., X,) of n random variables and a
functiong(x) = g(X1, ..., Xn) of n numbers. Just as we described the relationship of two
random variables in Chapter 4, we can explore a pair of random vectors by defining a joint
probability model for vectors as a joint CDF, a joint PMF, or a joint PDF.

Probability Functions of a Pair of Random Vectors
For random vector with n components and with m components:
(a) Thejoint CDF of X andY is

Fx.y (X ¥) = Fxq, .. Xn. Yo, Y (X2, -+ 5 Xn, V1, 05 Ym) 5
(b) Thejoint PMF of discrete random vectod$ andY is

P,y X, ¥) = Pxq,. Xn YooY (X25 oo o5 X, Y1, - -0, Ym) s

(c) Thejoint PDF of continuous random vectoksandy is

By YY) = XX Y, Ym (X3 oo, Xnu Y1, -0, Ym) -

The logic of Definition 5.7 is that the pair of random vectdtsandY is the same as
W=[X Y]=[X1 -~ Xn Y1 --- Ym],aconcatenation of andY. Thus a
probability function of the paiX andY corresponds to the same probability function of
W; for example,Fx v (X, y) is the same CDF aBy (w).
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Example 5.4 Random vector X has PDF

Quiz5.2

_ 6e X x>0
fx 00 = { 0 otherwise

wherea=[1 2 3|. Whatis the CDF of X?

Because a has three components, we infer that X is a 3-dimensional random vector.
Expanding a’x, we write the PDF as a function of the vector components,

6e—X1—2X2—3X3 Xi > 0
fx 00 = { 0 otherwise (5-9)
Applying Definition 5.7, we integrate the PDF with respect to the three variables to
obtain ) 3
_ | a-eHa -1 -e8) x5 =0
Fx 00 = { 0 otherwise (5.10)

Discrete random vectorX = [x1 X2 xs]/ andY = [y1 Y2 yg]/ are related by
Y = AX. Find the joint PMF R (y) if X has joint PMF

1-pp°e X1 <X <Xx3 1 0 O
Px (X) = X1, X2, X3€{1,2,...}, A =|-1 1 0f. (511
0 otherwise, 0O -1 1

5.3 Marginal Probability Functions

Theorem 5.4

In analyzing an experiment, we may wish to study some of the random variables and ignore
other ones. To accomplish this, we can derive marginal PMFs or marginal PDFs that
are probability models for a fraction of the random variables in the complete experiment.

Consider an experiment with four random variablésX, Y, Z. The probability model for
the experimentis the joint PMPw, x v.z(w, X, ¥, z) orthe joint PDF,fw x v.z (w, X, Y, 2).
The following theorems give examples of marginal PMFs and PDFs.

For a joint PMF Ry x.v.z(w, X, Y, z) of discrete random variables WX, Y, Z, some
marginal PMFs are

Pxyz(%Y,2)= Y Pwxvzw,XY,2),
weSy
Pvzw.2)= Y > Pwxvzw.XV.2),

XeSx yeSy

Px (X) = Z Z Z Pw.x.y,z (w, X, Y,2).

weSy YESy zeSz
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Theorem 5.5 For a joint PDF fw x v.z(w, X, Y, ) of continuous random variables X, Y, Z, some
marginal PDFs are

o]

fxv,z (X,Y,2) =/ fw,x.v,z (w, X, Y, ) dw,

—00

o0 o0
fw,z (w, 2) :/ / fw,x,v,z (w, X, y, ) dx dy,
—00 —00

o0 o0 o
fx (x) = / / / fw.x.v.z (w, X,y,2) dwdydz
—00 J—0Q0 v —O0

Theorems 5.4 and 5.5 can be generalized in a straightforward way to any marginal
PMF or marginal PDF of an arbitrary number of random variables. For a probability model
described by the set of random variall®s, . . ., Xu}, each nonempty strict subset of those
random variables has a marginal probability model. There &uBsets of X1, ..., Xp}.

After excluding the entire set and the null getwe find that there are™2— 2 marginal
probability models.

Example 5.5 As in Quiz 5.1, the random variables Y1, ..., Y4 have the joint PDF

4 0=y1=y2=10=<yz=ys=1,
fyp, v Y1 Y ={ 0 otﬁe)r/\}vige)./z_ Y3 =Ya (5.12)
Find the marginal PDFs fy, v, (Y1, Ya), fy, v;(Y2, ¥3), and fy,(ya).
o0 o0
fy1, v, (V1. Ya) =/ / By v, (Y1 y4) dyz dys. (5.13)
—00 J—00

In the foregoing integral, the hard part is identifying the correct limits. These limits will
dependonyjandys. ForO<y; <land0=<ys <1,

1 rva
vy, (Y1, Ya) = / ./o 4dyzdy, = 4(1 - y1)Ya. (5.14)
Y1
The complete expression for fy, v,(y1, Ya) is

g(l_ yoya O0=y1=10=<ys=<1, (5.15)

vy, (V1. Y4) = { otherwise.

Similarly, for0 <y, <land0<y3z <1,

y2 1
o 020 = [ [ adydy = a2 yo). (5.16)
¥3
The complete expression for fy, v,(y2, ¥3) is

gyz(l —y3) 0<y»)<10<y3=<1, (5.17)

fY2.v; (V2. ¥3) = { otherwise.
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Lastly, for0 < y3 <1,

[e'e) 1
fy; (Y3) = / ¥, 5 (Y2, ¥3) dy2 = fo 4y2(1—y3)dyr, = 2(1 — y3). (5.18)
o0

The complete expression is

_ | 20—y 0O0<y3<1,
s (va) = { 0 otherwise. (519
Quiz5.3 The random vectoX = [X1 Xz X3] has PDF
_ ] 6 0=sxi=<x <x3=<1,
fx (%) = { 0 otherwise. (5.20)
Find the marginal PDFs %, x, (X1, X2), fxl,x3(X1, X3), sz,Xg (X2, x3), and fx, (x1), fx,(X2),

fx5(X3).

5.4 Independence of Random Variables and Random Vectors

The following definition extends the definition of independence of two random variables.
It states thaiXq, ..., X, are independent when the joint PMF or PDF can be factored into
a product ofn marginal PMFs or PDFs.

Definition 5.8 N Independent Random Variables

Random variables X ..., X, areindependent if for all X1, ..., Xp,
Discrete: By, .x, (X1, ..., Xn) = Px; (X1) Px, (X2) - - - Pxy (Xn)
Continuous: ;... x, (X1, ..., Xn) = fx; (X1) fx, (X2) - -+ fx, (Xn) .

Example 5.6 As in Example 5.5, random variables Yq, ..., Y,4 have the joint PDF

4 0<y;<y,<10=<y3<wya=<1,
0 otherwise.

In Equation (5.15) of Example 5.5, we found the marginal PDF fv, v,(y1, Y4). We can
use this result to show that

1
fy, Y1) = /(; fyi v, (Y1 Ya) dya = 2(1 = y1), 0<y1=<1, (5.22)

1
fy, (Ya) = /(; fy1,Ys (Y1, Ya) dy1 = 2ya, O<ys=1 (5.23)
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The full expressions for the marginal PDFs are

_J2@-y») O=<y1 =1,

fv; ) = { 0 otherwise, (5.24)
_| 2ya O=<ys=1,

fy, (ya) = { 0 otherwise. (5.25)

Similarly, the marginal PDF fv, y,(y», y3) found in Equation (5.17) of Example 5.5
implies thatfor0 < y, < 1,

o0 1
fy, (Y2) = / v, v5 (Y2, ¥3) dys = /0 4y>(1—-y3)dy3 =2y, (5.26)
o0

It follows that the marginal PDF of Y5 is

2y, 0<yy<1,

fr, (v2) = { 0  otherwise. (®.27)
From Equation (5.19) for the PDF fy,(y3) derived in Example 5.5, we have
fy, (YD fy, (¥2) fya (¥3) Fy, (V4)
_ | 16A-yDy2(1—-y3)ya O0=y1,¥2.¥3. ¥4 =1,
10 otherwise, (5.28)

# N ova . Ya).

Therefore Yq, ..., Yy are not independent random variables.

Independence afrandom variables is typically a property of an experiment consisting of
nindependent subexperiments. In this case, subexperimenduces the random variable
X;. If all subexperiments follow the same procedure, all of Xhehave the same PMF or
PDF. In this case, we say the random variai{esreidentically distributed

I ndependent and | dentically Distributed (iid)
Random variables X ..., X, areindependent and identically distributed (iid) if

Discrete: By, xn (X2, ..., Xn) = Px (X1) Px (X2) - - - Px (Xn) .

Continuous: &, x, (X1, ..., Xn) = Tx (X1) fx (X2) -+ Tx (Xn) .
In considering the relationship of a pair of random vectors, we have the following definition
of independence:

I ndependent Random Vectors
Random vectorX andY are independent if

Discrete: By (X,y) = Px (X) Py (y),

Continuous: v (X,y) = fx (X) fy (y).
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Example 5.7 As in Example 5.5, random variables Yy, ..., Y4 have the joint PDF

4 0<y1<y»<10=<y3<wya<l,

0 otherwise. (5.29)

We first note that the components of V are V1 = Y1, and V, = Y. Also, Wy = Y», and
W, = Y3. Therefore,

4 0<vi=wy=1

fuw (v, w) = fy, vy, (1, w1, wp, v2) = O<wp=<wvy =<1, (5.30)
0 otherwise.

SinceV=[Y1 Ysq]'andW =[Y2 Ya],

fv (V) = v, v, (v1, v2) fw W) = fy, v; (w1, wp) (5.31)

InExample 5.5. we found fv, v, (Y1, Y4) and fy, v,(y2, y3) in Equations (5.15)and (5.17).
From these marginal PDFs, we have

41—-vpvy O0=<wvy,vp <1,

fv(v) = { 0 otherwise, (5:32)
o ={ 50 e )
Therefore,
fy (v) f (W) = { 36(1 —vvawid = w) gtﬁeﬁj&i;’é: wi, w2 <1, (5.34)
which is not equal to fy (v, w). Therefore V and W are not independent.
Quiz5.4 Use the components &f = [Yl, ...,Y4]’ in Example 5.7 to construct two independent

random vector®y/ andW. Prove thatvV andW are independent.

5.5 Functions of Random Vectors

Just as we did for one random variable and two random variables, we can derive a random
variableW = g(X) that is a function of an arbitrary number of random variablesWIf

is discrete, the probability model can be calculate@®agw), the probability of the event

A ={W = w}in Theorem5.3. IW is continuous, the probability model can be expressed
asFw(w) = P[W < w].
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Theorem 5.6 For random variable W= g(X),

Discrete: Ry (w) = P[W =w] = Z Px (X),

X:g(x)=w

Continuous: ky (w) = P[W < w] :// fx (X) dxq--- dxn.

g =w

Example 5.8 Consider an experiment that consists of spinning the pointer on the wheel of circumfer-
ence 1 meter in Example 3.1 n times and observing Yn meters, the maximum position
of the pointer in the n spins. Find the CDF and PDF of Y.

If X; is the position of the pointer on the ith spin, then Y = max{X1, Xo, ..., Xn}. As
aresult, Yh < yifand only if each Xj <y. This implies

PYn<yl=P[X1=y.Xo<V....Xn = Y]. (5.35)

If we assume the spinsto be independent, theevents {X1 <y}, {X2 < y},....{Xn <y}
are independent events. Thus

PIYn<yl=P[X1<y] - P[Xn =<yl =(P[X =yD" = (Fx (y)". (5.36)

Example 3.2 derives that Fyx(x) = x for 0 < x < 1. Furthermore, Fx(x) = 0 for
X < 0and Fx(x) = 1for x > 1since 0 < X < 1. Therefore, since the CDF of Y, is
Fy,(y) = (Fx (y)™, we can write the CDF and corresponding PDF as

0 y<0, 1
B _ |y o=y=1
P ) = )1/ Osy=1 frn () = { 0 otherwise. (5.37)
y>1,

The following theorem is a generalization of Example 5.8. It expresses the PDF of the
maximum and minimum values of a sequence of iid random variables in terms of the CDF
and PDF of the individual random variables.

Theorem 5.7 Let X be a vector of n iid random variables each with CDIk (&) and PDF fx (x).
(a) The CDF and the PDF of = max{ X1y, ..., Xn} are

Fy (y) = (Fx (y)", fy (y) = n(Fx (y)" 1 fx (y) .
(b) The CDF and the PDF of W= min{X1, ..., X,} are

Fw (w) =1— (1~ Fx )", fw (w) = n(1— Fx ()" fx (w).

Proof By definition, fy(y) = P[Y <y]. BecauseY is the maximum value ofXy, ..., Xn},
the eventlY <y} = {(X1 <y, Xo<Vy,..., Xn <y}. Because all the random variabls are
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iid, {Y < y} is the intersection af independent events. Each of the eveiXs < y} has probability

Fx (y). The probability of the intersection is the product of the individual probabilities, which implies
the first part of the theorenfy (y) = (Fx(y))". The second partis the result of differentiatfg(y)

with respect tg/. The derivations oFy (w) and fyy (w) are similar. They begin with the observations
thatFy (w) = 1- P[W > w]andthattheevedW > w} = {X1 > w, X2 > w, ... Xn > w}, which

is the intersection ofi independent events, each with probability- Fx (w).

In some applications of probability theory, we are interested only in the expected value
of a function, not the complete probability model. Although we can alwaysHiw| by
first derivingPw (w) or fw (w), itis easier to finde[W] by applying the following theorem.

Theorem 5.8 For a random vectoiX, the random variable gX) has expected value

Discrete:  E[g(X)] = Z Z gx)Px (x),

X1€le Xn€Sxy,
oo oo
Continuous: Hg(X)] =/ / g(x) fx (X) dxg-- - dxn.
—00 —00

If W = g(X) is the product ofh univariate functions and the componentXadre mutually
independenti=[W] is a product oh expected values.

Theorem 5.9 When the components ¥fare independent random variables,

E[91(X1)92(X2) - - - gn(Xn)] = E[91(XD] E[92(X2)] - - E[gn(Xn)] .

Proof WhenX is discrete, independence impliBg (x) = Px, (X1) - - - Px,, (xn). This implies

E[nXD - an(Xm]= > -+ > 610)- gn(xn)Px (X) (5.38)

Xlele Xn€Sxy,

=( Y G1x)Px, (X1)>---< > gn(xn)Px, (Xn)> (5.39)

Xlele Xn€Sxp
= E[91(XD] E[92(X2)] - E[gn(Xn)]. (5.40)

The derivation is similar for independent continuous random variables.

We have considered the case of a single random varlable g(X) derived from a
random vectoX. More complicated experiments may yield a new random vexttaith
component¥i, ..., Y, that are functions of the components)af Yy = gk(X). We can
derive the PDF oY by first finding the CDH~y (y) and then applying Theorem 5.2(b). The
following theorem demonstrates this technique.
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Theorem5.10  Given the continuous random vectd define the derived random vectdr such that
Yk = aXk + b for constants a> 0 and b. The CDF and PDF of are

—b —b 1 —b —b
Fy(y>=Fx(yla ,...,y”a ) fy<y)=—fx<y1 L )

an a a
Proof We observer has CDFFy (y) = PlaX;{+b <y, ..., aXn + b < ynl. Sincea > 0,
Fy (y) = P[leLf ,,,,, anynT_b]=Fx (yl—b 77777 Yna—b) (5.41)

From Theorem 5.2(b), the joint PDF Wfis
Py Y Yooy 1 (yl -b Yn — b)

fy (y) = = — fx (5.42)

dy1 -+ dYn an

Theorem 5.10 is a special case of a transformation of the YoenAX + b. The following
theoremis a consequence of the change-of-variable theorem (Appendix B, Math Fact B.13)
in multivariable calculus.

Theorem5.11  If X is a continuous random vector ardis an invertible matrix, thetY = AX + b has

PDF
1

|det(A)]

fr ) = ix (A~ b))
Proof Let B = {yly <} so thatFy(y) = [z fy(y) dy. Define the vector transformation =

Ty = Afl(y —b). Itfollows thatY € B if and only if X € T(B), whereT (B) = {x|]Ax +b < ¥}
is the image oB under transformatioi. This implies

Fy (§) = P[X € T(B)] = / fy 00 dx (5.43)
T(B
By the change-of-variable theorem (Math Fact B.13),
Fy () = [ fx (A"1y—b)) |[det(A~1)| d 5.44
v (Y) /Bx< v ))) ( )’ y (5.44)

Where|det(A*1)| is the absolute value of the determinanaofl. Definition 5.6 for the CDF and PDF
of a random vector combined with Theorem 5.2(b) imply thaty) = fx (Afl(y — b))|det@*1)|.
The theorem follows sincgletA—1)| = 1/|det(A)|.

Quiz5.5
(A) Atest of light bulbs produced by a machine has three possible outcomes: L, long life;
A, averagdife; and R, reject. The results of different tests are independent. All tests
have the following probability model: [R] = 0.3, P[A] = 0.6, and AR] = 0.1.
Let X1, X2, and X3 be the number of light bulbs thatare L, A, and R respectively in
five tests. Find the PMF,Rx); the marginal PMFs R, (X1), Px,(x2), and B, (X3);
and the PMF of W= max(X1, X2, X3).
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(B) The random vectoX has PDF

e 0<x1 <X <Xz,

fx (0 = { 0 otherwise. (5:45)

Find the PDF ofY = AX +b. whereA = diag2,2,2]andb = [4 4 4].

5.6 Expected Value Vector and Correlation Matrix

Definition 5.11

Corresponding to the expected value of a single random variable, the expected value of a
random vector is a column vector in which the components are the expected values of the
components of the random vector. There is a corresponding definition of the variance and
standard deviation of a random vector.

Expected Value Vector
Theexpected value of a random vector X is a column vector

EX] =px =[E[X] E[Xa --- E[Xd].

The correlation and covariance (Definition 4.5 and Definition 4.4) are numbers that contain
important information about a pair of random variables. Corresponding information about
random vectors is reflected in the set of correlations and the set of covariances of all pairs
of components. These sets are referred tee@®nd order statisticsThey have a concise
matrix notation. To establish the notation, we first observe that for random vecteits

n components any with m components, the set of all producl; Yj, is contained in the

n x m random matrixXY'. If Y = X, the random matrixX’ contains all productsx; Xj,

of components oK.

Example 5.9 IfX =[X1 Xz Xs]', whatare the components of XX '?

Definition 5.12

X1 X1 X1Xo  X1X3
XX = | X, [Xl X2 X3] = | XoX1 X% XoX3 | . (5.46)
X3 X3X1 XgXp X3

In Definition 5.11, we defined the expected value of a random vector as the vector of
expected values. This definition can be extended to random matrices.

Expected Value of a Random Matrix
For a random matrixA with the random variable 4 as itsi, jth element, EA] is a matrix
with i, jth element EA;j ].

Applying this definition to the random matriXX’, we have a concise way to define the
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correlation matrix of random vectox.

Definition 5.13 Vector Correlation
Thecorrelation of arandom vector X is an nx n matrixRx with i, jthelement R, j) =
E[Xi Xj]. In vector noation,
Rx = E [XX/].

Example 510 IfX =[X; Xp Xa],the correlation matrix of X is

E [xﬂ E[X1X2] E[X1Xs] E [xﬂ X% TXyXa
Rx=|E[XoXa] E[XZ] E[XoXg]|=|0ox E[XE] mox
E[XsX1] E[XaXo] E[X3] YXoxi Txax, E[X3]

Thei, jth element of the correlation matrix is the expected value of the random variable
Xi Xj. Thecovariance matrixof X is a similar generalization of the covariance of two
random variables.

Definition 5.14 Vector Covariance
Thecovariance of a random vector X is an nx n matrixCx with components €(i, j) =
Cov Xj, Xj]. In vector notation,

Cx = E[(X = )X = ux)']

Example 511  IfX =[X; Xz Xa], the covariance matrix of X is

Var[ X1] Cov[ X1, Xz] Cov[X1, X3]
Cx = | Cov| Xo, X1 Var[ X2] COV[Xz, Xg]
Cov Cov[ X3, X2] Var[ X3]

(5.47)

X3, X1

Theorem 4.16(a), which connects the correlation and covariance of a pair of random
variables, can be extended to random vectors.

Theorem5.12  For a random vectoX with correlation matrixRy, covariance matrixCx, and vector
expected valug y,

Cx = Rx — pxmy.



226 CHAPTER 5 RANDOM VECTORS
Proof The proof is essentially the same as the proof of Theorem 4.16(a) with vectors replacing
scalars. Cross multiplying inside the expectation of Definition 5.14 yields
Cx = E[XX" = Xpk — ux X' + nxuk] (5.48)
= E[XX'] — E[Xnk] — E[axX'] + E [mxrk]- (5.49)
SinceE[X] = ux is a constant vector,

Cx = Rx — E[X] wy — ux E [X'] + pxwy = Rx — pxpy. (5.50)

Example 5.12 Find the expected value E[X], the correlation matrix R x, and the covariance matrix
Cx of the 2-dimensional random vector X with PDF

2 0=<x3=<x =1,

fx 00 = { 0 otherwise. (5-51)
The elements of the expected value vector are
00 00 1 ,Xo
E[Xi] :/ / Xi fx (X) dxdxp :f / 2% dxqdxp, i=1,2. (5.52)
—o0 J—00 0 Jo

The integrals are E[X1] = 1/3 and E[Xz] = 2/3, so that ux = E[X] = [1/3 2/3]".
The elements of the correlation matrix are

[ee) [ee) 1 rXo

E [Xﬂ = / / x% fx (X) dxqdxo :/ / ZX%dxldxz, (5.53)
—00 J—00 0 JO
oo o0 1 rXo

E [X%] = / / x% fx (X) dxqgdxo :/ / 2x§dx1dx2, (5.54)
—00 J—00 0 JO
oo o0 1 rx

E [X]_Xz] = / / X1Xo fy (X) dxgdxo = f / 2X1Xo dxq1dXo. (5.55)

—o0 J—00 0 JO

These integrals are E[X12] = 1/6, E[X»2] = 1/2, and E[X1X5] = 1/4. Therefore,

16 14
Rx_[l/4 1/2]. (5.56)

We use Theorem 5.12 to find the elements of the covariance matrix.

1/6 1/4] B [1/9 2/9} _ [1/18 156}

Cx = Rx — iy = [1/4 12| " |2/9 49| |1/36 18| (5.57)

In addition to the correlations and covariances of the elements of one random vector, it
is useful to refer to the correlations and covariances of elements of two random vectors.

Definition 5.15 Vector Cross-Correlation
Thecross-correlation of random vectors, X with n components and with m components,
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is an nx m matrixRxy with i, jth element Ry (i, j) = E[XjYj], or, in vector notation,

Rxy = E[XY'].

Vector Cross-Covariance

The cross-covariance of a pair of random vectors X with n components and with m
components is an & m matrixCxy with i, jth element Gy (i, j) = Cov[X;, Yj], or, in
vector notation,

Cxvy = E[(X = mx)(Y — py)].

To distinguish the correlation or covariance of a random vector from the correlation or
covariance of a pair of random vectors, we sometimes use the terminaldggorre-
lation and autocovariancewvhen there is one random vector acss-correlationand
cross-covariancevhen there is a pair of random vectors. Note that wKea Y the au-
tocorrelation and cross-correlation are identical (as are the covariances). Recognizing this
identity, some texts use the notatiBixx andCxx for the correlation and covariance of a
random vector.

WhenY is a linear transformation of, the following theorem states the relationship of
the second-order statistics ¥fto the corresponding statistics Xf

X is an n-dimensional random vector with expected valye correlation Ry, and co-
varianceCx. The m-dimensional random vectdgr = AX + b, whereA is an mx n
matrix andb is an m-dimensional vector, has expected valye correlation matrixRy,
and covariance matriy given by

ry =Apx +Db,
Ry = ARxA’ + (Arx)b’ + b(Auy) + b,
Cy = ACxA'.

Proof We derive the formulas for the expected value and covariande dhe derivation for the
correlation is similar. First, the expected valueYofs

ny = E[AX +b] =AE[X] + E[b] = Aux +b. (5.58)
It follows thatY — py = A(X — uyx). Thisimplies

Cy = E[(AX — px))(AX — ux))'] (5.59)
= E[AX — ux)X — ux)'A' ] = AE[(X — px)(X — px)']A" = ACxA".  (5.60)
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Example 5.13  Given random vector X defined in Example 5.12, let Y = AX + b, where

1 0 0
A=|6 3| and b=|-2|. (5.61)
3 6 -2

Find the expected value uvy, the correlation Ry, and the covariance Cy.

From the matrix operations of Theorem 5.13, we obtain uy = [1/3 2 3]/ and

1/6 1312 43 1/18 542 1,3
Ry = [13/12 75 925|; Cy=|5/12 35 325|. (5.62)

4/3 925 125 13 325 35

The cross-correlation and cross-covariance of two random vectors can be derived using
algebra similar to the proof of Theorem 5.13.

Theorem5.14 The vectorX andY = AX + b have cross-correlatiolR xy and cross-covarianc€xy
given by

Rxy = RxA' + uxb’, Cxy = CxA'.

In the next example, we see that covariance and cross-covariance matrices allow us
to quickly calculate the correlation coefficient between any pair of component random
variables.

Example 5.14  Continuing Example 5.13 for random vectors X and Y = AX + b, calculate

(&) The cross-correlation matrix Ryxy and the cross-covariance matrix Cxy .
(b) The correlation coefficients py, v, and px, v, -

(a) Direct matrix calculation using Theorem 5.14 yields

_|1/6 13/12 43 |, _|1/18 542 183
va—[1/4 5/3 29/12]’ va—[l/% 13 5/12] (5.63)

(b) Referring to Definition 4.8 and recognizing that Var[Y;] = Cy(, i), we have

Cov[Yy,Y: 1,
VLY = [Y1.¥s] _ Cvd.3) —0.756 (5.64)
’ JVar[Yi]VarfYs]  /Cy(1,1)Cy(3,3)
Similarly,
Cov| X2, Y1 C 2,1
PXo Yy = X2 i) _ xv @D 12.  (5.65)

JNaXoVanY;l  JCx(@.2Cy (LD
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The 3-dimensional random vectér= [ X1 Xz Xg]’ has PDF

6 0<Xx1 <% <x3<1,

0 otherwise. (5.66)

fx(X)Z{

Find the expected value[K], and the correlation and covariance matricdes, andCy.

5.7 Gaussian Random Vectors

Definition 5.17

Multiple Gaussian random variables appear in many practical applications of probability
theory. Themultivariate Gaussian distributiois a probability model fon random variables

with the property that the marginal PDFs are all Gaussian. A set of random variables
described by the multivariate Gaussian PDF is said foindy Gaussian. A vector whose
components are jointly Gaussian random variables is said t@3aeiasian random vector

The PDF of a Gaussian random vector has a particularly concise notation. The following
definition is a generalization of Definition 3.8 and Definition 4.17.

Gaussian Random Vector

X is the Gaussiafiuy , Cx) random vector with expected valpg and covarianceCy if
and only if

fx (x) =

1 1 .
(2m)"/2[det(Cx)]1/2 EXp<—§(X — ) Ctx — ux))

where detCyx), the determinant o€ x, satisfies déCx) > 0.

Whenn = 1, Cx andx — uy are justo>2( andx — ux, and the PDF in Definition 5.17
reduces to the ordinary Gaussian PDF of Definition 3.8. Thatis, a 1-dimensional Gaussian
(u, 0% random vector is a Gaussidp, o) random variable, notwithstanding that we
write their parameters differently In Problem 5.7.4, we ask you to show that foe 2,
Definition 5.17 reduces to the bivariate Gaussian PDF in Definition 4.17. The condition
that detCx) > 0 is a generalization of the requirement for the bivariate Gaussian PDF that
|p] < 1. Basically, det(G) > O reflects the requirement that no random variabjds a
linear combination of the other random variables.

For a Gaussian random vec¥ran important special case arises when[aqv Xj] = 0
foralli # j. In this case, the off-diagonal elements of the covariance m@tgixare
all zero and theth diagonal element is simply ;] = aiz. In this case, we write
Cx = diago?, 0Z,...,02]. When the covariance matrix is diagonal; and X; are
uncorrelated for # j. In Theorem 4.32, we showed that uncorrelated bivariate Gaussian
random variables are independent. The following theorem generalizes this result.

1For the Gaussian random variable, we use paramgtersdo because they have the same units; however, for
the Gaussian random vector, the PDF dictates that wassdCy as parameters.
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Theorem 5.15

A Gaussian random vectdf has independent components if and onlg j is a diagonal
matrix.

Proof First, if the components of are independent, then for#£ j, X; and Xj are independent.

By Theorem 4.27(c), CoW;, X;] = 0. Hence the off-diagonal terms G are all zero. IfCx is

diagonal, then

o} 1/(712

Cx = and Cyl= . (5.67)
of 1/0%

It follows thatCx has determinant dé€y) = ]_[i”:l aiz and that

n Xi — i 2
0= 0 Gtk — ) = 30 A (5.68)
i=1 i
From Definition 5.17, we see that
l n
f B — — L — i) /202 5.69
x00 = o2 %° i;(X. 1i)/20; (5.69)
nooa
= exp( —(Xi —;/,-)2/20-2 . (5.70)
iE[l '/27”’i2 ( I I I )

Thus fx (%) = [, fx; (%), implying X1, ..., Xn are independent.

Example 5.15  Consider the outdoor temperature at a certain weather station. On May 5, the tem-

perature measurements in units of degrees Fahrenheit taken at 6 AM, 12 noon, and
6 PM are all Gaussian random variables, X1, X2, X3 with variance 16 degreesz. The
expected values are 50 degrees, 62 degrees, and 58 degrees respectively. The co-
variance matrix of the three measurements is

160 128 112
Cx =128 160 128]. (5.71)
112 128 160

(a) Write the joint PDF of X1, X» using the algebraic notation of Definition 4.17.
(b) Write the joint PDF of X1, X5 using vector notation.
(c) Write the joint PDF of X = [X; Xz X3  using vector notation.

(a) First we note that Xq and X, have expected values 1 = 50 and puy = 62,
variances 012 = 02? = 16, and covariance Cov[X1, X2] = 128. It follows from
Definition 4.8 that the correlation coefficient is

COV[X]_, Xz] . £8 B

0.8. 5.72
0102 16 ( )

PXq1,Xo =
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From Definition 4.17, the joint PDF is

2 2
exp(_ (x1-50) fl.6(xlffg)2(X2762)+(X2762) )

fx1, X, (X1, X2) = (5.73)

603

(b) LetW = [Xl Xz]/ denote a vector representation for random variables X ; and
X2. From the covariance matrix Cy, we observe that the 2 x 2 submatrix in the
upper left corner is the covariance matrix of the random vector W. Thus

50 160 128
"W_[ez]’ CW_[12.8 160]' ®.74)

We observe that det(Cyy) = 92.16 and det(Cyy)1/2 = 9.6. From Definition 5.17,
the joint PDF of W is

1 1
tww = oo~ —ww TGt w—ww)). (6575)

(c) For the joint PDF of X, we note that X has expected value wx =[50 62 5§’
and that det(Cx)1/2 = 22.717. Thus

_ 1 1 Ta-1
e = g7 000~ 50— 0TG- m0). (5.76)

The following theorem is a generalization of Theorem 3.13. It states that a linear trans-
formation of a Gaussian random vector results in another Gaussian random vector.

Given an n-dimensional Gaussian random veetavith expected valug x and covariance
Cx, and an mx n matrixA with rank(A) = m,

Y=AX+Db

is an m-dimensional Gaussian random vector with expected yalue= Auy + b and
covarianceCy = ACxA'.

Proof The proof of Theorem 5.13 contains the derivationg.efandCy. Our proof thaty has a
Gaussian PDF is confined to the special case whenn andA is an invertible matrix. The case of
m < nis addressed in Problem 5.7.9. Whan= n, we use Theorem 5.11 to write

fy ) = A"y~ b)) (6.77)

1
|det(A)]| fx (

exp(—3IA~1y —b) — uxV Cx Ay — b) — x1)
a (27)/2 |det(A) | |det(Cx)[1/? '

(5.78)

In the exponent offy (y), we observe that

Ay —b) —pux =A Ny — (Apx + D)1 = A"y — py), (5.79)
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sinceuy = Ay + b. Applying (5.79) to (5.78) yields

exp(—31A~1y — my) I C ALy — ay)])
(27)"/2 |det(A) | |det(Cx)|/2

fy (y) = (5.80)

Using the identitiesdet(A) ||detCx)|1/2 = |detACxA")[*/2 and(A~1) = (A’)~1, we can write

exp(~3(y — my) (A Leg Ay - y))
(2m)"/2 |det(ACxA") |}/

fy (y) = (5.81)

Since(A")~1Cy*A~1 = (ACxA’)~L, we see from Equation (5.81) thétis a Gaussian vector with
expected valugiy and covariance matri€y = ACxA’.

Example 5.16  Continuing Example 5.15, use the formula Y; = (5/9)(X; — 32) to convert the three
temperature measurements to degrees Celsius.

(a) Whatis ny, the expected value of random vector Y?
(b) Whatis Cy, the covariance of random vector Y?
(c) Write the joint PDF of Y = [Y; Y, Ya]  using vector notation.

(a) Interms of matrices, we observe that Y = AX + b where

59 0 0 1
1
A=|0 59 0], b:—g) 1. (5.82)
0 0 59 1
(b) Since py =[50 62 5§, from Theorem 5.16,
10
wy =Apx +b=|50/3 |. (5.83)
1309

(c) The covariance of Y is Cy = ACxA’. We note that A = A’ = (5/9)I where | is
the 3 x 3identity matrix. Thus Cy = (5/9)°Cx and Cy ! = (9/5)2Cy*. The PDF
of Y is

1 81 -
O =515 exp(—5—0<y — )Ty ~ ;m) : (5.84)

A standard normal random vector is a generalization of the standard normal random
variable in Definition 3.9.

Definition 5.18 Standard Normal Random Vector
The n-dimensionastandard normal random vector Z is the n-dimensional Gaussian
random vector with EZ] = 0andCz = I.
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From Definition 5.18, each componeéht of Z has expected valug[Z;] = 0 and variance
Var[Zi] = 1. ThusZ; is a Gaussiax0, 1) random variable. In additiorE[Z; Zj] = O for
alli # j. SinceCyz is a diagonal matrixZ1, ..., Z, are independent.

In many situations, it is useful to transform the Gaussjaio) random variablex to
the standard normal random variallle= (X — u x)/ox. For Gaussian vectors, we have a
vector transformation to transforkinto a standard normal random vector.

For a Gaussian(pny, Cx) random vector, letA be an nx n matrix with the property
AA’ = Cx. The random vector

Z=A"1X-py)
is a standard normal random vector.

Proof Applying Theorem 5.16 withA replaced byA_l, andb = A_lux, we have that is a
Gaussian random vector with expected value

ElZ) = E[A7 X — u0)] =A'E[X — ux] =0, (5.85)
and covariance

cz =Alcya Y =a-taa/ a1 =1 (5.86)

The transformation in this theorem is considerably less straightforward than the scalar

transformatiorZz = (X — ux)/ox, because it is necessary to find for a gigana matrixA

with the propertyAA’ = Cx. The calculation oA from Cyx can be achieved by applying the

linear algebra procedusingular value decomposition. Section 5.8 describes this procedure

in more detail and applies it to generating sample values of Gaussian random vectors.
The inverse transform of Theorem 5.17 is particularly useful in computer simulations.

Given the n-dimensional standard normal random vegZtoan invertible nx n matrixA,
and an n-dimensional vectdr,

X=AZ+Db

is an n-dimensional Gaussian random vector with expected yajue- b and covariance
matrixCx = AA’.

Proof By Theorem 5.16X is a Gaussian random vector with expected value
mx = E[X] =E[AZ + ux| =AE[Z] +b=b. (5.87)
The covariance oX is

Cx = ACzA’ = AIA’ = AA’. (5.88)

Theorem 5.18 says that we can transform the standard normal eatto a Gaussian
random vectoX whose covariance matrix is of the for@y = AA’. The usefulness of
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Theorem 5.19

Quiz5.7

Theorems 5.17 and 5.18 depends on whether we can always find a agtigh that
Cx = AA’. Infact, as we verify below, this is possible for every Gaussian vettor

For a Gaussian vectoK with covarianceCy, there always exists a matrik such that
Cx = AA’.

Proof To verify this fact, we connect some simple facts:

e InProblem 5.6.9, we ask the reader to show that every random vébt@s a positive semidef-
inite covariance matriCy . By Math Fact B.17, every eigenvalue ©% is nonnegative.

e Thedefinition of the Gaussian vector PDF requires the existe@)@]ofHence, fora Gaussian
vector X, all eigenvalues ofCx are nonzero. From the previous step, we observe that all
eigenvalues o€y must be positive.

e SinceCy is areal symmetric matrix, Math Fact B.15 says it has a singular value decomposition
(SVD)Cx = UDU’ whereD = diagdy, ..., dn] is the diagonal matrix of eigenvalues@©y.
Since eacld; is positive, we can definBl/2 = diag[\/d—, ...,4/dn], and we can write

/
Cx = UDY/2pl/2y — (UD1/2> (UDl/Z) : (5.89)
We see that = UD1/2,

From Theorems 5.17, 5.18, and 5.19, it follows that any GauggignCx) random vector
X can be written as a linear transformation of uncorrelated Gau&kianrandom variables.
In terms of the SVDCx = UDU’ and the standard normal vecidrthe transformation is

X = UDY?Z + py. (5.90)

We recall thaty has orthonormal columns, . . ., un. Whenuy = 0, Equation (5.90) can
be written as

X=>"duiZz. (5.91)
i=1

The interpretation of Equation (5.91) is that a Gaussian random VE&dta combination

of orthogonal vectors/dju;j, each scaled by an independent Gaussian random vaAable

In a wide variety of problems involving Gaussian random vectors, the transformation from
the Gaussian vectot to the standard normal random vecioto is the key to an efficient
solution. Also, we will see in the next section that Theorem 5.18 is essential in using
MATLAB to generate arbitrary Gaussian random vectors.

Z is the two-dimensional standard normal random vector. The Gaussian random Xector
has components

X1=2Z1+272o+2 and Xo=27Z1— Zo. (5.92)

Calculate the expected valyg, and the covariance matri€y .
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5.8 MATLAB

As in Section 4.12, we demonstrate two ways of usiigrraB to study random vectors.

We first present examples of programs that calculate values of probability functions, in this
case the PMF of a discrete random vector and the PDF of a Gaussian random vector. Then
we present a program that generates sample values of the Gaysgidly ) random vector

given anyux andCy.

Probability Functions

The MATLAB approach of using a sample space grid, presented in Section 4.12, can also
be applied to finite random vectoxsdescribed by a PMPx ().

Example 5.17  Finite random vector X = [X; Xp,--- Xs] has PMF
kvx'x x €{-10,9,...,10};
Px (X) = i=12,...,5 (5.93)
0 otherwise.

What is the constant k? Find the expected value and standard deviation of X 3.

Summing Px (x) over all possible values of x is the sort of tedious task that MATLAB
handles easily. Here are the code and corresponding output:

%5. m » X5

sx=-10: 10; k =

[ SX1, SX2, SX3, SX4, SX5] . . . 1. 8491e- 008
=ndgri d( sx, sX, SX, SX, SX); EX3 =

P=sqgrt (SX1." 2 +SX2." 2+SX3. " 2+SX4. " 2+SX5. " 2); - 3. 2960e- 017

k=1. 0/ (sun{sun{sun(sun(sunm P)))))) sigma3 =

P=k* P; 6.3047

EX3=sum( sun{sun{sun{sunm P.*SX3))))) »

EX32=sun{ sun(sun{sunm(sun(P.*(SX3.72))))));

si gma3=sqrt ( EX32- (EX3) " 2)

In fact, by symmetry arguments, it should be clear that E[X 3] = 0. In adding 115
terms, MATLAB's finite precision resulted in a small error on the order of 1017

Example 5.17 demonstrates the us&/bfTLAB to calculate properties of a probability
model by performing lots of straightforward calculations. For a continuous random vector
X, MATLAB could be used to calculak{ g(X)] using Theorem 5.8 and numeric integration.
One step in such a calculation is computing values of the PDF. The following example
performs this function for any Gaussigmy , Cx) random vector.

Example 5.18  Write a MaTLAB function f=gaussvect or pdf (nmu, C, x) that calculates fx (x) for
a Gaussian (u, C) random vector.
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function f=gaussvect or pdf (nu, C, x) In gaussvect or pdf . m we di-
n=l engt h(x); rectly implement the Gaussian
z=x(:)-mu(:); PDF fx (x) of Definition 5.17. Of
f=exp(-z'*inv(Q*z)/... course, MATLAB makes the cal-
sqrt((2*pi) " n*det(Q)); culation simple by providing oper-
ators for matrix inverses and de-

terminants.

Sample Values of Gaussian Random Vectors

Quiz5.8

Gaussian random vectors appear in a wide variety of experiments. Here we present a
program that generates sample values of GauggianCyx) random vectors. The matrix
notation lends itself to concifd ATLAB coding. Our approach is based on Theorem 5.18.

In particular, we generate a standard normal random vettand, given a covariance
matrix C, we use built-inMATLAB functions to calculate a matri such thailC = AA’.

By Theorem 5.18X = AZ + uy is a Gaussiatipny, C) vector. Although theVIATLAB

code for this task will be quite short, it needs some explanation:

e X=randn(m n) produces am x n matrix, with each matrix element a Gaussian
(0, 1) random variable. Thus each columnfis a standard normal vectadr

e [U D, V] =svd(C) is the singular value decomposition (SVD) of matr&x In
math notation, give€, svd produces a diagonal matiixof the same dimension as
C and with nonnegative diagonal elements in decreasing order, and unitary matrices
U andV so thatC = UDV'. Singular value decomposition is a powerful technique
that can be applied to any matrix. Wh€ris a covariance matrix, the singular value
decomposition yield&) = V andC = UDU’. Just as in the proof of Theorem 5.19,

A = UD'2,
function x=gaussvector(nmu, C, m Using randn and svd, generat-
[U, D V]=svd(Q); ing Gaussian random vectors is easy.
x=V*(D (0.5))*randn(n,m. .. x=gaussvect or (mu, C, 1) produces a
+(mu(:)*ones(1,m); Gaussian random vector with expected

value nmu and covarianceC.

The general fornrgaussvect or (nu, C, m) produces an x m matrix where each of
them columnsis a Gaussian random vector with expected valuand covariance&C. The
reason for defininggaussvect or to returnm vectors at the same time is that calculating
the singular value decomposition is a computationally burdensome step. By producing
vectors at once, we perform the SVD just once, rather théimes.

The daily noon temperature in New Jersey in July can be modeled as a Gaussian random
vectorT = [Tl T31]/ where T is the temperature on the ith day of the month.
Suppose that Hj] = 80for all i, and that T, and T; have covariance

36
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Define the daily averageemperature as

T+ T+ -+ T
N 31 '

Y

(5.95)

Based on this model, write a prograp=j ul yt enps( T) that calculates PY > T], the
probability that the daily averagiemperature is at least T degrees.

Chapter Summary

This chapter introduces experiments that produce an arbitrary number of random variables.

The probability model of an experiment that produces n random variaalede rep-
resented as amdimensional CDF. If all of the random variables are discrete, there is a
corresponding-dimensional PMF. If all of the random variables are continuous, there
is ann-dimensional PDF. The PDF is tiéh partial derivative of the CDF with respect

to all n variables.

A random vectomwith n dimensions is a concise representation of a set @ndom
variables. There is a corresponding notation for the probability model (CDF, PMF,
PDF) of a random vector.

There are2" — 2 marginal probability modelshat can be derived from the probability
model of an experiment that producesandom variables. Each marginal PMF is a
summation over the sample space of all of the random variables that are not included in
the marginal probability model. Each marginal PDF is a corresponding multiple integral.

The probability model (CDF, PMF, PDF) of n independent random variaidethe
product of the univariate probability models of theandom variables.

The expected value of a function of a discrete random veéstitre sum over the range
of the random vector of the product of the function and the PMF.

The expected value of a function of a continuous random véxtbe integral over the
range of the random vector of the product of the function and the PDF.

The expected value of a random vectwith n dimensions is a deterministic vector
containing then expected values of the components of the vector.

The covariance matrix of a random vectmntains the covariances of all pairs of random
variables in the random vector.

The multivariate Gaussian PDIs a probability model for a vector in which all the
components are Gaussian random variables.

A linear function of a Gaussian random vecteralso a Gaussian random vector.

Further Reading:[WSO01] and [PP01] make extensive use of vectors and matrices. To
go deeply into vector random variables, students can use [Str98] to gain a firm grasp of
principles of linear algebra.
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Problems

5.1.1 Every laptop returned to a repair center is classifiesl2.2

5.1.2

5.1.3

521
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Difficulty: Easy

according its needed repairs: (1) LCD screen, (2
motherboard, (3) keyboard, or (4) other. A random
broken laptop needs a typeepair with probability

pi = 2471/15. LetN; equal the number of type

i broken laptops returned on a day in which four
laptops are returned.

5.3.1

(a) Find the joint PMF

PN1, N, Ng, Ny (N1, N2, N3, Ng)

(b) What is the probability that two laptops require
LCD repairs?

(c) What s the probability that more laptops require
motherboard repairs than keyboard repairs?

When ordering a personal computer, a customer can
add the following features to the basic configura-
tion: (1) additional memory, (2) flat panel display,
(3) professional software, and (4) wireless modem.
A random computer order has featuraith prob-
ability pj = 27" independent of other features. In
an hour in which three computers are ordered, let
N; equal the number of computers with feature

(a) Find the joint PMF

PNy, Np, N, Ny (N1, N2, N3, Ng) .

(b) What is the probability of selling a computer
with no additional features?

(c) What is the probability of selling a computer
with at least three additional features?

The random variableXq, ..., Xn have the joint

PDF
1 0=<x=<1L;
FXqo Xn (XLs - oo Xn) = i=1,....n,
0 otherwise
(@) What is the joint CDFFx, . x,(X1, ..., Xn)?

535

(b) Forn = 3, whatis the probability that mirX; <
3/4?

For random variableXy, ..
letX = [Xl

., XpinProblem5.1.3,
Xn]/. What is fy (x)?

5.3.2

5.3.3

534

Moderate Difficult Experts Only

Random vectoX = [ X1 Xn]/ has PDF

ca'x

O0<x<1
fx(x)={0 herwi

otherwise

wherea is a vector with each componeat > 0.
What isc?

Given fy(y) in Quiz 5.3, find the marginal PDF
fy;(¥3).

A wireless data terminal has three messages wait-
ing for transmission. After sending a message,
it expects an acknowledgement from the receiver.
When it receives the acknowledgement, it transmits
the next message. If the acknowledgement does
not arrive, it sends the message again. The prob-
ability of successful transmission of a message is
p independent of other transmissions. lket=

[K1 Kz Kg]' be the 3-dimensional random
vector in whichkK; is the total number of transmis-
sions when messagés received successfullyKg

is the total number of transmissions used to send alll
three messages.) Show that

pPl— PR3 kg <kp <k
ki e {1,2...},
0 otherwise

P (k) =

From the joint PMFPk (k) in Problem 5.3.2, find
the marginal PMFs

(@) Py, ko (K1, ko),

(b) Pk, k3 (k1. k3),

(©) Py, k3 ko, ko),

(d) Px, (K1), Pk, (k2), and Py 4 (k3).
Therandomvariableg, ..., Y4 have the joint PDF

_] 24 O=syi=y2=ys=ysa=1,
&)= { 0 otherwise
Find the marginal PDFs fy, v,(Y1,Ya),

vy, (Y1, ¥2), and fy, (y1).

In a compressed data file of IMO bytes, each byte
is equally likely to be any one of 256 possible char-
actershy, . .., bogs independent of any other byte.
If N; is the number of timebk; appears in the file,
find the joint PMF ofNp, . .., Nogs. Also, what is
the joint PMF ofNg andN1?



5.3.6 Let N be ther-dimensional random vector with5.4.2
5.4.3

5.3.7

5.3.8 Asageneralization of the message transmission sys-

54.1

the multinomial PMF given in Example 5.1 with
n>r>2:

_ n n__.n
Pn () = (nl,---,nr)pl Pr

(@) What is the joint PMF ofN; and N»? Hint:
Consider a new classification scheme with cate-
gories: sy, Sp, and “other.”

(b)LetT; = N1 + --- + N;. What is the PMF of
Ti?
(c) What is the joint PMF off; andT,?

For Example 5.2, we derived the joint PMF of three
types of fax transmissions:

4 111
Pxv,z(X,Y,2) = ( )

X,y,z) 32y 62
(a) In a group of four faxes, what is the PMF of the
number of 3-page faxes?

(b) In a group of four faxes, what is the expected
number of 3-page faxes?

. . 5.4.6
(c) Given that there are two 3-page faxes in a grous

of four, what is the joint PMF of the number of
1-page faxes and the number of 2-page faxes?

(d) Given that there are two 3-page faxes in a group

of four, what is the expected number of 1-page
faxes?

(e) In a group of four faxes, what is the joint PMF2:4.7

of the number of 1-page faxes and the number
of 2-page faxes?

temin Problem 5.3.2, consider a terminal thathas
messages to transmit. The componéatsf then-
dimensional random vectdt are the total number
of messages transmitted when messageeceived
successfully.

(a) Find the PMF oK.

(b)For eachj €
marginal PMFPK, Ky....K; (K1, ko, ...

{1,2,...,n—1}, find the

JKj)

(c) For eachi € {1,2,...,n}, find the marginal
PMF Py; (kj).

Hint: These PMFs are members of a family of dis*
crete random variables in Appendix A.

The n componentsX; of random vectorX have

E[Xj] = 0VariX;] = 2. What is the covariance 5.5.2

matrix Cx ?

54.4

5.4.5

551
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In Problem 5.1.1, arBly, No, N3, N4 independent?
The 4-dimensional random vectdrhas PDF

1 0<x<1i=1,23,4
0 otherwise.

fx (X)={

Are the four components of independent random
variables?

As in Example 5.4, the random vectérhas PDF

6e X x>0
f = =
x () { 0 otherwise
wherea=[1 2 3. Are the components of
independent random variables?

The PDF of the 3-dimensional random vecXois

e X

fx(X)={ 0

0<x1 <X < X3,
otherwise

Are the components of independent random vari-
ables?

The random vectoX has PDF

e X8

fx(X)={ 0

0 <Xx1 < X2 < X3,
otherwise

Find the marginal PDFsfy, (x1), fx,(x2), and
fx3(X3).

Given the sefUq, ..., Un} of iid uniform (0, T)
random variables, we define

Xk = smalk (U4, ..., Up)

as thekth “smallest” element of the set. That ¥$;
is the minimum elemeni> is the second smallest,
and so on, up tXp which is the maximum element

of {Uq, ..., Un}. Note thatXq, ..., Xn are known
as theorder statisticoof Uq, ..., Un. Prove that
fXq, Xn (X215 -+ 05 Xn)
TN 0=<xg <o <xn < T,
10 otherwise.

Discrete random vectof has PMFPx (x). Prove
that for an invertible matrid, Y = AX + b has
PMF

Py ) =Px (A —b)).

In the message transmission problem, Prob-
lem 5.3.2, the PMF for the number of transmissions
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5.5.3

5.5.4

5.5.5
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when messageis received successfully is

pPPl- PR3 kK <kp <k
ki €{1,2..},
0 otherwise

Pc (k) =

Let J3 = K3 — K2, the number of transmissions of

message 3J, = K, — K1, the number of transmis- 5.6.

sions of message 2; an = K1, the number of
transmissions of message 1. Derive a formula for
P;3(j), the PMF of the number of transmissions of
individual messages.

In an automatic geolocation system, a dispatcher
sends a message to six trucks in a fleet asking their
locations. The waiting times for responses from
the six trucks are iid exponential random variables,
each with expected value 2 seconds.

(a) Whatis the probability that all six responses will
arrive within 5 seconds?

(b) If the system has to locate all six vehicles within
3 seconds, it has to reduce the expected response
time of each vehicle. What is the maximum ex-
pected response time that will produce a location

time for all six vehicles of 3 seconds or less wittp-6.

probability of at least 0.9?

In a race of 10 sailboats, the finishing times of all
boats are iid Gaussian random variables with ex-

5.5.

5.6.

6

1

2

3

pected value 35 minutes and standard deviation>P-4

minutes.

(a) Whatis the probability that the winning boat will
finish the race in less than 25 minutes?

(b) What is the probability that the last boat will
cross the finish line in more than 50 minutes? 5

(c) Given this model, what is the probability that a :
boat will finish before it starts (negative finishing
time)?

In aweekly lottery, each $1 ticket sold adds 50 cents

to the jackpot that starts at $1 million before any

tickets are sold. The jackpot is announced eaghg.

morning to encourage people to play. On the morr
ing of theith day before the drawing, the current
value of the jackpot); is announced. On that day,
the number of tickets soldyj, is a Poisson random
variable with expected valug. Thus six days be-
fore the drawing, the morning jackpot starts at $1
million and Ng tickets are sold that day. On the day
of the drawing, the announced jackpotlsdollars
and Ny tickets are sold before the evening drawing.

6.5

6

What are the expected value and variancd ahe
value of the jackpot the instant before the drawing?
Hint: Use conditional expectations.

Let Xq, ..., Xn denoteniid random variables with
PDF fx (x) and CDFFx (x). What is the probabil-
ity P[Xn =max{Xq, ..., Xn}1?

Random variables; and X, have zero expected
value and variances \iaX1] = 4 and VarXp] = 9.
Their covariance is CoW{1, Xo] = 3.

(a) Find the covariance matrix of = [X;  Xa]'.

(b) X1 and X, are transformed to new variabl¥s
andY» according to

Y1 = X1 —2X3

Yo = 3X1 4+ 4Xo
Find the covariance matrix of = [Y;  Y2]'.
Let X1,..., Xp be iid random variables with
expected value 0, variance 1, and covariance
CovXj, Xj] = p. Use Theorem 5.13 to find
the expected value and variance of the sdm=
Xy + -+ Xp.
The 2-dimensional random vecte¢ and the 3-
dimensional random vectdf are independent and
E[Y] = 0. What is the vector cross-correlation
Rxy ?
The 4-dimensional random vectdrhas PDF

fy (0 = 1 0<x<1i=1,23,4
XY= 0 otherwise.

Find the expected value vectBfX], the correlation
matrix Ry, and the covariance matrx .

In the message transmission system in Prob-
lem 5.3.2, the solution to Problem 5.5.2 is a formula
for the PMF ofJ, the number of transmissions of in-
dividual messages. Fgr = 0.8, find the expected
value vectorE[J], the correlation matribRj, and

the covariance matrij.

In the message transmission system in Prob-
lem 5.3.2,

pP(L— p*e3; kg <k <ks;
Pk (k) = ki €{1,2,..}
0 otherwise.

For p = 0.8, find the expected value vectBfK],
the covariance matri€y , and the correlation ma-
trix Rk .
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5.6.8

5.6.9

571

5.7.2

As in Quiz 5.1 and Example 5.5, the 4-dimensiond.7.3

random vectolY has PDF

4 0<y1<y2=<1;
0<y3<ys=<1,
0 otherwise.

fy (y) =

Find the expected value vectfY], the correlation
matrix Ry, and the covariance matrQy .

The 2-dimensional random vectdrhas PDF

2 0<[1 1]y=1,

fy = { 0 otherwise

Find the expected value vectafY], the correlation
matrix Ry, and the covariance matrBy .

Let X be a random vector with correlation matrix
Rx and covariance matri€y. Show thatRyx and
Cx are both positive semidefinite by showing that
for any nonzero vectaa,

aRxa>0,
aCxa> 0.

Xisthe 3-dimensional Gaussian random vector with
expected valugy = [4 8 6] and covariance

4 -2 1
Cx=|-2 4 -2
1 -2 4

Calculate
(a) the correlation matrixRy,

(b)the PDF of the first two components o,
fx1. % (X1, X2),
(c) the probability thaiX; > 8.

Given the Gaussian random vect®r in Prob-
lem5.7.1Y = AX + b, where

Ao [1 1/2 2/3}
1 -1/2 2/3
andb=[-4 -4 —4]/. Calculate
(a) the expected valuyey,
(b) the covarianc€y,
(c) the correlatiorRy,
(d) the probability that-1 < Y, < 1.

5.7.5

5.7.6

5.7.7

PROBLEMS 241

Let X be a Gaussianuy, Cx) random vector.
Given a vectom, find the expected value and vari-
ance ofY = aX. IsY a Gaussian random variable?
Let X be a Gaussian random vector with expected
value[n1 2] and covariance matrix

2
Cy = o] p<712<72 .
00102 05
Show thatX has PDFfx (x) = fx; x,(X1,X2)
given by the bivariate Gaussian PDF of Defini-
tion 4.17.
Let X be a Gaussiatuy, Cx) random vector. Let

Y = AX whereA is anm x n matrix of rankm. By
Theorem 5.16Y is a Gaussian random vector. Is

a0

a Gaussian random vector?
The 2x 2 matrix

o [cose

—sing
sing

cosf

is called a rotation matrix becauge= Qx is the ro-
tation ofx by the angl®. Suppos&X = [Xl Xz]/
is a Gaussiaii0, Cx) vector where

2
_|of 0
X |: 0 022i| ’

ando? > o2, LetY = QX.
(a) Find the covariance of; andY>. Show thaty;
andY; are independent for il if o2 = o2

(b) Suppose? > o2. Forwhatvalues areY; and
Y, independent?
X = [X1 Xg]'is a Gaussian0,Cx) vector

where
_|1 »
Cx = |:,0 1] .

Thus, depending on the value of the correlation co-
efficientp, the joint PDF ofX1 and X, may resem-
ble one of the graphs of Figure 4.5 widy = X
and Xo> = Y. Show thatX = QY whereQ is the

6 = 45° rotation matrix (see Problem 5.7.6) awd

is a Gaussiali0, Cy) vector such that

_[14+0p 0
Cy—|: 0 1—,0:|'
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5.7.8

5.7.9

5.8.1
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This result verifies, fop # 0, that the the PDF of 5.8.2

X1 and X5 shown in Figure 4.5, is the joint PDF of
two independent Gaussian random variables (with
variances H p and 1— p) rotated by 45 degrees.

An n-dimensional Gaussian vect#/ has a block
diagonal covariance matrix

_|ICx O
CW_[O Cy]

whereCy ism x m, Cy is (n — m) x (n — m).
Show thatwW can be written in terms of component
vectorsX andY in the form

[

such thaX andY are independent Gaussian random
vectors.

In this problem, we extend the proof of Theo-
rem 5.16 to the case wheénis m x n withm < n.

For this proof, we assum¥ is ann-dimensional
Gaussian vector and that we have proven Theo-
rem 5.16 for the cas® = n. Since the casm =n

is sufficient to prove that = X + b is Gaussian,

it is sufficient to show fom < nthatY = AX is
Gaussian in the case whary = 0.

(a) Prove there exists am — m) x n matrix A of
rankn—mwith the property thadA’ = 0. Hint:
Review the Gram-Schmidt procedure.

(b) LetA = Ac;l and define the random vector

SHNA

Use Theorem 5.16 for the case= n to argue
thatY is a Gaussian random vector.

(c) Find the covariance matri® of Y. Use the re-
sult of Problem 5.7.8 to show thatandY are
independent Gaussian random vectors.

Consider the vectoX in Problem 5.7.1 and define
the average to b¥ = (X1 4+ X2 + X3)/3. What is
the probability thaty > 47?

5.8.3

5.8.4

Abetter model for the sailboat race of Problem 5.5.4
accounts for the fact that all boats are subject to the
same randomness of wind and tide. Suppose in the
race of ten sailboats, the finishing timésare iden-
tical Gaussian random variables with expected value
35 minutes and standard deviation 5 minutes. How-
ever, for every pair of boaisandj, the finish times

X; and Xj have correlation coefficient = 0.8.

(@) What is the covariance matrix oK =
[Xl Xlo]/?

(b) Let

X1+ X2+ 4+ Xqp

B 10
denote the average finish time. What are the
expected value and variance ¥f? What is
PLY < 25]?

For the wvector of daily temperatures

[T --- Ts1] and average temperaturemod-

eled in Quiz 5.8, we wish to estimate the probability

of the event

Y

A= {Y <82,minT; > 72}
|

To form an estimate ofA, generate 1@00 inde-
pendent samples of the vectorand calculate the
relative frequency oA\ in those trials.

We continue Problem 5.8.2 where the veckoof
finish times has correlated components. W\ete-
note the finish time of the winning boat. We wish to
estimateP[W < 25], the probability that the win-
ning boat finishes in under 25 minutes. To do this,
simulatem = 10,000 races by generating samp-
les of the vectoiX of finish times. LetYj = 1

if the winning time in race is under 25 minutes;
otherwise,Yj = 0. Calculate the estimate

1 m
P[W < 25]~ — i
w=z= 23y
j=1
Write aMATLAB program that simulates runs of

the weekly lottery of Problem 5.5.5. For= 1000
sample runs, form a histogram for the jackgdot




Sums of Random Variables

Random variables of the form
Wh= X144+ Xy (6.1)

appear repeatedly in probability theory and applications. We could in principle derive the
probability model ofV,, from the PMF or PDF oK1, . .., Xn. However, in many practical
applications, the nature of the analysis or the properties of the random variables allow
us to apply techniques that are simpler than analyzing a gemeliaiensional probability
model. In Section 6.1 we consider applications in which our interest is confined to expected
values related toV,, rather than a complete model\f,. Subsequent sections emphasize
techniques that apply whefy, . . ., X, are mutually independent. A useful way to analyze
the sum of independent random variables is to transform the PDF or PMF of each random
variable to anoment generating function.

The central limittheorem reveals afascinating property of the sum ofindependent random
variables. It states that the CDF of the sum converges to a Gaussian CDF as the number of
terms grows without limit. This theorem allows us to use the properties of Gaussian random
variables to obtain accurate estimates of probabilities associated with sums of other random
variables. In many cases exact calculation of these probabilities is extremely difficult.

6.1 Expected Values of Sums

Theorem 6.1

The theorems of Section 4.7 can be generalized in a straightforward manner to describe
expected values and variances of sums of more than two random variables.

For any set of random variables1X. . ., Xp, the expected value of W= X1+ - - -+ X, is

E[Wn] = E[X4] + E[X2] +---+ E[Xn].

Proof We prove this theorem by induction @n In Theorem 4.14, we proveB[Ws] = E[X1] +
243
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E[X2]. Now we assum&[W,_1] = E[X1]+ - -+ E[Xn_1]. Notice thaW, = Wj,_1+ Xn. Since
W is a sum of the two random variablé,_1 andXp, we know thaE[Wn] = E[Wy_1]1+E[Xn] =
E[X1] + -+ + E[Xn_1] + E[Xn].

Keep in mind that the expected value of the sum equals the sum of the expected values
whether or nofX4, ..., X, are independent. For the variancé/gf;, we have the general-
ization of Theorem 4.15:

Theorem 6.2 The variance of W= X1+ --- + Xp is

variWy] = ZVar[X.]+ZZ Z Cov[Xi, X

i=1j=i+1

Proof From the definition of the variance, we can write N&g] = E[(Wh — E[Wn])z]. For
convenience, letj denoteE[X;]. SinceWn = Zi”:l Xn andE[Wh] = Z{‘Zl i, We can write

n 2 n n
VarWn] = E (Z(Xi—ﬂi)) :E{Z(Xi—ﬂi)Z(xj—Mj)} (6.2)
i=1 i=1 j=1
n n
:ZZ ov[X;, X (6.3)
i=1j=1

In terms of the random vectof = [Xl Xn]/, we see that Vakh] is the sum of all the
elements of the covariance mat@ . Recognizing that Cdw;, Xj] = Var[X] and CoyXj, Xj] =
Cov[Xj, Xj], we place the diagonal terms@f in one sum and the off-diagonal terms (which occur
in pairs) in another sum to arrive at the formula in the theorem.

WhenXj, ..., X, are uncorrelated, CoX;, Xj] = 0 fori # j and the variance of the
sum is the sum of the variances:

Theorem 6.3 When X, ..., Xp are uncorrelated,

Var[Wn] = Var[ X1] + - - - + Var[ Xn].

Example 6.1 Xo, X1, X2, ... is a sequence of random variables with expected values E[Xj] = 0
and covariances, Cov[X;, Xjl = 0.81—1l. Find the expected value and variance of
a random variable Y; defined as the sum of three consecutive values of the random
sequence
Yi = Xi + Xj—1+ Xj_2. (6.4)

Theorem 6.1 implies that

E[Yi]=E[Xi]+E[Xi—1] + E[Xi_2] = 0. (6.5)
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Applying Theorem 6.2, we obtain for each i,

VarY;] = Var[X;] + Var[X;_1] + Var[ Xj_»]
+2 COV[Xi , Xi—l] +2 COV[Xi , Xi—Z] +2 COV[Xi,l, Xi,z] . (6.6)

We next note that Var[X;] = Cov[X;, Xj] = 0.8~ = 1 and that
Cov[Xi, Xj_1] = Cov[Xj_1, Xi_2] =08,  Cov[X;, Xj_»] = 0.82. (6.7)

Therefore
var[Y;] =3 x 089 + 4 x 0.8 + 2 x 0.82 = 7.48. (6.8)

The following example shows how a puzzling problem can be formulated as a question

about the sum of a set of dependent random variables.

Example 6.2

At a party of n > 2 people, each person throws a hat in a common box. The box is
shaken and each person blindly draws a hat from the box without replacement. We
say a match occurs if a person draws his own hat. What are the expected value and
variance of Vp, the number of matches?

Let X; denote an indicator random variable such that

(6.9)

x 11 person i draws his hat,
! 0 otherwise.

The number of matches is V = X1 + --- + Xn. Note that the X; are generally not
independent. For example, with n = 2 people, if the first person draws his own hat,
then the second person must also draw her own hat. Note that the ith person is
equally likely to draw any of the n hats, thus Px; (1) = 1/nand E[Xj] = Px; (1) = 1/n.
Since the expected value of the sum always equals the sum of the expected values,

E[Vnl = E[X1]+ -+ E[Xn] =n(1/n) = 1. (6.10)

To find the variance of Vy,, we will use Theorem 6.2. The variance of X is

2 1 1
varxi] = E[X?] - (E[xi])* = = - > (6.11)
To find Cov[X;, Xjl, we observe that
Cov[Xi. Xj]=E[XiXj] - E[X]E[X]]. (6.12)

Note that Xj Xj = 1if and only if Xj = 1 and X = 1, and that X; Xj = 0 otherwise.
Thus
E [Xi Xj] = PXi,Xj 1.1 = PXi\Xj 11D PXJ' QD). (6.13)

Given Xj = 1, that is, the jth person drew his own hat, then Xj = 1if and only if the
ith person draws his own hat from the n — 1 other hats. Hence Py; IX; 11 =1/n-21)

and 1 1 1
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Finally, we can use Theorem 6.2 to calculate
Var{Vn] = nVar[X;] 4+ n(n — 1) Cov[X;, Xj] = 1. (6.15)
That is, both the expected value and variance of Vi, are 1, no matter how large n is!

Example 6.3 Continuing Example 6.2, suppose each person immediately returns to the box the hat
that he or she drew. What is the expected value and variance of Vp, the number of

matches?

In this case the indicator random variables X; are iid because each person draws from
the same bin containing all n hats. The number of matches Vi = X1 +-- -+ Xp is the
sum of n iid random variables. As before, the expected value of Vp, is

E[Va] =nE[X{] = 1. (6.16)

In this case, the variance of V equals the sum of the variances,

Var[Vh] = nVar[Xj] =n (E — iz) =1- E (6.17)
n n n

The remainder of this chapter examines tools for analyzing complete probability models
of sums of random variables, with the emphasis on sums of independent random variables.

Quiz6.1 Let W, denote the sum of n independent throws of a fair four-sided die. Find the expected
value and variance of W

6.2 PDF of the Sum of Two Random Variables

Before analyzing the probability model of the sumrofandom
variables, it is instructive to examine the sWwh= X + Y of two
continuous random variables. As we see in Theorem 6.4, the PDF
of W depends on the joint PDFx v (X, y). In particular, in the
proof of the theorem, we find the PDF & using the two-step
procedure in which we first find the CDHRy (w) by integrating the
joint PDF fx v (X, y) over the regiorX + Y < w as shown.

Theorem 6.4 The PDFof W= X +Y is

fw(w):/oo fx,y(X,w—x)dx=/

—00 —

oo

fx,y (w—y,y) dy.
o0

Proof
o0 w—X
Fw W) =P[X+Y <w]= f </ fxy Xy dy) dx. (6.18)

—0o0 —0o0
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Taking the derivative of the CDF to find the PDF, we have

—X
fW(w):M:/oo (i </w fx vy (X, y)dy)) dx (6.19)
dw —oo \dw \J_o ’
= /00 fx.y (X, w—x) dx. (6.20)
o0

By making the substitutioy = w — X, we obtain

o0
f (w) = / fxy (w— y.y) dy. (6.21)
o0

Example 6.4 Find the PDF of W = X 4+ Y when X and Y have the joint PDF

Theorem 6.5

]2 0=sy=<10=<x=lx+y=<l1,

By %) _{ 0 otherwise. (6.22)

" The PDF of W = X + Y can be found using Theorem 6.4.

i The possible values of X,Y are in the shaded triangular
—ex region where 0 < X +Y =W < 1. Thus fy(w) = 0 for

W Y w<O0orw > 1 For0 < w < 1, applying Theorem 6.4

yields
w
X fW(u)):/ 2dx = 2w, O<w<l (6.23)
w 1 0

The complete expression for the PDF of W is

2w O0<w<1,

fw (w):{ 0  otherwise. 6.24)

WhenX andY are independent, the joint PDF ¥fandY can be written as the product

of the marginal PDFSx v (X, y) = fx(X) fy(y). In this special case, Theorem 6.4 can be
restated.

When X and Y are independent random variables, the PDF ef W+ Y is

fw(w)=/ fx(w—y)fv(y)d)/=/ fx ¥) fy (w —x) dx.

—00

In Theorem 6.5, we combine two univariate functiohg(-) and fy (-), in order to produce
a third function, fw(-). The combination in Theorem 6.5, referred to asoavolution,
arises in many branches of applied mathematics.
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Quiz6.2

When X andY are independent integer-valued discrete random variables, the PMF of
W = X +Y is a convolution (Problem 4.10.9).

Pww)= Y Px(®Pyw-k. (6.25)

k=—00

You may have encountered convolutions already in studying linear systems. Sometimes,
we use the notatioffiyy (w) = fx(X) * fy(y) to denote convolution.

Let X and Y be independent exponential random variables with expected vdMés-E
1/3and Y] = 1/2. Find the PDF of W= X + Y.

6.3 Moment Generating Functions

Definition 6.1

The PDF of the sum of independent random variakdgs. . ., X, is a sequence of convo-
lutions involving PDFsfx, (x), fx,(x), and so on. In linear system theory, convolution in
the time domain corresponds to multiplication in the frequency domain with time functions
and frequency functions related by the Fourier transform. In probability theory, we can, in
a similar way, use transform methods to replace the convolution of PDFs by multiplication
of transforms. In the language of probability theory, the transform of a PDF or a PMF is a
moment generating function.

Moment Generating Function (MGF)
For a random variable X, thenoment generating function (MGF) of X is

dx(s) = E [esx].

Definition 6.1 applies to both discrete and continuous random varidbl&8hat changes
in going from discreteX to continuousX is the method of calculating the expected value.
When X is a continuous random variable,

o0
ox(S) =/ eS*fy (x) dx. (6.26)
—00
For a discrete random variabYe the MGF is
pv(s) = Y Py (y). (6.27)
Vi €Sy

Equation (6.26) indicates that the MGF of a continuous random variable is similar to the
Laplace transform of a time function. The primary difference is that the MGF is defined
for real values o6. For a given random variabl¢, there is a range of possible valuesof

for which¢x (s) exists. The set of values effor which¢ x (s) exists is called thesgion of
convergence. For exampleXfis a nonnegative random variable, the region of convergence
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Random Variable PMF or PDF MGF ¢x(S)
1-p x=0
Bernoulli (p) Px(x) = p X = 1-p+ pe
0 otherwise
Binomial (n, p) Px(x) = (:) p*L—-p"X (1—p+ pe)"
. _ pl—p* 1t x=1,2 ... pe’
Geometria(p) Px(x) = { 0 otherwise - d_pe 1_pe
x—1 pe’
P k P = K1 — pxk — )k
ascalk, p) X (X) <k— 1>p ( p) (1_ 1 p)es)
. _ otxefa/X! XZO, 1,2,... (eS_l)
Poisson(e) Px(x) = { 0 otherwise e
1 _ esk _ es(l+1)
. . _ kT x=kk+1,...,1
Disc. Uniform(k, 1) Px(x) { 0 otherwise 1 e
Constania) fx(x) = 8(x—a) esa
1 bs as
Uniform (a, b) fx00 0 otherwise s(b—a)
. re ™ x>0 A
Exponential()) fx(x) = 0 otherwise e
)Lnxn—le—)»x
2 X €7 xw>0 A
Erlang(n, A fx(x) = (n—1) = _* \n
9(n.») x(X) 0 otherwise (k — S)
Gaussiar(u, o) fx(xX) = ﬁe*("*“)z/ 20% gsn+s?o?/2

Table 6.1 Moment generating function for families of random variables.

includes alls < 0. Because the MGF and PMF or PDF form a transform pair, the MGF
is also a complete probability model of a random variable. Given the MGF, it is possible
to compute the PDF or PMF. The definition of the MGF implies that0) = E[e%] = 1.
Moreover, the derivatives @fx (s) evaluated as = 0 are the moments of.
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Theorem 6.6

A random variable X with MG x (s) has nth moment

d"éx(s)
E[X"|= ——— .
X="ge |,
Proof The first derivative ofpx (s) is
d¢x($) _ d o SX _/00 X
ds = ds (/;ooe fx (x) dx|) = 7ooxe5 fx (x) dx. (6.28)
Evaluating this derivative & = 0 proves the theorem for = 1.
(e.¢]
d¢x () :/ xfx (0 dx = E[X]. (6.29)
ds Js—0 J-oo
Similarly, thenth derivative ofpx (s) is
n e¢]
ER2C) :f x"eS*¥ £y (x) dx. (6.30)
ds? —0

The integral evaluated at= 0 is the formula in the theorem statement.

Typically it is easier to calculate the moments6by finding the MGF and differentiating
than by integrating™ fx (x).

Example 6.5 X is an exponential random variable with MGF ¢ x(s) = A/(» — s). What are the first

Theorem 6.7

and second moments of X? Write a general expression for the nth moment.

The first moment is the expected value:

d A 1
Epxg= O _ A b 1 (6.31)
ds lso0 (+—92|s—0 *
The second moment of X is the mean square value:
d? 21 2
E[x?] = x| - < (6.32)
ds? (A—93|s_g 22
s=0
Proceeding in this way, it should become apparent that the nth moment of X is
d"px (s) nix n!
E[X"] = =— | =—. 6.33
[ ] ds" s=0 (*— S)n+1 s=0 AN ( )

Table 6.1 presents the MGF for the families of random variables defined in Chapters 2
and 3. The following theorem derives the MGF of a linear transformation of a random
variableX in terms of¢x (S).

The MGF of Y= aX + b is ¢y (s) = e5Ppx (as).

Proof From the definition of the MGF,
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dy(s) = E [es(ax+b)] — eSPE [e(as)x] _ Sb(i)x(as). (6.34)

Quiz6.3 Random variable K has PMF

02 k=0,....4,

Pr (k) = { 0 otherwise. (6.35)

Use the MGRgpk (s) to find the first, second, third, and fourth moments of K.

6.4 MGF of the Sum of Independent Random Variables

Moment generating functions are particularly useful for analyzing sums of independent
random variables, becauseXfandY are independent, the MGF &% = X + Y is the
product:

dw(s) = E [eSXeSY] —E [esx] E [eSY] — X (S)Py(S). (6.36)

Theorem 6.8 generalizes this result to a sum ofdependent random variables.

Theorem 6.8 For a set of independent random variables, X. ., X;, the moment generating function of
W=X1+---+ Xpis

PW(S) = Px,(S)Px,(S) - - - DX, (S).
When X, ..., Xp are iid, each with MGRp; (S) = ¢x(S),

dw(s) = [¢x(5)]".

Proof From the definition of the MGF,
dw (S = E [eS<X1+"'+Xn>] —E [esxleS)<2 . esxn] . (6.37)

Here, we have the expected value of a product of functions of independent random variables. Theo-
rem 5.9 states that this expected value is the product of the individual expected values:

E [91(X1)82(X2) - - gn(Xn)] = E [01(XD)] E [92(X2)] - - E[gn(Xn)] . (6.38)
By Equation (6.38) wittg; (Xj) = eSX the expected value of the product is
pw(® = E[e] E[e2] B[] = 03,903, - 9x,(9.  (6.39)

WhenXj, ..., Xp areiid,¢x; (s) = ¢x(s) and thuspy (s) = (pwe)H™.
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Moment generating functions provide a convenient way to study the properties of sums
of independent finite discrete random variables.

Example 6.6 J and K are independent random variables with probability mass functions
8'(23 j - ; 05 k=-1,
Pit=1 02 j=3 Pk k)= 05 k=1, (6.40)

0  otherwise, 0  otherwise.

Find the MGF of M = J + K? What are E[M 3] and Py (m)?

J and K have have moment generating functions
$3(s) = 0.2€° + 0.6 + 0.26°°, Pk (S) = 05675 + 0.5€6°. (6.41)

Therefore, by Theorem 6.8, M = J + K has MGF
M (S) = 63 (S)PK (S) = 0.1+ 0.36° + 0.26*5 + 0.36% + 0.1€"S. (6.42)

To find the third moment of M, we differentiate ¢ y; (s) three times:

dsd’M (s)

3| _

E[M]_ i |, (6.43)
= 036" + 02(2%)e?° + 0.3(3%)e> 4+ 0.14%)e* o= 164 (6.44)

The value of Py, (m) at any value of m is the coefficient of e™Sin ¢ (S):

oM (S) = E[eSM] = 01 + 03 6+ 02 5+ 03 &3+ 01 & (6.45)
— — —— —— —
Pum(0)  Pm(1) Pm (2) Pm () Pwm (4)
The complete expression for the PMF of M is
01 m=0,
03 m=1,
02 m=2,
0 otherwise.

4,
3,

Pvm (M) = (6.46)

Besides enabling us to calculate probabilities and moments for sums of discrete random
variables, we can also use Theorem 6.8 to derive the PMF or PDF of certain sums of iid
random variables. In particular, we use Theorem 6.8 to prove that the sum of indepen-
dent Poisson random variables is a Poisson random variable, and the sum of independent
Gaussian random variables is a Gaussian random variable.

Theorem 6.9 IfK1,..., Kyareindependent Poisson random variabless\K 1 +- - - + K, is a Poisson
random variable.

Proof We adopt the notatioB[K;] = «; and note in Table 6.1 th#t; has MGFp, (s) = e (€1,
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By Theorem 6.8,

dw(s) = (-1 ema(e-1)  an(€-1) _ glor++an)(€-1) _ glar)(€5-1) (6.47)

whereaT = a1 + - - - + an. Examining Table 6.1, we observe thygt (s) is the moment generating
function of the PoissolwT) random variable. Therefore,

Ye=®/w! w=0,1,...,

_ ] o7
Pw (w) = { 0 otherwise (6-48)

The sum of n independent Gaussian random variables W + - - - + Xp, is a Gaussian
random variable.

Proof For convenience, lgtj = E[X] andai2 = Var[X;]. Since theX; are independent, we know
that

dW(S) = ¢x, (9)Px,(9) - - - Px, () (6.49)
_ S/L1+‘71232/2e3ﬂ2+<72232/2 . eSMnJr”nZSZ/2 (6.50)
= St tpn)+(of++07)s%/2, (6.51)

From Equation (6.51), we observe tiggi (s) is the moment generating function of a Gaussian random

variable with expected value; + - - - + un and variancerl2 +-+ ar?.

In general, the sum of independent random variables in one family is a different kind of
random variable. The following theorem shows that the Erlam@) random variable is
the sum ofh independent exponentigl) random variables.

If X1, ..., X, are iid exponentia{i) random variables, then W= X1 + - - - + X, has the
Erlang PDF
Anwn—le—kw

w >0,
otherwise

Proof In Table 6.1 we observe that ea¥h has MGFpx (S) = /(A —s). By Theorem 6.8\ has
MGF

L \"
dw(s) = <A——S> . (6.52)

Returning to Table 6.1, we see th&thas the MGF of an Erlan@, 1) random variable.

Similar reasoning demonstrates that the surm &ernoulli (p) random variables is the
binomial (n, p) random variable, and that the sumkofeometric( p) random variables is
a Pascalk, p) random variable.
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Quiz6.4
(A) Let Ky, Ko, ..., Ky beiid discrete uniform random variables with PMF
_ [ 1/n k=1,2,....n,
Pic (k) = { 0  otherwise. (6.53)
Find the MGF of J= K1 + -+ + Kn.
(B) Let Xi, ..., Xn be independent Gaussian random variables wifiXE= 0] and
Var[ Xj] = i. Find the PDF of
W =aXi+a?Xo+ - +a"Xp. (6.54)
6.5 Random Sums of Independent Random Variables

Many practical problems can be analyzed by reference to a sum of iid random variables in
which the number of terms in the sum is also a random variable. We refer to the resultant
random variableR, as arandom sumof iid random variables. Thus, given a random
variableN and a sequence of iid random variab}esg, Xo, .. ., let

R=X1+ -+ XN. (6.55)

The following two examples describe experiments in which the observations are random
sums of random variables.

Example 6.7 At a bus terminal, count the number of people arriving on buses during one minute. If
the number of people on the ith bus is K and the number of arriving buses is N, then
the number of people arriving during the minute is

R=Ki+ - +Ky. (6.56)

In general, the number N of buses that arrive is a random variable. Therefore, Ris a
random sum of random variables.

Example 6.8 Count the number N of data packets transmitted over a communications link in one
minute. Suppose each packetis successfully decoded with probability p, independent
of the decoding of any other packet. The number of successfully decoded packets in
the one-minute span is

R= X1+ + XN. (6.57)

where X; is 1 if the ith packet is decoded correctly and O otherwise. Because the
number N of packets transmitted is random, R is not the usual binomial random
variable.

In the preceding examples we can use the methods of Chapter 4 to find the joint PMF
Pn.r(N, 1). However, we are not able to find a simple closed form expression for the PMF
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Pr(r). On the other hand, we see in the next theorem that it is possible to express the
probability model ofR as a formula for the moment generating funcifon(s).

Theorem 6.12 Let{Xy, X», ...} be a collection of iid random variables, each with M@l (s), and let N
be a nonnegative integer-valued random variable that is independ€KtiofX», .. .}. The
random sum R= X1 + - -- + XN has moment generating function

PR(S) = PN (INPx ().
Proof Tofindgr(s) = E[eSR), we first find the conditional expected valEge® RN = n]. Because
this expected value is a function of it is a random variable. Theorem 4.26 states #a®s) is the
expected value, with respect i, of E[e® R| N =n]:
o o0
$RS = E [eSR|N - n] PN =) E [eS(X1+'"+XN>|N - n] Py (D). (6.58)
n=0 n=0
Because th&; are independent d¥l,
E [0t XN = n] = E [0 = E[eW] = pw (o). (6.59)
In Equation (6.58)W = X1 + --- 4+ Xp. From Theorem 6.8, we know thaty(s) = [¢x(S)]",
implying
o
$R(S) = ) [px(9)]" Py (). (6.60)
n=0
We observe that we can writgy (s)]" = [€N¢x ()N = eNéx (SN This implies
o0
pRr(s) =y dN?xEINpy (). (6.61)
n=0
Recognizing that this sum has the same form as the sum in Equation (6.27), we infer that the sum is
¢N (S) evaluated as = In ¢x (S). Thereforegpr(s) = on(INPx(S)).
In the following example, we find the MGF of a random sum and then transform it to the
PMF.
Example 6.9 The number of pages N in a fax transmission has a geometric PMF with expected

value 1/q = 4. The number of bits K in a fax page also has a geometric distribution
with expected value 1/p = 10° bits, independent of the number of bits in any other
page and independent of the number of pages. Find the MGF and the PMF of B, the
total number of bits in a fax transmission.

When the ith page has K; bits, the total number of bits is the random sum B =
K1+ -+ Kn. Thus ¢g(s) = ¢n(In gk (S)). From Table 6.1,

qe pe

¢N(5)=mv ¢K(S)=m-

(6.62)

To calculate ¢g(s), we substitute In ¢ (s) for every occurrence of sin ¢ (S). Equiva-
lently, we can substitute ¢ (s) for every occurrence of €5 in ¢ (s). This substitution
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Theorem 6.13

yields
pe
4 (147<17p>e5) _ pge
pes T 1-(1- pges’
1-a-o (=t5w) G
By comparing ¢k (s) and ¢g(s), we see that B has the MGF of a geometric (pq =

2.5 x 10~°) random variable with expected value 1/(pqg) = 400,000 bits. Therefore, B
has the geometric PMF

_ | pad—paPt b=12 ...,
Pe () = { 0 otherwise, (6.64)

pB(S) = (6.63)

Using Theorem 6.12, we can take derivatives Qf(In ¢ x (s)) to find simple expressions
for the expected value and varianceRf

For the random sum of iid random variables=RX 1 + - - - + Xn,
E[R] = E[N]E[X], Var[R] = E [N]Var[X] + Var[N] (E [X])?.

Proof By the chain rule for derivatives,

% (9)
dx ()

Sincepx (0) = 1, ¢y (0) = E[N], and¢}, (0) = E[X], evaluating the equation at= 0 yields

(6.65)

PR(S) = N (INPx(9))

5 (0)

) = EINIEDX. (6.66)

E[R] = ¢R(0) = ¢ (0)

For the second derivative @ (s), we have

/ 2 1 / 2
B . P% (S ) Px (9% (s) — [¢% (9]
= | | . 6.67
PR(S) = oy (Indx(s) <¢x(5)> + on(InPx(s) TS (6.67)
The value of this derivative at= 0 is
E[Rz] - E[Nz] 1% + E[N] (E[xz]—,@(). (6.68)

Subtracting(E[R])2 = (MNMX)Z from both sides of this equation completes the proof.

We observe that VaR] contains two terms: the first termy,n Var[ X], results from the
randomness oK, while the second term, \/EN]ui, is a consequence of the randomness
of N. To see this, consider these two cases.
e SupposeN is deterministic such thatl = n every time. In this casgyn = n and
Var[N] = 0. The random surRis an ordinary deterministic SUR = X1+---+ Xp
and VafR] = n Var[ X].
e SupposeN is random, but eaclX; is a deterministic constamt In this instance,
ux = x and VafX] = 0. Moreover, the random sum becomi@s= Nx and
Var[R] = x2 Var[N].
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We emphasize that Theorems 6.12 and 6.13 requird\iEindependent of the random
variablesX1, Xo, .... Thatis, the number of terms in the random sum cannot depend on
the actual values of the terms in the sum.

Example 6.10 Let X1, X2... be a sequence of independent Gaussian (100,10) random variables. If
K is a Poisson (1) random variable independent of X 1, X5 ..., find the expected value
and variance of R = X1+ --- + Xk.

The PDF and MGF of R are complicated. However, Theorem 6.13 simplifies the
calculation of the expected value and the variance. From Appendix A, we observe
that a Poisson (1) random variable also has variance 1. Thus

E[R] = E[X] E[K] = 100, (6.69)
and
Var[R] = E [K]Var[X] + Var[K] (E [X])? = 100+ (100¥ = 10,100. (6.70)

We see that most of the variance is contributed by the randomness in K. This is
true because K is very likely to take on the values 0 and 1, and those two choices
dramatically affect the sum.

Quiz6.5 Let X3, X2, ... denote a sequence of iid random variables with exponential PDF
e* x>0,
fx 00 = { 0  otherwise. (6.71)

Let N denote a geometric (1/5) random variable.
(1) What is the MGF of R= X1 +--- + XN?
(2) Find the PDF of R.

6.6 Central Limit Theorem

Probability theory provides us with tools for interpreting observed data. In many practical
situations, both discrete PMFs and continuous PDFs approximately follmll-ahaped

curve. For example, Figure 6.1 shows the binommall/2) PMF forn = 5,n = 10 and

n = 20. We see that asgets larger, the PMF more closely resembles a bell-shaped curve.
Recall that in Section 3.5, we encountered a bell-shaped curve as the PDF of a Gaussian
random variable. The central limit theorem explains why so many practical phenomena
produce data that can be modeled as Gaussian random variables.

We will use the central limit theorem to estimate probabilities associated with the iid
sumW, = X1 + --- 4+ X,. However, am approaches infinityeE[Wn] = nux and
Var[Wh] = nVar[ X] approach infinity, which makes it difficult to make a mathematical
statement about the convergence of the OB, (w). Hence our formal statement of the
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Figure6.1 The PMF of theX, the number of heads imcoin flips forn = 5, 10,20. Asnincreases,
the PMF more closely resembles a bell-shaped curve.

central limit theorem will be in terms of the standardized random variable

Z, - Yy Xi — npx

(6.72)
nog
We say the sunZ, is standardized since for al

Theorem 6.14  Central Limit Theorem
Given X, Xo, ..., asequence of iid random variables with expected valje&nd variance
02, the CDF of Z = (31 Xi — nux)/vnoZ has the property

nIiﬁmoo Fz, (2) = ®(2).

The proof of this theorem is beyond the scope of this text. In addition to Theorem 6.14,
there are other central limit theorems, each with its own statement of the\&l4m®©ne
remarkable aspect of Theorem 6.14 and its relatives is the fact that there are no restrictions
on the nature of the random variablés in the sum. They can be continuous, discrete, or
mixed. In all cases the CDF of their sum more and more resembles a Gaussian CDF as the
number of terms in the sum increases. Some versions of the central limit theorem apply to
sums of sequences; that are not even iid.

To use the central limit theorem, we observe that we can express the iid\suea
X14+---+ Xpas

Wh = V'noZ Zn + nux. (6.74)
The CDF ofW, can be expressed in terms of the CDFZgfas

(6.75)
noZ

/ -n
Fw, (w) = P[ Nog Zn + Nx < w] = Fz, <u>

For largen, the central limit theorem says thit,, (z) ~ ®(z). This approximation is the
basis for practical applications of the central limit theorem.
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Figure 6.2 The PDF ofWy, the sum oh uniform (0, 1) random variables, and the corresponding
central limit theorem approximation for = 1, 2,3, 4. The solid — line denotes the PDigy, (w),
while the— - — line denotes the Gaussian approximation.

Definition 6.2  Central Limit Theorem Approximation
Let W, = X3 + - - - + X}, be the sum of n iid random variables, each withX& = 1« x and
Var[ X] = a>2<. The central limit theorem approximation to the CDF of W

2

w— nMx)
nog

Fw, (w) = CD(

We often call Definition 6.2 a Gaussian approximationiéy.

Example 6.11  To gain some intuition into the central limit theorem, consider a sequence of iid con-
tinuous random variables X;, where each random variable is uniform (0,1). Let

Wh = X1 + -+ + Xn. (6.76)

Recallthat E[X] = 0.5and Var[ X] = 1/12. Therefore, Wn has expected value E[Wp] =
n/2 and variance n/12. The central limit theorem says that the CDF of Wy should
approach a Gaussian CDF with the same expected value and variance. Moreover,
since W, is a continuous random variable, we would also expect that the PDF of Wp
would converge to a Gaussian PDF. In Figure 6.2, we compare the PDF of W, to the
PDF of a Gaussian random variable with the same expected value and variance. First,
W is a uniform random variable with the rectangular PDF shown in Figure 6.2(a).
This figure also shows the PDF of Wy, a Gaussian random variable with expected
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—— Binomial —— Binomial
-— CLT -— CLT
5 10 15 5 10 15
n=2,p=1/2 n=4,p=1/2
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/
0.5 _ 0.5
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n=8p=1/2 n=16,p=1/2

Figure 6.3 The binomial(n, p) CDF and the corresponding central limit theorem approximation
forn=4,8,16,32, andp = 1/2.

value u = 0.5 and variance o2 = 1/12. Here the PDFs are very dissimilar. When we
consider n = 2, we have the situation in Figure 6.2(b). The PDF of W5, is a triangle with
expected value 1 and variance 2/12. The figure shows the corresponding Gaussian
PDF. The following figures show the PDFs of W3, ..., Wg. The convergence to a bell
shape is apparent.

Example 6.12  Now suppose Wn = X1 + --- + Xp is a sum of independent Bernoulli (p) random
variables. We know that W has the binomial PMF

P, ()= (1) pra— . 677

No matter how large n becomes, Wy, is always a discrete random variable and would
have a PDF consisting of impulses. However, the central limit theorem says that the
CDF of W, converges to a Gaussian CDF. Figure 6.3 demonstrates the convergence
of the sequence of binomial CDFs to a Gaussian CDF for p = 1/2 and four values
of n, the number of Bernoulli random variables that are added to produce a binomial
random variable. For n > 32, Figure 6.3 suggests that approximations based on the
Gaussian distribution are very accurate.

Quiz 6.6 The random variable X milliseconds is the total access time (waiting time + read time) to
get one block of information from a computer disk. X is uniformly distributed between 0 and
12 milliseconds. Before performing a certain task, the computer must access 12 different
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blocks of information from the disk. (Accesstimes for different blocks are independent of one
another.) The total access time for all the information is a random variable A milliseconds.

(1) Whatis BX], the expected value of the access time?

(2) What isVar[ X], the variance of the access time?

(3) Whatis BA], the expected value of the total access time?
(4) Whatisoa, the standard deviation of the total access time?

(5) Use the central limit theorem to estimat¢A°> 75 ms] the probability that the total
access time exceeds 75 ms.

(6) Use the central limit theorem to estimatgA°< 48 ms] the probability that the total
access time is less than 48 ms.

6.7 Applications of the Central Limit Theorem

In addition to helping us understand why we observe bell-shaped curves in so many situ-
ations, the central limit theorem makes it possible to perform quick, accurate calculations
that would otherwise be extremely complex and time consuming. In these calculations,
the random variable of interest is a sum of other random variables, and we calculate the
probabilities of events by referring to the corresponding Gaussian random variable. In the
following example, the random variable of interest is the average of eightiid uniform random
variables. The expected value and variance of the average are easy to obtain. However, a
complete probability model is extremely complex (it consists of segments of eighth-order
polynomials).

Example 6.13 A compact disc (CD) contains digitized samples of an acoustic waveform. In a CD
player with a “one bit digital to analog converter,” each digital sample is represented
to an accuracy of £0.5 mV. The CD player “oversamples” the waveform by making
eight independent measurements corresponding to each sample. The CD player
obtains a waveform sample by calculating the average (sample mean) of the eight
measurements. What s the probability that the error in the waveform sample is greater
than 0.1 mv?

The measurements X1, Xo, ..., Xg all have a uniform distribution between v — 0.5 mV
and v + 0.5 mV, where v mV is the exact value of the waveform sample. The compact
disk player produces the output U = Wg/8, where

8
W= X. (6.78)
i=1

To find P[|U — v| > 0.1] exactly, we would have to find an exact probability model for
W, either by computing an eightfold convolution of the uniform PDF of X ; or by using
the moment generating function. Either way, the process is extremely complex. Al-
ternatively, we can use the central limit theorem to model Wg as a Gaussian random
variable with E[Wg] = 8ux = 8v mV and variance Var[Wg] = 8VariX] = 8/12.
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Therefore, U is approximately Gaussian with E[U] = E[Wg]/8 = v and variance
VarfWg]/64 = 1/96. Finally, the error,U — v in the output waveform sample is approx-
imately Gaussian with expected value 0 and variance 1/96. It follows that

PIIU—v|>01]=2 [1 —® (o.l/JT%)] —03272. (6.79)

The central limit theorem is particularly useful in calculating events related to binomial
random variables. Figure 6.3 from Example 6.12 indicates how the CDF of a sam of

Bernoulli random variables converges to a Gaussian CDF. Whsvery high, as in the

next two examples, probabilities of events of interest are sums of thousands of terms of a
binomial CDF. By contrast, each of the Gaussian approximations requires looking up only

one value of the Gaussian CRIHx).

Example 6.14

Example 6.15

These examples of using a Gaussian approximation to a binomial probability model contain
events that consist of thousands of outcomes. When the events of interest contain a small
number of outcomes, the accuracy of the approximation can be improved by accounting
for the fact that the Gaussian random variable is continuous whereas the corresponding

A modem transmits one million bits. Each bit is 0 or 1 independently with equal
probability. Estimate the probability of at least 502,000 ones.

Let Xj be the value of biti (either Oor 1). The number of ones in one million bits isW =
2,13‘1 X;. Because X; is a Bernoulli (0.5) random variable, E[X;] = 0.5and Var[X;] =

0.25 for all i. Note that E[W] = 106E[Xi] = 500,000 and Var[W] = 106Var[xi] =
250,000. Therefore,o\ = 500. By the central limit theorem approximation,

P[W > 502,000]= 1 — P [W < 502,000] (6.80)
1o (502,000550500,000) 1o (6.61)

Using Table 3.1, we observe that 1 — ®(4) = Q(4) = 3.17 x 1075,

Transmit one million bits. Let A denote the event that there are at least 499,000 ones
but no more than 501,000 ones. What is P[A]?

As in Example 6.14, E[W] = 500,000 and oy = 500. By the central limit theorem
approximation,

P[A] = P[W < 501,000]— P[W < 499,000] (6.82)
501,000 — 500,000 499,000 — 500,000
~rp T ) g (T (6.83)
500 500
= ®(2) — d(—2) = 0.9544 (6.84)

binomial random variable is discrete.

In fact, using a Gaussian approximation to a discrete random variable is fairly common.

We recall that the sum af Bernoulli random variables is binomial, the sunmajeometric

random variables is Pascal, and the sum B&rnoullirandom variables (each with success
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probability A /n) approaches a Poisson random variable in the limit as co. Thus a
Gaussian approximation can be accurate for a random vatabiat is binomial, Pascal,
or Poisson.

In general, supposK is a discrete random variable and that the rangK a§ Sk C
{ntin =0,£1,42...}. For example, wheK is binomial, Poisson, or Pascal= 1 and
S =1{0,1,2...}. We wish to estimate the probability of the eveht= (k1 < K < ko},
whereks andkz are integers. A Gaussian approximatiomicA] is often poor whetk ; and
ko are close to one another. In this case, we can improve our approximation by accounting
forthe discrete nature €. Consider the Gaussian random varialleyith expected value
E[K]and variance V&K ]. An accurate approximation to the probability of the evAiig

P[Al~ P[k1 —1/2< X <ka2+1/2] (6.85)
o (ket+7/2-E[K]\ _ (ki—7/2- E[K]
=° ( JVarK] ) ¢ ( VVarK] ) ' (6.89)

WhenK is abinomial random variable fortrials and success probabilipy E[K] = np,
and VafK] = np(1 — p). The formula that corresponds to this statement is known as the
De Moivre—Laplace formula. It corresponds to the formulaP§A] with ¢ = 1.

Definition 6.3  De Moivre-Laplace Formula
For a binomial(n, p) random variable K,

ko+05—np ki —05—np
Plki <K §k2]%¢(7>—d><7>.
vnp(l-p) vnp(l—p)
To appreciate why the-0.5 terms increase the accuracy of approximation, consider the
following simple but dramatic example in whigh = ko.

Example 6.16 Let K be a binomial (n = 20, p = 0.4) random variable. What is P[K = 8]?

Since E[K] = np = 8 and Var[K] = np(l — p) = 4.8, the central limit theorem
approximation to K is a Gaussian random variable X with E[X] = 8 and Var[X] = 4.8.
Because X is a continuous random variable, P[X = 8] = 0, a useless approximation
to P[K = 8]. On the other hand, the De Moivre—Laplace formula produces

P[8 <K <8~ P[7.5< X < 85] (6.87)
05 -05
- (m) — (JH%) = 0.1803. (6.88)

The exact value is (%) (0.4)8(1 — 0.4)12 = 0.1797.
Example 6.17 K is the number of heads in 100flips of a fair coin. What is P[50 < K < 51]?

Since K is a binomial (n = 100, p = 1/2) random variable,

P[50 < K < 51] = Pk (50) + Pk (51) (6.89)

100\ /1\190 /100 /1)100
= (50) (§> + (51> <§> — 0.1576. (6.90)
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Quiz6.7

Since E[K] = 50 and ox = +/np(1— p) = 5, the ordinary central limit theorem
approximation produces

P[50 < K 551]zq><51_50> —@(50_50

) — 0.0793. (6.91)

This approximation error of roughly 50% occurs because the ordinary central limit
theorem approximation ignores the fact that the discrete random variable K has two
probability masses in an interval of length 1. As we see next, the De Moivre—Laplace
approximation is far more accurate.

51+ 0.5— 50 50— 0.5 — 50
P[50 < K 551]@@(%) —@(f> (6.92)
= ®(0.3) — ®(—0.1) = 0.1577. (6.93)

Although the central limit theorem approximation provides a useful means of calculating
events related to complicated probability models, it has to be used with caution. When the
events of interest are confined to outcomes at the edge of the range of a random variable,
the central limit theorem approximation can be quite inaccurate. In all of the examples in
this section, the random variable of interest has finite range. By contrast, the corresponding
Gaussian models have finite probabilities for any range of numbers betawgeandoo.

Thus in Example 6.13R[U — v > 0.5] = 0, while the Gaussian approximation suggests
thatP[U — v > 0.5] = Q(0.5/4/1/96) ~ 5 x 10~/. Although this is a low probability,
there are many applications in which the events of interest have very low probabilities
or probabilities very close to 1. In these applications, it is necessary to resort to more
complicated methods than a central limit theorem approximation to obtain useful results.
In particular, it is often desirable to provide guarantees in the form of an upper bound rather
than the approximation offered by the central limit theorem. In the next section, we describe
one such method based on the moment generating function.

Telephone calls can be classified as vaige if someone is speaking or dat®) if there

is a modem or fax transmission. Based on a lot of observations taken by the telephone
company, we have the following probability mode[M? = 3/4, P[D] = 1/4. Data calls

and voice calls occur independently of one another. The random variapie the number

of voice calls in a collection of n phone calls.

(1) Whatis BK4s], the expected number of voice calls in a set of 48 calls?
(2) Whatiso,g, the standard deviation of the number of voice calls in a set of 48 calls?

(3) Use the central limit theorem to estimat¢3P < K4g < 42], the probability of be-
tween 30 and 42 voice calls in a set of 48 calls.

(4) Use the De Moivre—Laplace formula to estimat8®< Ksg < 42].
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6.8 The Chernoff Bound

Theorem 6.15

We now describe an inequality called the Chernoff bound. By referring to the MGF of a
random variable, the Chernoff bound provides a way to guarantee that the probability of an
unusual event is small.

Chernoff Bound
For an arbitrary random variable X and a constant c,

P[X>(c] < mig e S%%px ().
s>

Proof In terms of the unit step function,(x), we observe that

P[ch]:/Oo fX(x)dx:/Oo ux —c) fx (x) dx. (6.94)
C

—00

Foralls > 0, u(x — ¢) < esX=9_ This implies
o0 o0
P[X>c] < / eSX=0) fy (x) dx = e*SC/ eSXfy (x) dx = e Sy (s). (6.95)
—00 —00

This inequality is true for ang > 0. Hence the upper bound must hold when we chedseninimize
e %X (9).

The Chernoff bound can be applied to any random variable. However, for small values
of ¢, e 5% x (s) will be minimized by a negative value sf In this case, the minimizing
nonnegatives is s = 0 and the Chernoff bound gives the trivial answgX > c] < 1.

Example 6.18 If the height X, measured in feet, of a randomly chosen adult is a Gaussian (5.5, 1)

random variable, use the Chernoff bound to find an upper bound on P[X > 11].

In Table 6.1 the MGF of X is
g (s) = e11st59/2, (6.96)
Thus the Chernoff bound is

P[X > 11] < min e 115¢(115+$9)/2 _ i g(s*~119/2, (6.97)
- T s>0 s>0

To find the minimizing s, it is sufficient to choose s to minimize h(s) = s2—11s Setting
the derivative dh(s)/ds = 2s — 11 = O yields s = 5.5. Applyings = 5.5 to the bound
yields

PIX > 11] < & 119/2 o e 6572 _ 57,107, (6.98)

Based on our model for adult heights, the actual probability (not shown in Table 3.2)
is Q(11—55) = 1.90 x 1078,

Even though the Chernoff bound is 14 times higher than the actual probability, it still
conveys the information that the chance of observing someone over 11 feet tall is ex-
tremely unlikely. Simpler approximationsin Chapter 7 provide bounds of 1/2 and 1/30 for
P[X > 11].
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Quiz6.8

In a subway station, there are exactly enough customers on the platform to fill three trains.
The arrival time of the nth train is X+ - -- + Xn where X, Xo, ... are iid exponential
random variables with EX;] = 2 minutes. Let W equal the time required to serve the
waiting customers. For RV > 20], the probability W is over twenty minutes,
(1) Use the central limit theorem to find (2) Use the Chernoff bound to find an

an estimate. upper bound.

(3) Use Theorem 3.11 for an exact cal-
culation.

6.9 MATLAB

As in Sections 4.12 and 5.8, we illustrate two ways of usiigrLAB to study random
vectors. We first present examples of programs that calculate values of probability functions,
in this case the PMF of the sums of independent discrete random variables. Then we present
a program that generates sample values of the Gaussian (0,1) random variable without using
the built-in functionr andn.

Probability Functions

The following example producesM ATLAB program for calculating the convolution of
two PMFs.

Example 6.19 X4 and X5 are independent discrete random variables with PMFs

004 x=1,2,...,25,
Pxy 00 = { 0 otherwise, (6.99)
x/550 x =10,20,...,100,
Pxa (%) = { O/ otherwise. (6.100)
What is the PMF of W = X1 + X2?
%sunmx1x2. m The script sunx1x2. mis a solution. As in
sx1=(1: 25); Example 4.27, we use ndgri d to gener-
px1=0. 04*ones( 1, 25); ate a grid for all possible pairs of X1 and
sx2=10*(1: 10) ; px2=sx2/ 550; Xo. The matrix SWholds the sum x1 + x»
[ SX1, SX2] =ndgri d(sx1, sx2); for each possible pair x1, x2. The probabil-
[ PX1, PX2] =ndgri d( px1, px2); ity Px,, x, (X1, X2) of each such pair is in the
SWESX1+SX2; PWEPX1. * PX2; matrix PW Lastly, for each unique w gen-
sw=uni que( SW ; erated by pairs xq + X, the finitepnf
pw=fi ni t epnf (SW PW sw) ; function finds the probability Py (w). The
pnf pl ot (sw, pw, . .. graph of Py (w) appears in Figure 6.4.
Nitw VT tP_WW )
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Figure 6.4 The PMFPy (w) for Example 6.19.

The preceding technique extends directlyntondependent finite random variables
X1, ..., Xp because thendgr i d function can be employed to generatgimensional
grids. For example, the sum of three random variables can be calculated via

[ SX1, SX2, SX3] =ndgri d(sx1, sx2, sx3);
[ PX1, PX2, PX3] =ndgri d( px1, px2, px2);
SWESX1+SX2+SX3;

PWEPX1. * PX2. * PX3. * PX3;

sw=uni que( SW ;

pw=f i ni t epnf (SW PW sw) ;

This technique suffers from the disadvantage that it can generate large matrices. For
random variables such thXt takes om; possible distinct valuesSWand PWare square
matrices of sizen; x n2 x ---nm. A more efficient technique is to iteratively calculate
the PMF ofWs = X1 + X5 followed byWs = Ws + X3, Wy = W3 + X3. At each step,
extracting only the unique values in the rarg, can economize significantly on memory
and computation time.

Sample Values of Gaussian Random Variables

The central limit theorem suggests a simple way to generate samples of the Gaussian (0,1)
random variable in computers or calculators without built-in functions likendn. The
technique relies on the observation that the sum of 12 independent uniform (0,1) random
variabledU; has expected value E2U;] = 6 and variance 12 VHd;] = 1. According to

the central limit theoremX = Y2, U; — 6 is approximately Gaussian (0,1).

Example 6.20  Write a MATLAB program to generate m = 10,000 samples of the random variable
X = Zilil Ui — 6. Use the data to find the relative frequencies of the following events

{(X<T}forT =-3,-2...,3. Calculate the probabilities of these events when X is
a Gaussian (0, 1) random variable.
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» uni formL2(10000);
ans =
-3.0000 -2.0000 -1.0000 0 1.0000 2.0000 3.0000
0.0013 0.0228 0.1587 0.5000 0.8413 0.9772 0.9987
0.0005 0.0203 0.1605 0.5027 0.8393 0.9781 0.9986
» uni form2(10000);
ans =
-3. 0000 -2.0000 -1.0000 0 1.0000 2.0000 3.0000
0.0013 0.0228 0.1587 0.5000 0.8413 0.9772 0.9987
0.0015 0.0237 0.1697 0.5064 0.8400 0.9778 0.9993

Figure 6.5 Two sample runs ouni f or mL2. m

function FX=uniforml2(m; In uni fornl2( ), x holds the m samples
T=(-3:3); of X. The function n=count (x, T) returns
x=sum(rand(12, m) - 6; n(i) as the number of elements of x less
FX=(count(x, T)/m"; thanorequalto T(i). The outputis athree-
CDF=phi (T); row table: T on the first row, the true prob-
[ T; CDF; FX] abilities P[X < T] = ®(T) second, and the

relative frequencies third.

Two sample runs of uni f or mL2 are shown in Figure 6.5. We see that the relative
frequencies and the probabilities diverge as T moves further from zero. In fact this
program will never produce a value of | X| > 6, no matter how many times it runs. By
contrast, Q(6) = 9.9 x 10710, This suggests that in a set of one billion independent
samples of the Gaussian (0, 1) random variable, we can expect two samples with
|X] > 6, one sample with X < —6, and one sample with X > 6.

Quiz6.9 Let X be a binomia{100,0.5) random variable and let Y be a discrete unifo(® 100)
random variable. Calculate and graph the PMF of WX + Y.

Chapter Summary

Many probability problems involve sums of independent random variables. This chapter
presents techniques for analyzing probability models of independent sums.

e The expected value of a suwwhanyrandom variables is the sum of the expected values.

e The variance of the sum of independent random varialdate sum of the variances.

If the random variables in the sum are not independent, then the variance of the sum is
the sum of all the covariances.

e The PDF of the sum of independent random varialséise convolution of the individual
PDFs.

e The moment generating function (MGgfpvides a transform domain method for cal-
culating the moments of a random variable.
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e The MGF of the sum of independent random variaidebe product of the individual

MGFs.

e Certain sums of iid random variablese familiar random variables themselves. When
W = X1+ .-+ Xpis a sum ofn iid random variables:

— If X; is Bernoulli(p), W is binomial(n, p).

— If Xj is Poisson«), W is Poissonno).
— If Xj is geometriq p), W is Pascaln, p).

— If X; is exponentia()1), W is Erlang(n, 1).

— If X; is Gaussiariu, o), W is Gaussiariniu, /no).

e A random sum of random variablesR X1 + - -- + Ry occurs wherN, the number
of terms in a sum, is a random variable. The most tractable case occursNvisen
independent of eacK; and theX; are iid. For this case, there are concise formulas for
the MGF, the expected value, and the variancR.of

e The central limit theorenstates that the CDF of the the sumrmindependent random
variables converges to a Gaussian CDIR approaches infinity.

e Aconsequence of the central limit theorerthat we often approximai#'y,, a finite sum

of nrandom variables, by a Gaussian random variable with the same expected value and

variance afV,.

e The De Moivre—Laplace formulis an improved central limit theorem approximation

for binomial random variables.

e Further Reading:[Dur94] contains a concise, rigorous presentation and proof of the

central limit theorem.

Difficulty: Easy
Flip a biased coin 100 times. On each flRH] =
p. Let X; denote the number of heads that occur o
flip i. What isPx,,(x)? Are X1 and X3 indepen-
dent? Define

Y =X1+ Xo+ -+ X100

DescribeY in words. What isPy (y)? Find E[Y]

and Varl[Y].

Let X; and X, denote a sequence of indepen-

dent samples of a random variat{ewith variance

Var[ X].

(a) What isE[X1 — X2], the expected difference
between two outcomes?

(b) What is Var[X1 — Xo], the variance of the dif-
ference between two outcomes?

Moderate Difficult Experts Only

6.1.3 A radio program gives concert tickets to the fourth

caller with the right answer to a question. Of the
people who call, 25% know the answer. Phone
calls are independent of one another. The random
variable Ny indicates the number of phone calls
taken when theth correct answer arrives. (If the
fourth correct answer arrives on the eighth call, then
Ng = 8.)
(a) What is the PMF oNq, the number of phone
calls needed to obtain the first correct answer?

(b) What isE[N1], the expected number of phone
calls needed to obtain the first correct answer?

(c) What is the PMF ofNg, the number of phone
calls needed to obtain the fourth correct answer?
Hint: See Example 2.15.
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(d) What isE[N4]. Hint: N4 can be written as the
independent sumly = K1 + Ky + K3 + Kg,
where eaclK; is distributed identically taN; .

Random variableX andY have joint PDF

6.2.6

2 x>0,y>0,x+y=<1,

fx vy (X, y)={ 0 otherwise

What is the variance oV = X + Y?

The input to a digital filter is a random sequence
...y X1, X0, X1, ... with E[Xj] = 0 and autoco-
variance function

1 k=0,
CxIm k=13 1/4 [kl =1,
0 otherwise.

A smoothing filter produces the output sequence
Yn = (Xn + Xp—1+ Xp-2)/3

Find the following properties of the output se-
quence:E[Yn], VariYn].

Find the PDF oW = X + Y when X andY have
the joint PDF

2 0<x<y<l,

fx.y (X, y) = { 0 otherwise.

Find the PDF oW = X + Y when X andY have
the joint PDF

1 0=x=10=y=1

fx.y (X, y) ={ 0 otherwise.

Random variablesX and Y are independent ex-
ponential random variables with expected values
E[X] = 1/xandE[Y] = 1/n. If u # X, what

is the PDF ofW = X +Y? If u = A, what is

fw (w)?

Random variableX andY have joint PDF

_ ] &y O0=<y=<x<l,
fxyxy = { 0 otherwise

What is the PDF oW = X + Y?

6.3.4

Continuous random variables andY have joint
PDF fx v (X, y). Show thaW = X —Y has PDF

o0
fw (w) =/ fxy (y+w,y) dy.
o0

6.3.1

6.3.2

6.3.3

Use a variable substitution to show

o
fw (w) = / fx vy (X, x —w) dx.
—00
In this problem we show directly that the sum of
independent Poisson random variables is Poisson.
Let J andK be independent Poisson random vari-
ables with expected valuesandg respectively, and
show thatN = J + K is a Poisson random variable
with expected value + 8. Hint: Show that

n
Py (M) =Y Pk (M Py (n—m),
m=0

and then simplify the summation by extracting the
sum of a binomial PMF over all possible values.

For a constana > 0, a Laplace random variabk
has PDF

a
fx (X) = Ee’a‘x‘, —00 < X < 00.
Calculate the moment generating functipg(s).

Random variables andK have the joint probabil-
ity mass function

Pyk (j.k) | k=-1 k=0 k=1
j=-2 042 012 006
j=-1 0.28 008 004

(a) What is the moment generating functionJaf
(b) What is the moment generating functionko?

(c) What is the probability mass function & =
J+ K?

(d) What isE[M*]?

Continuous random variabl¥ has a uniform dis-
tribution over[a, b]. Find the MGRpx (s). Use the
MGF to calculate the first and second moments of
X.

Let X be a Gaussial0, o) random variable. Use
the moment generating function to show that

E[X?] = o2,
E[X*] = 364,

E[X] =0,
E[x3 =0,



6.3.5

6.4.1

6.4.2

6.4.3

6.4.4

6.4.5

LetY be a Gaussiafu, o) random variable. Use
the moments oKX to show that

E [YZ] — o2+ 2
E [Y3] = 3u0? + u3,
E [Y4] — 30% 4 602 + ub.

Random variableK has a discrete unifornil, n)
PMF. Use the MGR (s) to find E[K ] andE[K 2].
Use the first and second momentskofto derive
well-known expressions for the suhs,_, k and

SR K2

N is a binomial(n = 100, p = 0.4) random var- 6.4.6

iable. M is a binomial(n = 50, p = 0.4) random
variable. Giventhal andN are independent, what
isthe PMF ofL = M + N?

Random variableY has the moment generating
function ¢y(s) = 1/(1 — s). Random variable
V has the moment generating functigiy (s) =
1/(1—3)4. Y andV are independeniV =Y + V.

(a) What areE[Y], E[Y?], andE[Y3]?
(b) What isE[W?2]?

Let K1, K5, ... denote a sequence of iid Bernoulli
(p) random variables. LeW¥l = K1 + --- + Kp.

(a) Find the MGRyk (S).
(b) Find the MGFg (S).

(c) Use the MGFp) (s) to find the expected value
E[M] and the variance VaM ].

Suppose you participate in a chess tournament in
which you playn games. Since you are a very aver-
age player, each game is equally likely to be a win,
aloss, or a tie. You collect 2 points for each win, 1
point for each tie, and 0 points for each loss. The
outcome of each game is independent of the out-

come of every other game. L¥t be the number of 6.5.2

points you earn for gamieand letY equal the total
number of points earned over theggames.

(a) Find the moment generating functiopg; (s)
andgy (S).

(b) Find E[Y] and VarlY].

Attime t = 0, you begin counting the arrivals of

buses ata depot. The number of bukethat arrive  6.5.3

between timé — 1 minutes and timeminutes, has

6.4.7

6.5.1
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the Poisson PMF
| 2XeZ/kt k=0,1.2,...,
Pii (o = { 0 otherwise

and K1, Ko, ... are an iid random sequence. Let
R = K1+ Ko +--- + Kj denote the number of
buses arriving in the firstminutes.

(@) Whatis the momentgenerating functigy (s)?

(b) Find the MGRgR, (9).

(c) Find the PMFPR, (r). Hint: Comparegr, (S)
andgg; ().

(d)FindE[R;] and VarR 1.

Suppose that during thi¢h day of December, the
energyX; stored by a solar collector is well mod-
eled by a Gaussian random variable with expected
value 32— i /4 kW-hr and standard deviation of 10
kW-hr. Assuming the energy stored each day is in-
dependent of any other day, what is the PDF of
the total energy stored in the 31 days of December?

Let K1, Ko, ... denote independent samples of a
random variabl&K. Use the MGF ofM = K1 +
--- 4 Kp to prove that

(@) E[M] = nE[K]
(b) E[M?] = n(n — 1)(E[K])? + nE[K?]

Let X1, Xo, ... be a sequence of iid random vari-
ables each with exponential PDF

—AX
fx (00 = { oe

x>0,
otherwise.

(a) Findgx (s).
(b) LetK be a geometric random variable with PMF
[ a-qg¢t k=1,2,...,
P = { 0 otherwise

Find the MGF and PDF of = X7 +---+ Xk.

In any game, the number of pass¢ghat Donovan
McNabb will throw has a Poisson distribution with
expected valug. = 30. Each pass is a completed
with probabilityq = 2/3, independent of any other
pass or the number of passes thrown. Ke¢qual
the number of completed passes McNabb throws in
agame. What argk (s), E[K], and VafK]? What

is the PMFPk (k)?

Suppose we flip a fair coin repeatedly. Rgtequal
1 if flip i was headgH) and O otherwise. LeN
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denote the number of flips needed uriilhas oc-
curred 100 times. I8 independent of the random
sequencey, Xo,...? DefineY = X1 +---+ XN.
Is'Y an ordinary random sum of random variables?
What is the PMF ofy?

In any game, Donovan McNabb completes a num-
ber of passe& that is Poisson distributed with ex-
pected valuer = 20. If NFL yardage were mea-
sured with greater care (as opposed to always being
rounded to the nearest yard), officials might dis-
cover that each completion results in a yardage gain
Y that has an exponential distribution with expected

valuey = 15 yards. LetV equal McNabb’s to- 6.6.1

tal passing yardage in a game. Fipd(s), E[V],
Var[V], and (if possible) the PDRy (v).

This problem continues the lottery of Problem 2.7.8
in which each ticket has 6 randomly marked num-
bers outof 1, ... 46. Aticketis a winner if the six
marked numbers match 6 numbers drawn at random
atthe end of aweek. Suppose that following a week
in which the pot carried over waglollars, the num-
ber of tickets sold in that weel, has a Poisson
distribution with expected value Whatis the PMF

of the number of winning tickets? Hint: What is the
probability q that an arbitrary ticket is a winner?

SupposeX is a Gaussianl, 1) random variable and
K is an independent discrete random variable with
PMF

—qk k=
PK(k)Z{g(l of k=0,1,...,

otherwise

Let X4, Xo, ... denote a sequence of iid random
variables each with the same distributionXas

(a) What is the MGF oK ?

(b) What is the MGF oR = X1+ ---+ Xk ? Note
thatR=0if K =0.

(c) Find E[R] and VafR].

Let X1, ..., X denote a sequence of iid Bernoulli
(p) randomvariablesand l&t = Xq+---+Xp. In

addition, letM denote a binomial random variableg g 2

independent ofXq, ..., Xp, with expected value
np. Do the random variabldd = X; + - -+ + Xk
andV = X1+ --- 4+ Xy have the same expected
value? Hint: Be carefulU is not an ordinary
random sum of random variables.

Suppose you participate in a chess tournament in
which you play until you lose a game. Since you are
a very average player, each game is equally likely

to be a win, a loss, or a tie. You collect 2 points
for each win, 1 point for each tie, and 0 points for
each loss. The outcome of each game is indepen-
dent of the outcome of every other game. Dét

be the number of points you earn for gamand
let Y equal the total number of points earned in the
tournament.

(a) Find the moment generating functia®y (s).
Hint: What isE[eS%X|N = n]? This is not the
usual random sum of random variables problem.

(b) FindE[Y] and Var[Y].

The waiting timeW for accessing one record from

a computer database is a random variable uniformly
distributed between 0 and 10 milliseconds. Theread
time R (for moving the information from the disk to
main memory) is 3 milliseconds. The random var-
iable X milliseconds is the total access time (waiting
time + read time) to get one block of information
from the disk. Before performing a certain task, the
computer must access 12 different blocks of infor-
mation from the disk. (Access times for different
blocks are independent of one another.) The total
access time for all the information is a random var-
iable A milliseconds.

(a) What ise[X], the expected value of the access
time?

(b) Whatis VafX], the variance of the access time?

(c) What is E[A], the expected value of the total
access time?

(d) What isop, the standard deviation of the total
access time?

(e) Use the central limit theorem to estimate
P[A > 116m4, the probability that the total ac-
cess time exceeds 116 ms.

(f) Use the central limit theorem to estimate
P[A < 86md, the probability that the total ac-
cess time is less than 86 ms.

Telephone calls can be classified as voiv® if
someone is speaking, or dat) if there is a mo-
dem or fax transmission. Based on a lot of obser-
vations taken by the telephone company, we have
the following probability model: P[V] = 0.8,
P[D] = 0.2. Data calls and voice calls occur in-
dependently of one another. The random variable
Kn is the number of data calls in a collectionmof
phone calls.
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(a) What isE[K1qql, the expected number of voice
calls in a set of 100 calls?

(b) What is ok, the standard deviation of the
number of voice calls in a set of 100 calls?

(c) Use the central limit theorem to estimate
P[K100 > 18], the probability of at least 18
voice calls in a set of 100 calls.

(d)Use the central limit theorem to estimate
P[16 < K1gg < 24], the probability of between
16 and 24 voice calls in a set of 100 calls.

6.7.3

The duration of a cellular telephone call is an ex="
ponential random variable with expected value 150
seconds. A subscriber has a calling plan that in-
cludes 300 minutes per month at a cost of $30.00
plus $0.40 for each minute that the total calling time

exceeds 300 minutes. In a certain month, the sub-
scriber has 120 cellular calls.

(a) Use the central limit theorem to estimate the
probability that the subscriber’s bill is greater
than $36. (Assume that the durations of all
phone calls are mutually independent and that
the telephone company measures call duration
exactly and charges accordingly, without round-
ing up fractional minutes.)

(b) Suppose the telephone company does chargg g.1

full minute for each fractional minute used. Re-
calculate your estimate of the probability that the
bill is greater than $36.

Let Kq1,Ko,... be an iid sequence of Pois-
son random variables, each with expected value
E[K] = 1. LetWy = K1 + --- + Kn. Use the
improved central limit theorem approximation to

estimateP[Wh = n]. Forn = 4, 25,64, compare 6.8.2

the approximation to the exact value®fW, = n].

In any one-minute interval, the number of requests
for apopular Web page is a Poisson random variable
with expected value 300 requests.

(a) A Web server has a capacity Gfrequests per 6.8.3

minute. If the number of requests in a one
minute interval is greater tha@, the server is
overloaded. Use the central limit theorem to
estimate the smallest value 6ffor which the
probability of overload is less than 0.05.

(b) UseM ATLAB to calculate the actual probability
of overload for the value of derived from the
central limit theorem.

6.8.4
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(c) For the value o€ derived from the central limit
theorem, what is the probability of overload in a
one-secondhterval?

(d) What is the smallest value & for which the
probability of overload in a one-second interval
is less than 0.05?

(e) Comment on the application of the central limit
theorem to estimate overload probability in a
one-second interval and overload probability in
a one-minute interval.

Integrated circuits from a certain factory pass a cer-
tain quality test with probability 0.8. The outcomes
of all tests are mutually independent.

(a) What is the expected number of tests necessary
to find 500 acceptable circuits?

(b) Use the central limit theorem to estimate the
probability of finding 500 acceptable circuits in
a batch of 600 circuits.

(c) UseMATLARB to calculate the actual probability
of finding 500 acceptable circuits in a batch of
600 circuits.

(d) Use the central limit theorem to calculate the
minimum batch size for finding 500 acceptable
circuits with probability 0.9 or greater.

Use the Chernoff bound to show that the Gaussian
(0, 1) random variableZ satisfies

P[Z>(] < e /2,

Forc = 1,2,3,4,5, use Table 3.1 and Table 3.2
to compare the Chernoff bound to the true value:
P[Z > c] = Q(c).

Use the Chernoff bound to show for a Gaussian
(u, o) random variablexX that

P[X>c] < e (C-w?/20%

Hint: Apply the result of Problem 6.8.1.

Let K be a Poisson random variable with expected
valuew. Use the Chernoff bound to find an upper
bound toP[K > c]. For what values ot do we
obtain the trivial upper boun®[K > c¢] < 1?

In a subway station, there are exactly enough cus-
tomers on the platform to fill three trains. The
arrival time of thenth train is Xq + --- + Xp
whereX1, Xo, ... are iid exponential random vari-
ables WithE[X;] = 2 minutes. LetW equal the
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time required to serve the waiting customers. Find
PIW > 20].

6.9.3

Let X1,..., Xn be independent samples of &
random variableX. Use the Chernoff bound to show
thatM = (X1 + - - - + Xp)/n satisfies

n
P[Mn(X) > c] < (ng e‘3°¢x(5)> .

Let Wy denote the number of ones in™n-
dependent transmitted bits with each bit equally
likely to be a0 or 1. Fon = 3,4, ..., use the

bi nomi al pnf function for an exact calculation
of

Wh
P|0.499< — <0501].
[o 9< 15 5050]

What is the largest value offor which yourMAT-
LAB installation can perform the calculation? Car
you perform the exact calculation of Example 6.15?

Use theMATLAB pl ot function to compare the
Erlang (n, A) PDF to a Gaussian PDF with the
same expected value and variance fo= 1 and

6.9.4

6.9.5

n = 4,20,100. Why are your results not surpris-
ing?

Recreate the plots of Figure 6.3. On the same plots,
superimpose the PDF #f, a Gaussian random var-
iable with the same expected value and variance. If
Xn denotes the binomialn, p) random variable,
explain why for most integets,

Px, (K) ~ fy (k).

X1, X2, and X3 are independent random variables
such thatXy has PMF

1/(10K)

x=12,...,10
P00 =1 o “

otherwise

Find the PMF oW = X1 4+ Xo + Xa.

Let X andY denote independent finite random vari-
ables described by the probability vectgex and
py and range vectorsx andsy. Write aM ATLAB
function

[ pw, sw] =sunfi ni t epnf ( px, sXx, py, SY)
such that finite random variab/ = X + Y is
described bypwand sw.




Parameter Estimation Using
the Sample Mean

Earlier chapters of this book present the properties of probability models. In referring to
applications of probability theory, we have assumed prior knowledge of the probability
model that governs the outcomes of an experiment. In practice, however, we encounter
many situations in which the probability model is not known in advance and experimenters
collectdatain orderto learn about the model. In doing so, they apply principtéstistical
inference, a body of knowledge that governs the use of measurements to discover the
properties of a probability model. This chapter focuses on the properties shthple
meanof a set of data. We refer to independent trials of one experiment, with each trial
producing one sample value of a random variable. The sample mean is simply the sum of
the sample values divided by the number of trials. We begin by describing the relationship
of the sample mean of the data to the expected value of the random variable. We then
describe methods of using the sample mean to estimate the expected value.

7.1 Sample Mean: Expected Value and Variance

In this section, we define treample meawnf a random variable and identify its expected
value and variance. Later sections of this chapter show mathematically how the sample
mean converges to a constant as the number of repetitions of an experiment increases. This
chapter, therefore, provides the mathematical basis for the statement that although the result
of a single experiment is unpredictable, predictable patterns emerge as we collect more and
more data.

To define the sample mean, consider repeated independent trials of an experiment. Each
trial results in one observation of a random varial{e, After n trials, we have sample
values of then random variable(y, ..., Xp, all with the same PDF aX. The sample
mean is the numerical average of the observations:

275
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Definition 7.1

Theorem 7.1

Sample Mean
Foriid randomvariables X, ..., X, with PDF fx (x), thesamplemean of X is the random
variable

Xq 4 ...+ X
Mn(x):$_

The first thing to notice is tha¥l, (X) is a function of the random variables,, . . ., X,
and is therefore a random variable itself. It is important to distinguish the sample mean,
Mpn (X), from E[ X], which we sometimes refer to as thiean valuef random variableX.
While My (X) is a random variablez[ X] is a number. To avoid confusion when studying
the sample mean, it is advisable to refer8pX] as theexpected valuef X, rather than
themeanof X. The sample mean of and the expected value of are closely related.
A major purpose of this chapter is to explore the fact that &screases without bound,
Mn (X) predictably approachds[ X]. In everyday conversation, this phenomenon is often
called thelaw of averages

The expected value and varianceNdf,(X) reveal the most important properties of the
sample mean. From our earlier work with sums of random variables in Chapter 6, we have
the following result.

The sample mean MX) has expected value and variance

Var[ X
E[Ma(0] = E[X].  VarMn(X)] = a:f ]

Proof From Definition 7.1, Theorem 6.1 and the fact tkaX;] = E[X] for all i,
1 1
E[Mn(X)] = " (E[X1]+~--+ E[Xn]) = H(E[X] + .-+ E[X]) = E[X]. (7.1)

Because VdaY] = a2 Var[Y] for any random variabl¥ (Theorem 2.14), VdMn (X)] = Var[ X1 +
S Xn]/nz. Since theX; are iid, we can use Theorem 6.3 to show

Var[ X1 + -+ 4+ Xn] = Var[X1] + - - - + Var[ Xn] = nVar[X]. (7.2)

Thus VarMn(X)] = nVar[X]/n? = Var[X]/n.

Recall thatin Section 2.5, we refer to the expected value of a random variakiigésah
value. Theorem 7.1 demonstrates tB@X] is a typical value oM ,(X), regardless off.
Furthermore, Theorem 7.1 demonstrates that asreases without bound, the variance
of Mp(X) goes to zero. When we first met the variance, and its square root the standard
deviation, we said that they indicate how far a random variable is likely to be from its
expected value. Theorem 7.1 suggests that approaches infinity, it becomes highly
likely that M, (X) is arbitrarily close to its expected valuE[X]. In other words, the
sample meamM,(X) converges to the expected valE¢X] as the number of samples
goes to infinity. The rest of this chapter contains the mathematical analysis that describes
the nature of this convergence.
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Let X be an exponential random variable with expected véalueet My(X) denote the
sample mean of n independent samples of X. How many samples n are needed to guarantee
that the variance of the sample mean, () is no more thar®.01?

7.2 Deviation of a Random Variable from the Expected Value

Theorem 7.2

The analysis of the convergence M, (X) to E[X] begins with a study of the random
variable|Y — wy|, the absolute difference between an arbitrary random varilded

its expected value. This study leads to tbeebyshev inequalitywhich states that the
probability of a large deviation from the mean is inversely proportional to the square of the
deviation. The derivation of the Chebyshev inequality begins witivthgkov inequality

an upper bound on the probability that a sample value of a nonnegative random variable
exceeds the expected value by any arbitrary factor.

Markov I nequality
For a random variable X such that[X < 0] = 0 and a constant c,

P[chz]f E(EZX].

Proof SinceX is nonnegativefy (x) = 0 forx < 0 and

c? 00 oo
E[X]:/ xfx(x)dx+/ X fy (X) dxz/ X fy () dx. (7.3)
0 c? c?
Sincex > ¢2 in the remaining integral,

E[X]ZCZ/

(@]
fx (X) dx:czP[X zcz]. (7.4)
c2
Keep in mind that the Markov inequality is valid only for nonnegative random variables.

As we see in the next example, the bound provided by the Markov inequality can be very
loose.

Example 7.1 Let X represent the height (in feet) of a randomly chosen adult. If the expected height

is E[X] = 5.5, then the Markov inequality states that the probability an adult is at least
11 feet tall satisfies
P[X>11]<55/11=1/2. (7.5)

We say the Markov inequality is a loose bound because the probability that a personis taller
than 11 feet is essentially zero, while the inequality merely states that it is less than or equal
to 1/2. Although the bound is extremely loose for many random variables, it is tight (in
fact, an equation) with respect to some random variables.
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Example 7.2 Suppose random variable Y takes on the value c2 with probability p and the value 0

Theorem 7.3

otherwise. In this case, E[Y] = pc2 and the Markov inequality states
P [Y > cz] < E[Y]/c? = p. (7.6)

Since P[Y > c¢2] = p, we observe that the Markov inequality is in fact an equality in
this instance.

The Chebyshev inequality applies the Markov inequality to the nonnegative random
variable(Y — uy)?2, derived from any random variab¥e

Chebyshev I nequality
For an arbitrary random variable Y and constantcO,

Var[Y]

PIY vl = = —

Proof In the Markov inequality, Theorem 7.2, It = (Y — ,uy)z. The inequality states

(Y - /'LY)Z:I _ var[Y]

P[chz]:P[(Y—uv)zzcz]iE[ 2 c?

.7)
The theorem follows from the fact thetY — uy)? > ¢} = {|Y — uy| > c}.

Unlike the Markov inequality, the Chebyshev inequality is valid for all random variables.
While the Markov inequality refers only to the expected value of a random variable, the
Chebyshev inequality also refers to the variance. Because it uses more information about
the random variable, the Chebyshev inequality generally provides a tighter bound than the
Markov inequality. In particular, when the varianceYofis very small, the Chebyshev
inequality says it is unlikely that is far away frome[Y].

Example 7.3 If the height X of a randomly chosen adult has expected value E[X] = 5.5 feet and

standard deviation ox = 1 foot, use the Chebyshev inequality to to find an upper
bound on P[X > 11].

Since a height X is nonnegative, the probability that X > 11 can be writtenas
P[X=11]=P[X—ux = 11— ux] = P[IX - ux|=5.5]. (7.8)
Now we use the Chebyshev inequality to obtain
P[X > 11]= P[|X — ux| = 5.5] < Var{X]/(5.5)*> = 0.033~ 1/30. (7.9)

Although this bound is better than the Markov bound, itis also loose. Infact, P[X > 11]
is orders of magnitude lower than 1/30. Otherwise, we would expect often to see a
person over 11 feet tall in a group of 30 or more people!
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Elevators arrive randomly at the ground floor of an office building. Because of a large
crowd, a person will wait for time W in order to board the third arriving elevator. Let
X1 denote the time (in seconds) until the first elevator arrives and |etlefiote the time
between the arrival of elevator+ 1 and i. Suppose X X2, X3 are independent uniform
(0,30) random variables. Find upper bounds to the probability W exceeds 75 seconds
using

(1) the Markov inequality, (2) the Chebyshev inequality.

7.3 Point Estimates of Model Parameters

Inthe remainder of this chapter, we consider experiments performed in order to obtain infor-
mation about a probability model. To do so, investigators usually derive probability models
from practical measurements. Later, they use the models in ways described throughout this
book. How to obtain a model in the first place is a major subject in statistical inference.
In this section we briefly introduce the subject by studying estimates of the expected value
and the variance of a random variable.

The general problem is estimation oparameterof a probability model. A parameter
is any number that can be calculated from the probability model. For example, for an
arbitrary eventA, P[A] is a model parameter. The techniques we study in this chapter rely
on the properties of the sample medR (X). Depending on the definition of the random
variableX, we can use the sample mean to describe any parameter of a probability model.
To exploreP[ A] for an arbitrary evenh, we define the indicator random variable

1 ifeventA occurs

0 otherwise (7.10)

xa={

SinceXa is a Bernoulli random variable with success probabiRfyA], E[X o] = P[A].

Since general properties of the expected value of a random variable app[Xta], we

see that technigques for estimating expected values will also let us estimate the probabilities
of arbitrary events. In particular, for an arbitrary evéntconsider the sample mean of the
indicatorX a:

Xa1r+ Xaz+ -+ Xan

Pa(A) = Mn(Xa) = .

(7.11)

SinceX aj just counts whether evetoccured on trial, P, (A) is the relative frequency of
eventA in n trials. SinceP,(A) is the sample mean of 5, we will see that the properties
of the sample mean explain the mathematical connection between relative frequencies and
probabilities.

We consider two types of estimates:pAint estimates a single number that is as close
as possible to the parameter to be estimated, whitsnéidence interval estimaiga range
of numbers that contains the parameter to be estimated with high probability.
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Properties of Point Estimates

Definition 7.2

Definition 7.3

Definition 7.4

Before presenting estimation methods based on the sample mean, we introduce three prop-
erties of point estimateshias, consistency, andccuracy. We will see that the sample
mean is an unbiased, consistent estimator of the expected value of a random variable. By
contrast, we will find that the sample variance is a biased estimate of the variance of a
random variable. One measure of the accuracy of an estimaterisetie square error, the
expected squared difference between an estimate and the estimated parameter.

Consider an experiment that produces observations of sample values of the random
variable X. We perform an indefinite number of independent trials of the experiment.
The observations are sample values of the random varidbleX», . . ., all with the same
probability model a<. Assume that is a parameter of the probability model. We use the
observationi1, Xo, . . . to produce a sequence of estimates.ofhe estimate®y, Ry, . . .
are all random variablesR; is a function ofX;. R; is a function ofX; and X», and in
generalR, is a function ofX1, Xo, ..., Xn. When the sequence of estimates R, . ..
converges in probability to, we say the estimator onsistent.

Consistent Estimator
The sequence of estimat®s, Ry, ... of the parameter r igonsistent if for anye > 0,

lim P[‘ﬁn—r‘ze]zo.

n—o00

Another property of an estimat®, is bias. Remember thaR is a random variable.
Of course, we would likeR to be close to the true parameter valugith high probability.
In repeated experiments however, sometiries: r and other timesR > r. Although R
is random, it would be undesirable was either typically less thanor typically greater
thanr. To be precise, we would lik& to beunbiased.

Unbiased Estimator
An estimateR, of parameter r isinbiased if E[R] = r; otherwise,R isbiased.

Unlike consistency, which is a property of a sequence of estimators, bias (or lack of bias)
is a property of a single estimatét. The concept ohsymptotic biagpplies to a sequence

of estimatorsRy, Ry, ... such that eacl, is biased with the bias diminishing toward zero
for largen. This type of sequence asymptotically unbiased.

Asymptotically Unbiased Estimator
The sequence of estimatdrs of parameter r isasymptotically unbiased if

lim E[R,] =T.
n—o00

The mean square error is an important measure of the accuracy of a point estimate.
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Definition 7.5  Mean Square Error
Themean square error of estimatorR of parameterr is

—E[(ﬁz—r)z].

Note that whenR is an unbiased estimate ofand E[R] = r, the mean square error is

simply the variance oR. Fora sequence of unbiased estimates, it is enough to show that

the mean square error goes to zero to prove that the estimator is consistent.

Theorem7.4  If a sequence of unbiased estimat@s, Ry, . ..

€ = Var[ﬁn] satisfyinglimp_ ~ e, = 0, then the sequend%n is consistent.

Proof SinceE[Rn] =T, we can apply the Chebyshev inequalitﬁa For any constard > 0,

- Var[Rn]
P —r|>e| < . 7.12
H Rn ‘ - 6] - 62 ( )
In the limit of largen, we have
. A VarfRa]
lim P HRn - r’ > e] < Jim =0 —0, (7.13)

Example 7.4

In any interval of k seconds, the number Ny of packets passing through an Internet
router is a Poisson random variable with expected value E[Nk] = kr packets. Let
Rk = Nk /k denote an estimate of r. Is each estimate Rk an unbiased estimate of r ?
What is the mean square error ey of the estimate R? Is the sequence of estimates
Ry, Ry, ... consistent?

First, we observe that Ry is an unbiased estimator since

E[R«] = E[Nk/K] = E[N¢]/k=r. (7.14)

Next, we recall that since N is Poisson, Var[Ng] = kr. This implies
Var [ Ng]

VarfRy] = var| Nk —
arlR¢] = ar[k] 2 =i

(7.15)

Because Ry is unbiased, the mean square error of the estimate is the same as its
variance: ex = r/k. In addition, since limy_, o, VarRx] = 0, the sequence of estima-
tors Ry is consistent by Theorem 7.4.

Point Estimates of the Expected Value

To estimate = E[X], we useR, = My (X), the sample mean.

us thatE[Mp(X)] = E[X], the sample mean is unbiased.

of parameter r has mean square error

Since Theorem 7.1 tells
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Theorem 7.5

Theorem 7.6

The sample mean MX) is an unbiased estimate of K].

Because the sample meanis unbiased, the mean square difference dtywerandE[ X]
is VaifMp (X)], given in Theorem 7.1:

The sample mean estimator,¥K) has mean square error

Var[ X
en=E [(Mn(X) - E[X])Z] = VarMn(X)] = arn[ !

In the terminology of statistical inferencg/en, the standard deviation of the sample mean,

is referred to as thetandard errorof the estimate. The standard error gives an indication of
how far we should expect the sample mean to deviate from the expected value. In particular,
whenX is a Gaussian random variable (algh (X) is also Gaussian), Problem 7.3.1 asks
the reader to show that

P[E[X] — v& < Mn(X) < E[X] + J/&] = 20(1) — 1~ 0.68. (7.16)

In words, Equation (7.16) says there is roughly a two-thirds probability that the sample
mean is within one standard error of the expected value. This same conclusion is approxi-
mately true whem is large and the central limit theorem says tha{(X) is approximately
Gaussian.

Example 7.5 How many independent trials n are needed to guarantee that Pn(A), the relative fre-

Theorem 7.7

quency estimate of P[A], has standard error less than 0.1?

Since the indicator X o has variance Var[ X a] = P[A](1 — P[A]), Theorem 7.6 implies
that the mean square error of Mp(Xp) is

o VarlXl _ PIAIA-PIA)
n n

(7.17)

We need to choose n large enough to guarantee /& < 0.1 or e <= 0.01, even
though we don’t know P[A]. We use the fact that p(1 — p) < 0.25forall0 < p < 1.
Thus en < 0.25/n. To guarantee en < 0.01, we choose n = 25 trials.

Theorem 7.6 demonstrates that the standard error of the estim&ieXdfconverges
to zero a: grows without bound. The proof of the following theorem shows that this is
enough to guarantee that the sequence of sample means is a consistent estiE{2¢or of

If X has finite variance, then the sample meap(M) is a sequence of consistent estimates
of E[X].
Proof By Theorem 7.6, the mean square erroMyf(X) satisfies

Var[X]
=

nleoo Var[Mnp(X)] = nleoo 0. (7.18)

By Theorem 7.4, the sequenbk, (X) is consistent.
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Theorem 7.7 is better known as tiveak law of large numbersvhich we restate here in
two equivalent forms.

Weak Law of Large Numbers
If X has finite variance, then for any constant-0,

@ lim P[IMa(X) = x| = €] =0,
(b) Jim P[IMn(X) — pix| < ¢l = 1.

Theorem 7.8(a) is just the mathematical statement of Theorem 7.7 that the sample mean is
consistent. Theorems 7.8(a) and 7.8(b) are equivalent statements because

PMn(X) = ux| = c] = 1= P[[Mn(X) — ux| <]. (7.19)

In words, Theorem 7.8(b) says that the probability that the sample mean is withinits
of E[X] goes to one as the number of samples approaches infinity. Stacebe arbitrarily
small (e.g., 162999 Theorem 7.8(b) can be interpreted by saying that the sample mean
converges tdE[ X] as the number of samples increases without bound. The weak law of
large numbers is a very general result because it holds for all random varkabléth
finite variance. Moreover, we do not need to know any of the parameters, such as mean or
variance, of random varaiable.

As we see in the next theorem, the weak law of large numbers validates the relative
frequency interpretation of probabilities.

As n— oo, the relative frequencif’n(A) converges to PA]; for any constant ¢ 0,

lim P [
n—oo

Po(A) — P[A]‘ > c] —0.

Proof The proof follows from Theorem 7.4 sind%,(A) = Mnp(Xpa) is the sample mean of the
indicator X o, which has mearc[ X p] = P[A] and finite variance VaX o] = P[A](1 — P[A]).

Theorem 7.9 is a mathematical version of the statement that as the number of observations
grows without limit, the relative frequency of any event approaches the probability of the
event.

The adjectivaveakin the weak law of large numbers suggests that there is also a strong
law. They differ in the nature of the convergenceMf, (X) to ux. The convergence in
Theorem 7.8 is an example obnvergence in probability.

Convergencein Probability
The random sequence ¥onverges in probability to a constant y if for aay- 0,

lim P[|Yn—Yy| >¢] =0.
n—oo

The weak law of large numbers (Theorem 7.8) is an example of convergence in probability
in whichY, = Mp(X), y = E[X], ande = c.
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Thestrong law of large numberstates thatvith probability1, the sequenckl 1, Mo, . ..
has the limitux. Mathematicians use the terrasnvergence almost surelgonvergence
almost always, andonvergence almost everywhers synonyms for convergence with
probability 1.The difference between the strong law and the weak law of large numbers is
subtle and rarely arises in practical applications of probability theory.

Point Estimates of the Variance

Definition 7.7

Theorem 7.10

When the unknown parameterris= Var[ X], we have two cases to consider. Because

Var[X] = E[(X — ux)?] depends on the expected value, we consider separately the situa-

tion whenE[X] is known and wherie[ X] is an unknown parameter estimatedMy, (X).
Suppose we know that has zero mean. In this case, Vi[= E[X 2] and estimation

of the variance is straightforward. If we defile= X2, we can view the estimation of

E[X?] from the sample¥; as the estimation dE[Y] from the sample¥; = Xiz. Thatis,

the sample mean of can be written as

1
Ma(Y) = = (xf T xﬁ) . (7.20)

Assuming that VdiY] exists, the weak law of large numbers implies thbi(Y) is a con-
sistent, unbiased estimator Bf X2] = Var[ X].

WhenE[X] is a known quantitys x, we know VafX] = E[(X — ,ux)z]. In this case,
we can use the sample mearMif= (X — i x)?,

1 n
Mn(W) = — XI‘ (Xi — 1x)?. (7.21)
=
If Var[W] exists,Mn(W) is a consistent, unbiased estimate of Yar[
When the expected valyey is unknown, the situation is more complicated because the

variance ofX depends om x. We cannot use Equation (7.21)ifx is unknown. In this
case, we replace the expected value by the sample meall, (X).

Sample Variance
The sample variance of a set of n independent observations of random variable X is

l n
Va(X) = =) (Xi = Ma(X))?.
i=1

In contrast to the sample mean, the sample varianceissadestimate of VarX].

n-1

Proof Substituting Definition 7.1 of the sample meslii (X) into Definition 7.7 of sample variance
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and expanding the sums, we derive
n n n
l1gye A
Vo= X L 2 XX (7.22)
i3 i=1j=1

Because theX; are iid, E[X?] = E[X?] for all i, and E[X;]E[Xj] = u%. By Theorem 4.16(a),
E[Xj Xjl = Cov Xj, Xjl+E[X{IE[X]j]. Thus,E[X; Xj] = CoV X;, Xj]+/¢§(. Combining these
facts, the expected value 9f; in Equation (7.22) is

1 n n
Elvnl = E[X?] - 5 Z Z (Cov[xi. Xj]+u%) (7.23)
n n
= Var[X] — Z Z ov[ X, X;] (7.24)
Note that since the double sum hesterms ZI -1 Z”_l “x = n2,2 . Ofthen? covariance terms,

there aren terms of the form Cou;, X;] = Var[X], wh|Ie the remalnlng covariance terms are all 0
becauseX; and X are independent far# j. This implies

E [Vn] = VariX] — 2 (nVar[x]) = n—1Var[x1 (7.25)

However, by Definition 7.4y, (X) is asymptotically unbiased because
. .. nh=1
lim E[Vh(X)] = lim —— Var[X] = Var[ X]. (7.26)
n—o00o n—o00 n

AlthoughV(X) is a biased estimate, Theorem 7.10 suggests the derivation of an unbiased
estimate.

The estimate .
1 2
Va0 = — ;(Xi — Ma (X))
is an unbiased estimate War[ X].
Proof Using Definition 7.7, we have

VAH(X) =

an(X), (7.27)

and n
E[Va(X)] = —— E[Vn(X)] = VarlX. (7.28)

Comparing the two estimates of Y], we observe that as grows without limit,
the two estimates converge to the same value. Howeven ferl, M1(X) = X; and
V1(X) = 0. By contrastV;(X) is undefined. Because the variance is a measure of the
spread of a probability model, it is impossible to obtain an estimate of the spread from
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Quiz7.3

only one observation. Thus the estimafe(X) = 0 is completely illogical. On the
other hand, the unbiased estimate of variance based on two observations can be written
asVy = (X1 — X2)2/2, which clearly reflects the spread (mean square difference) of the
observations.

To go further and evaluate the consistency of the sequeic), V;(X), ... is a sur-
prisingly difficult problem. It is explored in Problem 7.3.5.

X is a uniform random variable betweeril and1 with PDF

05 —-1<x<1,

fx () = { 0 otherwise. (7.29)

What is the mean square error ofyé(X), the estimate ofar[ X] based orl00independent
observations of X?

7.4 Confidence Intervals

Theorem 7.1 suggests that as the number of independent samples of a random variable
increases, the sample mean gets closer and closer to the expected value. Similarly, a law
of large numbers such as Theorem 7.8 refers to a limit as the number of observations
grows without bound. In practice, however, we observe a finite set of measurements. In
this section, we develop techniques to assess the accuracy of estimates based on a finite
collection of observations. We introduce two closely related quantitiescdh&édence
interval, related to the difference between a random variable and its expected value and the
confidence coefficientelated to the probability that a sample value of the random variable

will be within the confidence interval. We will see that the the Chebyshev inequality
provides the basic mathematics of confidence intervals.

Convergence of the Sample Mean to the Expected Value

Theorem 7.12

When we apply the Chebyshev inequalityMo= Mp(X), we obtain useful insights into
the properties of independent samples of a random variable.

For any constant c- O,

Var[ X] .
(@ PIMn(X) — ux| =c] < 2 @
Var[ X] _

(b) P[IMp(X) —pux| <cl=>1- 1«

nc?

Proof LetY = Mp(X). Theorem 7.1 states that

E[Y] = E[Mn(X)] = ux VarlY] = Var[Mnp(X)] = Var[X]/n. (7.30)
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Theorem 7.12(a) follows by applying the Chebyshev inequality (Theorem 7.8) 0 Mn(X).
Theorem 7.12(b) is just a restatement of Theorem 7.12(a) since

PIMn(X) — ux| = ] =1— P[[Mn(X) — ux| < c]. (7.31)

Theorem 7.12(b) contains two inequalities. One inequality,

IMn(X) — x| <c, (7.32)

defines an event. This event states that the sample mean is withinits of the expected
value. The length of the interval that defines this eventiyfits, is referred to as@nfidence
interval. The other inequality states that the probability that the sample mean is in the
confidence interval is at least-1 «. We refer to the quantity + « as theconfidence
coefficient If « is small, we are highly confident tha,(X) is in the interval(uyx —

C, ux + ¢). In Theorem 7.12(b) we observe that for any positive nunthero matter
how small, we can make as small as we like by choosimglarge enough. In a practical
applicationgindicates the desired accuracy of an estimatewfe indicates our confidence
that we have achieved this accuracy, artélls us how many samples we need to achieve
the desiredr. Alternatively, given VarX], n, anda, Theorem 7.12(b) tells us the sizef

the confidence interval.

Example 7.6 Suppose we perform n independent trials of an experiment and we use the relative
frequency Pnh(A) to estimate P[A]. Use the Chebyshev inequality to calculate the
smallest n such that Py(A) is in a confidence interval of length 0.02 with confidence
0.999.

Recallthat Py (A) is the sample mean of the indicator random variable X a. Since X a is
Bernoullivyith success probability P[A], E[X o] = P[A]and Var[X o] = P[A](1—P[A]).
Since E[Ph(A)] = P[A], Theorem 7.12(b) says

P[A] (1 - P[A])
nc? '

In Example 7.8, we observed that p(1—p) < 0.25for0 < p < 1. Thus P[A](1-P[A]) <
1/4 for any value of P[A] and

P Hﬁn(A) - P[A]‘ < c] >1- (7.33)

N 1
PHPn(A)—P[A]‘ <c]zl—m. (7.34)
For a confidence interval of length 0.02, we choose c = 0.01. We are guaranteed to
meet our constraint if 1
1-— >0.999. (7.35)
4n(0.012
Thus we need n > 2.5 x 10° trials.

In the next example, we see that if we need a good estimate of the probability of a rare
eventA, then the number of trials will be large. For example, if evAritas probability
P[A] = 104, then estimating?[ A] within £0.01 is meaningless. Accurate estimates of
rare events require significantly more trials.
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Example 7.7 Suppose we perform n independent trials of an experiment. For an event A of the
experiment, use the Chebyshev inequality to calculate the number of trials needed to

guarantee that the probability the relative frequency of A differs from P[A] by more
than 10% is less than 0.001.

In Example 7.6, we were asked to guarantee that the relative frequency Alsn(A) was
within ¢ = 0.01 of P[A]. This problem is different only in that we require Py(A) to be
within 10% of P[A]. As in Example 7.6, we can apply Theorem 7.12(a) and write
P[A](1-P[AD
nc? '

We can ensure that I5n(A) is within 10% of P[A] by choosing ¢ = 0.1P[A]. This yields

PHlﬁn(A) - P[A]‘ > c] < (7.36)

(1-P[AD _ 100
n(0.12P[A] ~ nP[A]’

P Ulﬁn(A) —P [A]’ > 0.1P [A]] < (7.37)
since 1 — P[A] < 1. Thus the number of trials required for the relative frequency

to be within a certain percent of the true probability is inversely proportional to that
probability.

In the following example, we obtain an estimate and a confidence interval but we must de-
termine the confidence coefficient associated with the estimate and the confidence interval.

Example 7.8 Theorem 7.12(b) gives rise to statements we hear in the news, such as,

Based on a sample of 1103 potential voters, the percentage of people
supporting Candidate Jones is 58% with an accuracy of plus or minus 3
percentage points.

The experiment is to observe a voter at random and determine whether the voter
supports Candidate Jones. We assign the value X = 1if the voter supports Candidate
Jones and X = 0 otherwise. The probability that a random voter supports Jones is
E[X] = p. In this case, the data provides an estimate Mp(X) = 0.58 as an estimate
of p. What is the confidence coefficient 1 — « corresponding to this statement?

Since X is a Bernoulli (p) random variable, E[X] = p and Var[X] = p(1 — p). For
¢ = 0.03, Theorem 7.12(b) says

pl—p)
We see that a )
_pd—=p
© n(0.032° (7.39)

Keep in mind that we have great confidence in our result when « is small. However,
since we don't know the actual value of p, we would like to have confidence in our
results regardless of the actual value of p. If we use calculus to study the function
X(1 — x) for x between 0 and 1, we learn that the maximum value of this function is
1/4, corresponding to x = 1/2. Thus for all values of p between 0 and 1, Var[X] =
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p(1— p) < 0.25. We can conclude that

0.25 277778

*=h0032 - 1 (7.40)

Thus for n = 1103 samples, « < 0.25, or in terms of the confidence coefficient,
1— « > 0.75. This says that our estimate of p is within 3 percentage points of p with
a probability of at least 1 — « = 0.75.

Interval Estimates of Model Parameters

In Theorem 7.12 and Examples 7.6 and 7.7, the sample iMeaiX) was a point estimate

of the model parametét[ X]. We examined how to guarantee that the sample mean was in
a confidence interval of size 2dth a confidence coefficient of-L«. Inthis case, the point
estimateMp (X) was a random variable and the confidence interval was a deterministic
interval.

In confidence interval estimation, we turn the confidence interval inside out. A confi-
dence interval estimate of a parameter consists of a range of values and a probability that
the parameter is in the stated range. If the parameter of intengsthis estimate consists
of random variableg\ andB, and a numbe#, with the property

P[A<r<B]>=1-o. (7.41)

Inthis contextB — Alis called theconfidence intervadnd 1« is theconfidence coefficient
Since A and B are random variableshe confidence interval is random. The confidence
coefficient is now the probability that the deterministic model paramétein the random
confidence interval. An accurate estimate is reflected in a low vallBe-ofA and a high
value of 1— «.

In most practical applications of confidence interval estimation, the unknown parameter
r is the expected valug[ X] of a random variablX and the confidence interval is derived
from the sample meam,(X), of data collected im independent trials. In this context,
Theorem 7.12(b) can be rearranged to say that for any coresta,

Var[ X]
nc2 -

In comparing Equations (7.41) and (7.42), we see fhat M, (X) — ¢, B = Mp(X) + ¢
and the confidence interval is the random inteiidl, (X) — ¢, Mp(X) + ¢). Just as in
Theorem 7.12, the confidence coefficient is stit r wherea = Var[X]/(nc?).

Equation (7.42) indicates that every confidence interval estimate is a compromise be-
tween the goals of achieving a narrow confidence interval and a high confidence coefficient.
Given any set of data, it is always possible simultaneously to increase both the confidence
coefficient and the size of the confidence interval, or to decrease them. It is also possible to
collect more data (increaseén Equation (7.42)) and improve both accuracy measures. The
number of trials necessary to achieve specified quality levels depends on prior knowledge
of the probability model. In the following example, the prior knowledge consists of the
expected value and standard deviation of the measurement error.

P[Mn(X) — ¢ < E[X] < Mn(X) +¢] > 1—

(7.42)
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Example 7.9 Suppose X; is the ith independent measurement of the length (in cm) of a board

Theorem 7.13

whose actual length is b cm. Each measurement X; has the form
Xi =b+ 7z, (7.43)

where the measurement error Z; is a random variable with expected value zero and
standard deviationoz = 1cm. Since each measurementis fairly inaccurate, we would
like to use Mp(X) to get an accurate confidence interval estimate of the exact board
length. How many measurements are needed for a confidence interval estimate of b
of length 2c = 0.2 cm to have confidence coefficient 1 — o = 0.99?

Since E[Xj] = b and Var[X;] = Var[Z] = 1, Equation (7.42) states

1 100
n0.12 n-

P[Mn(X) —01<b< Mp(X)+01]>1-— (7.44)
Therefore, P[Mp(X) —0.1 < b < Mp(X) +0.1] > 0.99if 100/n < 0.01. This implies
we need to make n > 10,000 measurements. We note that it is quite possible that
P[Mp(X) — 0.1 < b < Mp(X) + 0.1] is much less than 0.01. However, without knowing
more about the probability model of the random errors Z;, we need 10,000 measure-
ments to achieve the desired confidence.

It is often assumed that the sample mé&(X) is a Gaussian random variable, either
because each trial produces a sample of a Gaussian random variable, or because there is
enough data to justify a central limit theorem approximation. In the simplest applications,
the variancer)z( of each data sample is known and the estimate is symmetric about the
sample meanA = M (X)—candB = M,(X)+c. Thisimplies the following relationship
betweert, «, andn, the number of trials used to obtain the sample mean.

Let X be a Gaussiatu, o) random variable. A confidence interval estimatg.aff the
form
Mn(X) —c < p < Mnp(X) +C

has confidence coefficieht- « where

ono()-10(5)

n
o o

Proof We observe that

P[Mn(X) —c < ux < Mp(X) +¢] = Plux — ¢ < Ma(X) < ux + ] (7.45)

= P[-c < Mn(X) —ux =c]. (7.46)
SinceMnp(X) — wx is a zero mean Gaussian random variable with varia&yen,

- _ Mn(X) — ux ._C ]
ox/~M = ox/yN T ox/yn
—1-2Q <ﬂ> . (7.48)

X

P[Mn(X) —¢ < ux < Mn(X) +c] = P[ (7.47)
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Thus 1— a = 1 — 2Q(c/n/oy).

Theorem 7.13 holds whenewil, (X) is a Gaussian random variable. As stated in the the-
orem, this occurs whenevaris Gaussian. However, it is also a reasonable approximation
whenn is large enough to use the central limit theorem.

Example 7.10  In Example 7.9, suppose we know that the measurement errors Z; are iid Gaussian
random variables. How many measurements are needed to guarantee that our con-
fidence interval estimate of length 2c = 0.2 has confidence coefficient 1 — o > 0.99?

As in Example 7.9, we form the interval estimate
Mn(X) — 0.1 < b < Mp(X) +0.1. (7.49)

The problem statement requires this interval estimate to have confidence coefficient
1—«o > 099, implyinga < 0.01. Since each measurement X; is a Gaussian (b, 1)
random variable, Theorem 7.13 says that « = 2Q(0.1,/n) < 0.01, or equivalently,

Q(+/n/10)= 1 — ®(+/n/10) < 0.005. (7.50)

In Table 3.1, we observe that ®(x) > 0.995when x > 2.58. Therefore, our confidence
coefficient condition is satisfied when ,/n/10 > 2.58, orn > 666.

In Example 7.9, with limited knowledge (only the expected value and variance) of the
probability model of measurement errors, we find that 10,000 measurements are needed
to guarantee an accuracy condition. When we learn the entire probability model (Exam-
ple 7.10), we find that only 666 measurements are necessary.

Example 7.11 Y is a Gaussian random variable with unknown expected value n but known variance
03. Use Mnp(Y) to find a confidence interval estimate of ny with confidence 0.99. If
03 = 10 and M1go(Y) = 332, what is our interval estimate of x formed from 100
independent samples?

With 1 — o = 0.99, Theorem 7.13 states that
P[Ma(Y)—c<u<MpY)+c]=1—a =0.99 (7.51)

where
c/n
a/2=0.005=1—¢<£). (7.52)
oy
This implies ®(c,/n/oy) = 0.995. From Table 3.1,c = 2.580y/,/N. Thus we have the
confidence interval estimate

2,580y 2,580y
NGl NG

If 03 = 10 and M1gg(Y) = 332, our interval estimate for the expected value n is
32384 < u < 34016.

Mn(Y) —

<p < MnY)+

(7.53)

Example 7.11 demonstrates that for a fixed confidence coefficient, the width of the interval
estimate shrinks as we increase the nunmbefrindependent samples. In particular, when
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the observations are Gaussian, the width of the interval estimate is inversely proportional

to /n.

Quiz7.4 X is a Bernoullirandom variable with unknown success probability p. Using nindependent
samples of X and a central limit theorem approximation, find confidence interval estimates
of p with confidence leve®9 and0.99. If M1go(X) = 0.4, what is our interval estimate?

7.5 MATLAB

The new ideas in this chapter — namely, the convergence of the sample mean, the Chebyshev
inequality, and the weak law of large numbers — are largely theoretical. The application of
these ideas relies on mathematical techniques for discrete and continuous random variables
and sums of random variables that were introduced in prior chapters. As a result, in terms
of MATLAB, this chapter breaks little new ground. Nevertheless, it is instructive to use
MATLAB to simulate the convergence of the sample mBh{(X). In particular, for a

random variableX, we can view a set of iid samples,, ..., X, as a random vector
X = [Xl Xn]/. This vector of iid samples yields a vector of sample mean values
M(X) = [M1(X) M2(X) --- Mn(X)]’ where
X oo+ X
Mk (X) = % (7.54)

We call a graph of the sequenbi(X) versusk a sample mean trace. By graphing the
sample mean trace as a functiomofie can observe the convergence of the point estimate
Mg (X) to E[X].

Example 7.12  Write a function bernoul | i confi nt (n, p) that graphs a sample mean trace of
length n as well as the 0.9 and 0.99 confidence interval estimates for a Bernoulli
(p = 0.5) random variable.

Inthe solution to Quiz 7.4, we found that the 0.9 and 0.99 confidence interval estimates
could be expressed as

Mn (X) — % < p<Mn(X)+ % (7.55)
where y = 0.41 for confidence 0.9 and y = 0.645for confidence 0.99.
functi on M\=bernoul liconf(n,p); In bernoul I'iconf(n,p), xisan
x=bernoul l'irv(p,n); instance of a random vector X with
nn=(1:n)’; iid Bernoulli (p) components. Simi-
M\=cumsun(x) ./ ((1:n)"); larly, MNis an instance of the vector
nn=(10:n)’; M(X). The output graphs MNas well
MN=MN( nn) ; as the 0.9 and 0.99 confidence inter-
st d90=(0.41)./sqrt(nn); vals as a function of the number of
st d99=(0. 645/ 0. 41) *st d90; trials n.
y=[ MN M\- st d90 M\+st d90] ;
y=[y M\Fstd99 M\+std99];
plot(nn,y);
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Figure 7.1 Two sample runs ober noul | i conf (n, p)

Each time bernoul | i conf. mis run, a different graph will be generated. Fig-
ure 7.1 shows two sample graphs. Qualititively, both show that the sample mean is
converging to p as expected. Further, as n increases the confidence interval esti-
mates shrink.

By graphing multiple sample mean traces, we can observe the convergence properties of
the sample mean.

Example 7.13  Write a MATLAB function bernoul | i traces(n, m p) to generate m sample mean
traces, each of length n, for the sample mean of a Bernoulli (p) random variable.

functi on M\=bernoul litraces(n, mp); In bernoullitraces, each

x=r eshape(bernoul lirv(p,mn),n, m; column of x is an instance

nn=(1:n)’ *ones(1,n); of a random vector X with

MN=cumsum( x) . / nn; iid Bernoulli (p) components.

stderr=sqrt(p*(1-p))./sqrt((1:n)"); Similarly, each column of MNis

plot(1:n, 0.5+stderr, ... an instance of the vector M(X).
1:n,0.5-stderr,1:n, \\);

The output graphs each column of MN as a function of the number of trials n.
In addition, we calculate the standard error /& and overlay graphs of p — /g and
p + /& Equation (7.16) says that at each step k, we should expect to see roughly
two-thirds of the sample mean traces in the range

P— V& < Mk(X) < p+ & (7.56)

A sample graph of bernoul | itraces(100, 40, 0. 5) is shown in Figure 7.2. The
figure shows how at any given step, roughly two-thirds of the sample mean traces are
within one standard error of the expected value.

Quiz7.5 Generate m= 1000traces (each of length B= 100) of the sample mean of a Bernoulli
(p) random variable. At each step k, calculatecMhe number of traces, such thatcNé
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Figure 7.2 Sample output ober noul | i t r aces. mincluding the deterministic standard error
graphs. The graph shows how at any given step, roughly two-thirds of the sample means are within
one standard error of the true mean.

within a standard error of the expected value p. Graph=+ My/m as a function of k.
Explain your results.

Chapter Summary

This chapter introduces the sample mean of a set of independent observations of a random
variable. Asthe number of observationsincreases, the sample mean approachesthe expected
value. Statistical inference techniques use the sample mean to estimate the expected value.
When we choose this random variable to be the indicator of an event, the sample mean is
the relative frequency of the event. In this case, convergence of the sample mean validates
the relative frequency interpretation of probability.

e The sample mean MX) = (X1+-- -+ Xp)/nof nindependent observations of random
variableX is a random variable.

e The Markov inequalitys a weak upper bound on the probabilRyX > c] for nonneg-
ative random variableX.

e The Chebyshev inequalityan upper bound on the probabil®f| X — u x| > c]. Ifthe
variance ofX is small, thenX is close toE[ X] with high probability.

e An estimate of a parameter, of a probability model is unbiased E[ Rl=r. A
sequence of estimatéd, Ry, ... is consistentif lim_o Ry =T.

e The sample meanf X is an unbiased consistent estimatoiEX]. This is commonly
stated in the form of the weak law of large numbers which says that focanyO,
limp— 00 P[IMn(X) — x| > c] = 0.

e The sample variancef X is a consistent, asymptotically unbiased estimate ofX/ar

e A confidence interval estimatd a parameter produces a range of numbers and the
probability that the parameter is within that range.
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PROBLEMS 295

e Further Reading:[Dur94] contains concise, rigorous presentations and proofs of the
laws of large numbers. [WS01] covers parameter estimation for both scalar and vector
random variables and stochastic processes.

Difficulty: Easy
X1,..., Xpn is an iid sequence of exponential7.2.1
random variables, each with expected value 5.

(a) Whatis VarMg(X)], the variance of the sample
mean based on nine trials?

(b) WhatisP[ X1 > 7], the probability that one out-
come exceeds 7?

(c) Estimate P[Mg(X) > 7], the probability that 122
the sample mean of nine trials exceeds 7? Hint:
Use the central limit theorem.

X1, ..., Xp are independent uniform random vari-
ables, all with expected valyex = 7 and variance
Var[ X] = 3.

(a) What is the PDF oK1?

(b) Whatis VafM1g(X)], the variance of the sample
mean based on 16 trials?

(c) WhatisP[ X4 > 9], the probability that one out-
come exceeds 9?

(d) Would you expecP[M16(X) > 9]to be bigger 7.2.3
or smaller tharP[ X7 > 9]? To check your in-
tuition, use the central limit theorem to estimate
P[M16(X) > 9].

X is a uniform(0, 1) random variable.Y = X2,

What is the standard error of the estimateugf

based on 50 independent sampleXéf

Let X1, Xo,... denote a sequence of indepen-
dent samples of a random variabke with vari-
ance VarK]. We define a new random sequence
Y1, Yo, ... as

7.2.4

Y1 = X1 — Xp

and 7.3.1

Yn = Xon—1— Xon

(a) What isE[Yn]?
(b) What is Varln]?
(c) What are the mean and varianceMyf (Y)?

7.3.2

Moderate Difficult Experts Only

The weight of a randomly chosen Maine black bear
has expected valuE[W] = 500 pounds and stan-
dard deviatioroyy = 100 pounds. Use the Cheby-
shev inequality to upper bound the probability that
the weight of a randomly chosen bear is more than
200 pounds from the expected value of the weight.

For an arbitrary random variabl, use the Cheby-
shev inequality to show that the probability that

is more thark standard deviations from its expected
value E[ X] satisfies

PIX ~ EIXI| 2 kol = 5

For a Gaussian random variab¥e use the®(.)
function to calculate the probability th¥tis more
thank standard deviations from its expected value
E[Y]. Compare the result to the upper bound based
on the Chebyshev inequality.

Let X equal the arrival time of the third elevator
in Quiz 7.2. Find the exact value ¢f[W > 60].
Compare your answer to the upper bounds derived
in Quiz 7.2.

In a game with two dice, the evesihake eyerefers

to both dice showing one spot. L& denote the
number of dice rolls needed to observe the third oc-
currence onake eyes. Find

(a) the upper bound t®[R > 250] based on the
Markov inequality,

(b) the upper bound té[R > 250] based on the
Chebyshev inequality,

(c) the exact value oP[R > 250].

When X is Gaussian, verify the claim of Equa-
tion (7.16) that the sample mean is within one stan-
dard error of the expected value with probability
0.68.

Suppose the sequence of estimatgss biased but
asymptotically gnbiased. Iflify o VarfRn] = 0,
is the sequencR, consistent?
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7.3.4

7.3.5

7.3.6
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An experimental trial produces random variables
X1 and X, with correlationr = E[X1X5]. To es-
timater , we performn independent trials and form
the estimate

N L
Ro= 2 XaHXa0)
i=1

where X1(i) and Xo(i) are samples 0Ky and X2
on triali. Show that if VarKqXo] is finite, then
Ry, Ry, ... is an unbiased, consistent sequence of
estimates of .
An experiment produces random vect¥r =
[X1 -~ Xg]' with expected valuepy =
(w1 - l/«k]/- Theith component oK has vari-
ance Vark;] = aiz. To estimatquy , we performn
independent trials such th4ti) is the sample oK
on triali, and we form the vector mean

1 n
M(n) = HZX(i).
i=1

(a) ShowM(n) is unbiased by showing[M(n)] =
X

(b) Show that the sequence of estimadthsis con-
sistent by showing that for any constant O,

nleooP[jzrank’Mj(n)_Mj’ZC] =0.

,,,,,

Hint: Let Aj = {|Xj —uj| <c} and apply
the union bound (see Problem 1.4.5) to upper
boundP[A; U Ay U---U Ag]. Then apply the
Chebyshev inequality.

Given the iid sample¥X1, Xo, ..
sequence’y, Yo, ... by

. of X, define the

Xok—1+ X2k>2

Yk = <X2k—1 - >

Xok_1 + Xok |2

Note that eachyy is an example ol;, an esti-
mate of the variance of using two samples, given
in Theorem 7.11. Show that E[Xk] < oo for
k = 1,2,3,4, then the sample meavn(Y) is a
consistent, unbiased estimate of 4.

In this problem, we develop a weak law of large
numbers for a correlated sequenkg, Xo, ... of

identical random variables. In particular, eaxh
has expected valuE[Xj] = u, and the random
sequence has covariance function

Cx[m, k] = Cov[Xm, Xm4k] = o2alkl

whereais a constant such thit| < 1. For this cor-
related random sequence, we can define the sample
mean ofn samples as

Xl+"‘

M (X4, .. ;

. Xn) =
(a) Use Theorem 6.2 to show that

l1+a
l1—-a/’

(b) Use the Chebyshev inequality to show that for
anyc > 0,

Var[X1+--- Xn] < no2 (

2
.0 1+a

P[|M(Xl,,.,,Xn)—M|Zc]—m'

(c) Use part (b) to show that for amy> 0,
Ir]I|Hm00 P[IM(X1,...,Xn) —ul = c] =0.

An experiment produces a zero mean Gaussian
random vectoX = [X; Xk]" with corre-
lation matrixR = E[XX’]. To estimateR, we per-
form n independent trials, yielding the iid sample
vectorsX(1), X(2), ..., X(n), and form the sample
correlation matrix

n
R(N) = Z X(m)X'(m).

m=1

(a) ShowR(n) is unbiased by showing[R(n)] =
R.

(b) Show that the sequence of estimarés) is con-
sistent by showing that every elemdjt (n) of
the matrixR converges taRj. That is, show
that for anyc > 0,

lim P [max’ﬁij — Rjj ’ > c} =0.
n—o00 i, ]

Hint: Extend the technique used in Prob-
lem 7.3.4. You will need to use the result of
Problem 4.11.8 to show that \a; X ] is finite.



7.41 Xq,...,Xn are n independent identically dis-7.4.4

tributed samples of random variab¥ewith PMF

01 x=0,
Px(x)=4 09 x=1,
0 otherwise.

(a) How isE[X] related toPy (1)?

(b) Use Chebyshev’s inequality to find the confi-
dence levelr such thatMgg(X), the estimate
based on 90 observations, is within 0.05 of

Px (1). In other words, findr such that

P [|Mgo(X) — Px (1)| > 0.05] < .

(c) Use Chebyshev’s inequality to find out how

many samples are necessary to hawdn (X)
within 0.03 of Py (1) with confidence level Q.
In other words, finch such that

P[IMn(X) — Px (1)] > 0.03] < 0.1.

7.4.2 Let X1, Xo, ... denote an iid sequence of random
variables, each with expected value 75 and standard

deviation 15.

(a) How many samples do we need to guarantee
that the sample meavin (X) is between 74 and

76 with probability 0.997?

(b) If eachX; has a Gaussian distribution, how many’

samples’ would we need to guarantéd, (X)
is between 74 and 76 with probability 0.99?

7.4.3 Let X be the indicator random variable for event
A with probability P[A] = 0.8. Let Ph(A) denote
the relative frequency of evert in n independent

trials.
(@) FindE[X a] and VarXa]l.
(b) What is VarPn(A)]?

(c) Use the Chebyshev inequality to find the con-

fidence coefficient - « such thatPgg(A) is

within 0.1 of P[A]. In other words, findr such

that

P[|Proo0) — PIA]| < 01] = 1-a.

(d) Use the Chebyshev inequality to find out how

many samples are necessary to haw, (A)

within 0.1 of P[A] with confidence coefficient

0.95. In other words, finah such that

P[|Pacm - PLAI| < 0.1] = 0.95.

PROBLEMS 297

Xis aBernoullirandom variable with unknown suc-
cess probabilityp. Using 100 independent samples
of X find a confidence interval estimate pfwith
significance level @9. If M1go(X) = 0.06, what

is our interval estimate?

In n independent experimental trials, the relative
frequency of evenA is P,(A). How large should
n be to ensure that the confidence interval estimate

Pn(A) —0.05 < P[A] < Py(A) +0.05

has confidence coefficientd®

When we perform an experiment, eveiitoccurs
with probability P[A] = 0.01. In this problem, we
estimateP[A] using Pn(A), the relative frequency
of A overn independent trials.

(a) How many trial are needed so that the interval
estimate

Pn(A) — 0.001 < P[A] < Py(A) +0.001

has confidence coefficientd« = 0.99?

(b) How many trialsn are needed so that the prob-
ability Ph(A) differs from P[A] by more than
0.1%is less than 017

In communication systems, the error probability
P[E] may be difficult to calculate; however it
may be easy to derive an upper bound of the form
P[E] < e. In this case, we may still want to esti-
mateP[E] using the relative frequendsh(E) of E

in n trials. In this case, show that

A €
PHP E)—P E‘>c]<—.
n( ) [ ] = — n02
Graph one trace of the sample mean of a Poisson
(e = 1)random variable. Calculate (using a central
limit theorem approximation) and graph the corre-
sponding 0.9 confidence interval estimate.

Xis a Bernoulli(p = 1/2) random variable. The
sample mean (X) has standard error

_ Var[X]_i
€ =,/ n _Zﬁ’

The probability thatMnp (X) is within one standard
error of pis

1 1 1
pn=P|:———<Mn(X)§§+

RV 7]



298

7.5.3

CHAPTER 7 PARAMETER ESTIMATION USING THE SAMPLE MEAN

Use the bi noni al cdf function to calculate the 7.5.4

exact probabilitypn as a function of. Whhatis the

source of the unusual sawtooth pattern? Compare

your results to the solution of Quiz 7.5.

Recall that an exponentigh) random variableX
has

E[X] = 1/x,
var[X] = 1/2.
Thus, to estimate. from n independent samp-

les X1, ..., Xp, either of the following techniques
should work.

@ Calculatg the sample mebty, (X) and form the
estimate. = 1/Mp (X).

(b) Calculate the unbiased variance estirr\ﬁﬁt@()
of Theorem 7.11 and form the estimate=

1/ V4 (X).

UseMATLAB to simulate the calculationand for
m = 1000 experimental trials to determine which
estimate is better.

X is 10-dimensional Gaussia@, |) random vector.
SinceX is zero meanRyx = Cx = |. We will use
the method of Problem 7.3.7 and estim@jeusing
the sample correlation matrix

n
R = > X(mX'(m).
m=1
Forn € {10,100,1000,10,000}, construct a\IAT-
LAB simulation to estimate

P |:I‘TI1<]:\X’|Q” = ljj ‘ > 0.01].

Interms of parametex, random variabl& has CDF

Fx(X)={2_ 1 ii;:i

[x—(a=2)I2 = :

(a) Show that E[X] =
E[X—(a—2)]=2.

(b) Generaten = 100 traces of the sample mean

Mn(X) of lengthn = 1000. Do you observe
convergence of the sample mearBpX] = a?

a by showing that




Hypothesis Testing

Some of the most important applications of probability theory involve reasoning in the
presence of uncertainty. In these applications, we analyze the observations of an experi-
ment in order to arrive at a conclusion. When the conclusion is based on the properties
of random variables, the reasoning is referred tetasistical inference. In Chapter 7,

we introduced two types of statistical inference for model parameters: point estimation
and confidence interval estimation. In this chapter, we introduce two more categories of
inference: significance testing and hypothesis testing.

Like probability theory, the theory of statistical inference refers to an experiment con-
sisting of a procedure and observations. In all statistical inference methods, there is also a
set of possible conclusions and a means of measuring the accuracy of a conclusion. A sta-
tistical inference method assigns a conclusion to each possible outcome of the experiment.
Therefore, a statistical inference method consists of three steps: perform an experiment;
observe an outcome; state a conclusion. The assignment of conclusions to outcomes is
based on probability theory. The aim of the assignment is to achieve the highest possible
accuracy.

This chapter contains brief introductions to two categories of statistical inference.

e Significance Testing

Conclusion Acceptor rejectthe hypothesis that the observations result from a certain
probability modelHy.

Accuracy Measure Probability of rejecting the hypothesis when it is true.
e Hypothesis Testing

Conclusion The observations result from oneldfhypothetical probability models:
Ho, H]_, ey HM_]_.

Accuracy Measure Probability that the conclusion H;j when the true model isl
fori,j=0,1,...,M — 1.

Inthe following example, we see that for the same experiment, each testing method addresses
a particular kind of question under particular assumptions.

299
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Example 8.1 Suppose X4, ..., Xpn are iid samples of an exponential (1) random variable X with
unknown parameter A. Using the observations X1, ..., Xn, each of the statistical
inference methods can answer questions regarding the unknown A. For each of the
methods, we state the underlying assumptions of the method and a question that can
be addressed by the method.

e Significance TestAssuming A is a constant, should we accept or reject the hy-
pothesis that 1 = 3.5?

e Hypothesis TestAssuming A is a constant, does A equal 2.5, 3.5, or 4.5?

To answer either of the questions in Example 8.1, we have to state in advance which values
of X1, ..., X, produce each possible answer. For a significance test, the answer must be
eitheracceptor reject. For the hypothesis test, the answer must be one of the numbers 2.
3.5, or45.

8.1 Significance Testing

A significance test begins with the hypothesis, that a certain probability model describes

the observations of an experiment. The question addressed by the test has two possible
answers: accept the hypothesis or reject it. Sigaificance levebf the test is defined as

the probability of rejecting the hypothesis if it is true. The test divi@ethe sample space

of the experiment, into an event space consisting of an acceptanéeaset a rejection

setR = AC. If the observatiors € A, we accepHo. If s € R, we reject the hypothesis.
Therefore the significance level is

a=P[seR]. (8.1)

To design a significance test, we start with a value @nd then determine a s&that
satisfies Equation (8.1).

In many applicationsHg is referred to as theull hypothesisin these applications, there
is a known probability model for an experiment. Then the conditions of the experiment
change and a significance test is performed to determine whether the original probability
model remains valid. The null hypothesis states that the changes in the experiment have
no effect on the probability model. An example is the effect of a diet pill on the weight of

people who test the pill. The following example applies to calls at a telephone switching
office.

Example 8.2 Suppose that on Thursdays between 9:00 and 9:30 at night, the number of call at-
tempts N at a telephone switching office is a Poisson random variable with expected
value 1000. Next Thursday, the President will deliver a speech at 9:00 that will be
broadcast by all radio and television networks. The null hypothesis, H g, is that the
speech does not affect the probability model of telephone calls. In other words, H g
states that on the night of the speech, N is a Poisson random variable with expected
value 1000. Design a significance test for hypothesis Hg at a significance level of
a = 0.05.

The experiment involves counting the call requests, N, between 9:00 and 9:30 on the
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night of the speech. To design the test, we need to specify a rejection set, R, such
that P[N € R] = 0.05. There are many sets R that meet this condition. We do not
know whether the President’s speech will increase the number of phone calls (by peo-
ple deprived of their Thursday programs) or decrease the number of calls (because
many people who normally call listen to the speech). Therefore, we choose R to be
a symmetrical set {n: |n — 1000| >c}. The remaining task is to choose c to satisfy
Equation (8.1). Under hypothesis Hg, E[N] = Var[N] = 1000. The significance level
is
a:P[|N—looqzc]:PHN_7E[N]’zi]. 8.2)
ON ON
Since E[N] is large, we can use the central limit theorem and approximate (N —
E[N])/on by the standard Gaussian random variable Z so that

ot%P[lleﬁ]:Z[l—@(\/ﬁ)}:0.0S. 8.3)

In this case, ®(c/+/1000 = 0.975and ¢ = 1.95,/1000= 61.7. Therefore, if we observe
more than 1000+ 61 calls or fewer than 1000— 61 calls, we reject the null hypothesis
at significance level 0.05.

In a significance test, two kinds of errors are possible. Statisticians refer to them as
Type | errorsandType Il errorswith the following definitions:

e Type | errorFalse Rejection: RejecHp whenHg is true.
e Type Il errorFalse Acceptance: Accepitlg whenHg is false.

The hypothesis specified in a significance test makes it possible to calculate the probability
ofaTypelerrorg = P[s € R]. Inthe absence of a probability model for the conditiéhg'

false,” there is no way to calculate the probability of a Type Il errobidary hypothesis

test described in Section 8.2, includesalternative hypothesis IH Then it is possible to

use the probability model given by to calculate the probability of a Type Il error, which

is P[s € A|H1].

Although a significance test does not specify a complete probability model as an alterna-
tive to the null hypothesis, the nature of the experimentinfluences the choice of the rejection
set,R. In Example 8.2, we implicitly assume that the alternative to the null hypothesis is
a probability model with an expected value that is either higher than 1000 or lower than
1000. In the following example, the alternative is a model with an expected value that is
lower than the original expected value.

Example 8.3 Before releasing a diet pill to the public, a drug company runs a test on a group of
64 people. Before testing the pill, the probability model for the weight of the people
measured in pounds, is a Gaussian (190,24) random variable W. Design a test based
on the sample mean of the weight of the population to determine whether the pill has
a significant effect. The significance level is « = 0.01.

Under the null hypothesis, Hgq, the probability model after the people take the diet
pill, is a Gaussian (190,24), the same as before taking the pill. The sample mean,
Mega(X), is a Gaussian random variable with expected value 190and standard deviation
24//64 = 3. To design the significance test, it is necessary to find R such that
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Quiz8.1

P[Mga(X) € R] = 0.01. If we reject the null hypothesis, we will decide that the pill is
effective and release it to the public.

In this example, we want to know whether the pill has caused people to lose weight.
If they gain weight, we certainly do not want to declare the pill effective. Therefore, we
choose the rejection set R to consist entirely of weights below the original expected
value: R = {Mga(X) < rg}. We choose rq so that the probability that we reject the null
hypothesis is 0.01:

P [Mga(X) € R] = P [Mga(X) <ro] = ® (ro _3190) — 0.0L. (8.4)

Since ®(—2.33) = Q(2.33) = 0.01, it follows that (rg — 190) 3 = —2.33, orrg = 18301.
Thus we will reject the null hypothesis and accept that the diet pill is effective at
significance level 0.01 if the sample mean of the population weight drops to 18301
pounds or less.

Note the difference between the symmetrical rejection set in Example 8.2 and the one-
sided rejection set in Example 8.3. We selected these sets on the basis of the application of
the results of the test. In the language of statistical inference, the symmetrical set is part of
atwo-tail significance testand the one-sided rejection set is part ohe-tail significance
test

Under hypothesis b the interarrival times between phone calls are independent and
identically distributed exponenti@l) random variables. Given X, the maximum amabg
independentinterarrival time sampleg X. ., X15, design a significance test for hypothesis
Hp at a level ofe = 0.01.

8.2 Binary Hypothesis Testing

In a binary hypothesis test, there are two hypothetical probability moétkjsand H1,

and two possible conclusionsaccept Hy as the true model, andccept H. There is

also a probability model foHp and Hy, conveyed by the numbeR[Hg] and P[H;1] =

1— P[Ho]. These numbers are referred to asalpeiori probabilitiesor prior probabilities

of Hp andH1. They reflect the state of knowledge about the probability model before an
outcome is observed. The complete experiment for a binary hypothesis test consists of two
subexperiments. The first subexperiment chooses a probability model from sample space
S = {Ho, H1}. The probability model#iy and H; have the same sample spa&e,The
second subexperiment produces an observation corresponding to an ogteo8)Vhen

the observation leads to a random vectomwe call X the decision statistic Often, the
decision statistic is simply a random variat{e When the decision statistKX is discrete,

the probability models are conditional probability mass functiBrg4, (x) and P H, (X).
WhenX is a continuous random vector, the probability models are conditional probability
density functionsfxn,(x) and fx H, (x). In the terminology of statistical inference, these
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Figure 8.1 Continuous and discrete examples of a receiver operating curve (ROC).

functions are referred to &ikelihood functions For example f x|n, (X) is the likelihood of
X givenHo.

The test design divideS into two sets,Ap and Ay = Ag If the outcomes € A, the
conclusion isaccept H. Otherwise, the conclusion &ccept H. The accuracy measure
of the test consists of two error probabilitieB[ A1|Hg] corresponds to the probability of
a Type | error. It is the probability of acceptirttyy whenHg is the true probability model.
Similarly, P[Ap|H1] is the probability of acceptingdlo when Hj is the true probability
model. It corresponds to the probability of a Type Il error.

One electrical engineering application of binary hypothesis testing relates to a radar
system. The transmitter sends out a signal, and it is the job of the receiver to decide whether
a target is present. To make this decision, the receiver examines the received signal to
determine whether it contains a reflected version of the transmitted signal. The hypothesis
Ho corresponds to the situation in which there is no targkt.corresponds to the presence
of a target. In the terminology of radar, a Type | error (conclude target present when there
is no target) is referred to asfalse alarmand a Type Il error (conclude no target when
there is a target present) is referred to asiss

The design of a binary hypothesis test represents a trade-off between the two error
probabilities,Pra = P[A1|Ho] and Pyiss = P[Aog|H1]. To understand the trade-off,
consider an extreme design in whiéky = S consists of the entire sample space and
A1 = ¢ is the empty set. In this cas®ra = 0 andPyiss = 1. Now let A; expand
to include an increasing proportion of the outcomeSinAs A1 expandsPra increases
and Pyss decreases. At the other extrenfgy = ¢, which impliesPyss = 0. In this
case, A1 = SandPra = 1. A graph representing the possible value®gf andPyss is
referred to as eeceiver operating curve (ROC). Examples appear in Figure 8.1. A receiver
operating curve displayBwss as a function oPga for all possibleAg andAz. The graph
on the left represents probability models with a continuous sample §pdcethe graph
on the right,Sis a discrete set and the receiver operating curve consists of a collection of
isolated points in th@ra, Puwiss plane. At the top left corner of the graph, the paiditl)
corresponds téd\g = SandA; = ¢. When we move one outcome frofrp to Az, we move
to the next point on the curve. Moving downward along the curve corresponds to taking



304

CHAPTER 8 HYPOTHESIS TESTING

Figure 8.2 (a) The probability of a miss and the probability of a false alarm as a function the
thresholdxg for Example 8.4.(b) The corresponding receiver operating curve for the system. We
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see that the ROC improves asncreases.

more outcomes from\g and putting them inA1 until we arrive at the lower right corner
(1, 0) where all the outcomes are Ay.

Example 8.4

The noise voltage in a radar detection system is a Gaussian (0, 1) random variable,
N. When a target is present, the received signal is X = v + N volts with v > 0.
Otherwise the received signal is X = N volts. Periodically, the detector performs a
binary hypothesis test with Hg as the hypothesis no target and H; as the hypothesis
target present. The acceptance sets forthetestare Ag = {X < xg} and A1 = {X > Xg}.
Draw the receiver operating curves of the radar system for the three target voltages
v=20,1,2volts.

To derive a receiver operating curve, itis necessary to find Py gg and Pgp as functions
of xg. To perform the calculations, we observe that under hypothesis Hg, X = N is
a Gaussian (0, o) random variable. Under hypothesis H1, X = v + N is a Gaussian
(v, o) random variable. Therefore,

Pmiss = P [AolH1] = P[X < xolH1] = ®(x0 — v) (8.5)
Pea = P[A1lHo] = P[X > XolHo] = 1 — ®(xq). (8.6)

Figure 8.2(a) shows Py ss and Pgp as functions of xg forv = 0,v = 1, and v = 2 volts.
Note that there is a single curve for Pgp since the probability of a false alarm does not
depend on v. The same data also appears in the corresponding receiver operating
curves of Figure 8.2(b). When v = 0, the received signal is the same regardless of
whether or not a target is present. In this case, Py;ss = 1— Pga. As v increases, it is
easier for the detector to distinguish between the two targets. We see that the ROC
improves as v increases. That is, we can choose a value of xg such that both Py gg
and Pgp are lower for v = 2 than for v = 1.

In a practical binary hypothesis test, it is necessary to adopt one test (a spegiéind
a corresponding trade-off betwePra andPyss. There are many approaches to selecting
Ao. In the radar application, the cost of a miss (ignoring a threatening target) could be far
higher than the cost of a false alarm (causing the operator to take an unnecessary precaution).

This suggests that the radar system should operate with a low vakgg@produce a low
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Pwmiss even though this will produce a relatively higtga. The remainder of this section
describes four methods of choosiAg.

Maximum A posteriori Probability (MAP) Test

Example 8.5 A modem transmits a binary signal to another modem. Based on a noisy measure-

Theorem 8.1

ment, the receiving modem must choose between hypothesis H (the transmitter sent
a 00 and hypothesis H1 (the transmiiter sent a 1). A false alarm occurs when a 0 is
sent but a 1 is detected at the receiver. A miss occurs when a 1 is sent but a 0 is
detected. For both types of error, the cost is the same; one bit is detected incorrectly.

The maximum a posteriori probability test minimizBgrg, the total probability of
error of a binary hypothesis test. The law of total probability, Theorem 1.8, refatgg
to the a priori probabilities oHp and H1 and to the two conditional error probabilities,
Pra = P[A1]|Ho] andPwiss = P[Ag|Ha]:

Perr = P [A1|Ho] P [Ho] + P [Ao|Ha] P [H4] . (8.7)

When the two types of errors have the same cost, as in Example 8.5, minirRizipgs a
sensible strategy. The following theorem specifies the binary hypothesis test that produces
the minimum possibl®eRrr.

Maximum A posteriori Probability (MAP) Binary Hypothesis Test
Given a binary hypothesis testing experiment with outcome s, the following rule leads to
the lowest possible value oERRr

se Apif P[Hols] > P[H1|s]; s € A; otherwise.

Proof To create the event spa¢ég, A1}, it is necessary to place every elemsnt Sin either

Ag or A;. Consider the effect of a specific value ©6n the sum in Equation (8.7). Eitherwill
contribute to the firstA1) or second Ag) term in the sum. By placing eadin the term that has the
lower value for the specific outconsewe create an event space that minimizes the entire sum. Thus
we have the rule

se Agif P[s|H1] P[H1] < P[sIHo] P [Ho]; s € A; otherwise. (8.8)

Applying Bayes’ theorem (Theorem 1.11), we see that the left side of the inequ#itifigs] P[s] and
the right side of the inequality B[ Hp|s] P[s]. Therefore the inequality is identical R Hg|s] P[s] >
P[H1|s]P[s], which is identical to the inequality in the theorem statement.

Note thatP[Hg|s] and P[H1|s] are referred to as the posterioriprobabilities ofHg
andH1. Just as the a priori probabilitig3[Hp] and P[H1] reflect our knowledge oHg
and Hj prior to performing an experimenB[Hg|s] and P[H1|s] reflect our knowledge
after observings. Theorem 8.1 states that in order to minimi2err it is necessary to
accept the hypothesis with the higher a posteriori probability. A test that follows this rule
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Theorem 8.2

is amaximum a posteriori probability (MAR)ypothesis test. In such a testg contains
all outcomess for which P[Hg|s] > P[H1]|s], and A; contains all outcomes for which
P[H1|s] > P[Hols]. If P[Hols] = P[H4]s], the assignment of to either Ag or A;
does not affecPgrgr. In Theorem 8.1, we arbitrarily assigrito Ag when the a posteriori
probabilities are equal. We would have the same probability of error if we ass@i 1
for all outcomes that produce equal a posteriori probabilities or if we assign some outcomes
with equal a posteriori probabilities g and others tA;.

Equation (8.8) is another statement of the MAP decision rule. It contains the three
probability models that are assumed to be known:

e The a priori probabilities of the hypothesd3fHg] andP[H1],
e The likelihood function oHq: P[s|Hol,
e The likelihood function oH1: P[s|H1].

When the outcomes of an experiment yield a random vetias the decision statistic, we

can express the MAP rule in terms of conditional PMFs or PDFX. iff discrete, we take

X = x; to be the outcome of the experiment. If the sample sg&oéthe experiment

is continuous, we interpret the conditional probabilities by assuming that each outcome
corresponds to the random vecoin the small volumex < X < x + dx with probability

fx (x)dx. Section 4.9 demonstrates that the conditional probabilities are ratios of probability
densities. Thus in terms of the random variaKlewe have the following version of the
MAP hypothesis test.

For an experiment that produces a random vectpthe MAP hypothesis test is

leHo(X) - P[Hl]
PX|H1(X) - P[HO]’

fxito 0 _ PIH4l
fyih, )~ P[Hol’

Discrete: x e Agif X € A1 otherwise,

Continuousx € Ag if

X € A1 otherwise.

Inthese formulas, the ratio of conditional probabilities is referred tdiaslénood ratio.
The formulas state that in order to perform a binary hypothesis test, we observe the outcome
of an experiment, calculate the likelihood ratio on the left side of the formula, and compare
it with a constant on the right side of the formula. We can view the likelihood ratio as the
evidence, based on an observation, in favoHgf If the likelihood ratio is greater than 1,
Ho is more likely tharH;. The ratio of prior probabilities, on the right side, is the evidence,
prior to performing the experiment, in favor bff;. Therefore, Theorem 8.2 states tlbg
is the better conclusion if the evidence in favotttd, based on the experiment, outweighs
the prior evidence in favor dfi 1.

In many practical hypothesis tests, including the following example, it is convenient to
compare the logarithms of the two ratios.

Example 8.6 With probability p, a digital communications system transmits a 0. It transmits a 1 with

probability 1 — p. The received signal is either X = —v + N volts, if the transmitted
bit is 0; or v + N volts, if the transmitted bit is 1. The voltage +v is the information
component of the received signal, and N, a Gaussian (0, o) random variable, is the
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noise component. Given the received signal X, what is the minimum probability of
error rule for deciding whether O or 1 was sent?

With 0 transmitted, X is the Gaussian (—v, o) random variable. With 1 transmitted,
X is the Gaussian (v, o) random variable. With H; denoting the hypothesis that bit i
was sent, the likelihood functions are

o= (x+1?/207 e (x-v?/20%  (gg)

fXIHy %) = fxH, ) =

V202 o2
Since P[Hg] = p, the likelihood ratio test of Theorem 8.2 becomes

e—(X+v)2/2(r2 1— p

X € Ag if ; x € Az otherwise. (8.10)

ef(va)z/Z(r2 = p

Taking the logarithm of both sides and simplifying yields

2
X € Agifx < x* = 7 In (L) ; X € A; otherwise. (8.11)
2v 1-p

When p = 1/2, the threshold x* = 0 and the conclusion depends only on whether
the evidence in the received signal favors 0 or 1, as indicated by the sign of x. When

p # 1/2, the prior information shifts the decision threshold x*. The shift favors 1
(x* < 0)if p < 1/2. The shift favors 0 (x* > 0) if p > 1/2. The influence of the prior
information also depends on the signal-to-noise voltage ratio, 2v/o. When the ratio is

relatively high, the information in the received signal is reliable and the received signal

has relatively more influence than the prior information (x * closer to 0). When 2v/o is
relatively low, the prior information has relatively more influence.

In Figure 8.3, the threshold x * is the value of x for which the two likelihood functions,
each multiplied by a prior probability, are equal. The probability of error is the sum of
the shaded areas. Compared to all other decision rules, the threshold x * produces
the minimum possible Pgrg.

Find the error probability of the communications system of Example 8.6.

Applying Equation (8.7), we can write the probability of an error as
Perr = PP[X > x*|Hg] + (1 — PP [X < x*|H1]. (8.12)

Given Hg, X is Gaussian (—v, o). Given Hq, X is Gaussian (v, ). Consequently,

* *
PErRR = IOQ<X :U> +@1- p)fb(x . U) (8.13)
:pQ(zivlnlfp+g>+(1—p)cp(zivmlfp—g). (8.14)

This equation shows how the prior information, represented by In[(1 — p)/p], and the
power of the noise in the received signal, represented by o, influence PgrRg.

At a computer disk drive factory, the manufacturing failure rate is the probability that a
randomly chosen new drive fails the first time it is powered up. Normally the production
of drives is very reliable, with a failure rate qg = 10~4. However, from time to time
there is a production problem that causes the failure rate to jump to q1 = 1071 Let
Hi denote the hypothesis that the failure rate is q;.
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Figure 8.3 Decision regions for Example 8.6.

Every morning, an inspector chooses drives at random from the previous day’s
production and tests them. If a failure occurs too soon, the company stops production
and checks the critical part of the process. Production problems occur at random once
every ten days, so that P[H1] = 0.1 = 1 — P[Hg]. Based on N, the number of drives
tested up to and including the first failure, design a MAP hypothesis test. Calculate
the conditional error probabilities Ppa and Py s and the total error probability Perg.

Given a failure rate of g;, N is a geometric random variable (see Example 2.11) with
expected value 1/q;. Thatis, PyjH; (N) = g (1—qi)”*1 forn=1,2,...and Py, (N) =
0 otherwise. Therefore, by Theorem 8.2, the MAP design states

PjHo () P[Hi]

ne Agif > ; n € A; otherwise (8.15)
PNjH, (M)~ P[Ho]
With some algebra, we find that the MAP design is:
In (mE[:ﬂ)
neAgifn>n*=1+ — \GoPTFol /. n € A; otherwise. (8.16)

1—q ’
In (—1_q‘;)
Substituting qg = 104, q; = 101, P[Hg] = 0.9, and P[H4] = 0.1, we obtain n* =
458. Therefore, in the MAP hypothesis test, Ag = {n > 46}. This implies that the
inspector tests at most 45 drives in order to reach a conclusion about the failure rate.
If the first failure occurs before test 46, the company assumes that the failure rate is

1072, If the first 45 drives pass the test, then N > 46 and the company assumes that
the failure rate is 10~4. The error probabilities are:

Pea = PN < 45|Hg] = Fnjh, (45) = 1 — (1 — 10H*° = 0.0045, (8.17)
Pumiss = P[N > 45|H;] = 1 — Fyjn, (45 = (1 - 10714 = 0.0087. (8.18)

The total probability of error is Perg = P[HglPga + P[H11Py 55 = 0.0049.

We will return to Example 8.8 when we examine other types of tests.

Minimum Cost Test
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The MAP test implicitly assumes that both types of errors (miss and false alarm) are equally
serious. As discussed in connection with the radar application earlier in this section, this is
not the case in many important situations. Consider an application in &hiehC 19 units

is the cost of a false alarm (decitétlg whenHg is correct) andC = Coz units is the cost of

a miss (decidédg whenHj is correct). In this situation the expected cost of test errors is

E[C] = P[Az|Ho] P[Ho] C10+ P [AolH1] P [H1] Co1. (8.19)

Minimizing E[C] is the goal of the minimum cost hypothesis test. When the decision
statistic is a random vectot, we have the following theorem.

Theorem 8.3 Minimum Cost Binary Hypothesis Test
For an experiment that produces a random vectothe minimum cost hypothesis test is

Pxito ®) _ P[Ha] Co1
PxiH, () ~ P[Ho] Cio’

fxiHo 00 _ P[H1] Co1.
fxjH, ) — P[Ho] Cio0’

Discrete: x e Agif X € A; otherwise,

Continuousx € Ag if X € A; otherwise

Proof The function to be minimized, Equation (8.19), is identical to the function to be minimized
in the MAP hypothesis test, Equation (8.7), except tRgit1]1Co1 appears in place oP[H1] and
P[HplC10 appears in place dP[Hp]. Thus the optimum hypothesis test is the test in Theorem 8.2
with P[H1]Cp1 replacingP[H1] and P[Hg]C1g replacingP[Hg].

In this test we note that only the relative c@sf1/ C10 influences the test, not the individual
costs or the units in which costis measured. A ratit implies that misses are more costly
than false alarms. Therefore, a ratiol expandsA1, the acceptance set fét;, making it
harder to misdH; when it is correct. On the other hand, the same ratio conttdgtand
increases the false alarm probability, because a false alarm is less costly than a miss.

Example 8.9 Continuing the disk drive test of Example 8.8, the factory produces 1,000 disk drives
per hour and 10,000 disk drives per day. The manufacturer sells each drive for $100.
However, each defective drive is returned to the factory and replaced by a new drive.
The cost of replacing a drive is $200, consisting of $100 for the replacement drive and
an additional $100 for shipping, customer support, and claims processing. Further
note that remedying a production problem results in 30 minutes of lost production.
Based on the decision statistic N, the number of drives tested up to and including the
first failure, what is the minimum cost test?

Based on the given facts, the cost C1g of a false alarm is 30 minutes (5,000 drives)
of lost production, or roughly $50,000. On the other hand, the cost C o1 of a miss is
that 10% of the daily production will be returned for replacement. For 1,000 drives
returned at $200 per drive, The expected cost is 200,000 dollars. The minimum cost

testis
PNjHo M _ P [Hi] Co1.

ne Agif > ;
0 PN|H1 (n) P [Ho] Cio

n € Aq otherwise. (8.20)
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Performing the same substitutions and simplifications as in Example 8.8 yields

In (Q1 P[H1]Co1

‘“017 [;’ Em) —5892; ne A otherwise.  (8.21)
—Y
In (—qu)

Therefore, in the minimum cost hypothesis test, Ag = {n > 59}. An inspector tests
at most 58 disk drives to reach a conclusion regarding the state of the factory. If 58
drives pass the test, then N > 59, and the failure rate is assumed to be 10~4. The
error probabilities are:

ne Agifn>n*=1+

Pra = P [N < 58|Ho] = FnjH, (58) = 1 — (1 — 10~4)%8 = 0.0058, (8.22)
Pumiss = P[N > 59|H;] = 1 — Fyjn, (58) = (1 — 10158 = 0.0022. (8.23)

The average cost (in dollars) of this rule is

E[C] = P [Ho] PraC10+ P [H1] PmissCo1 (8.24)
= (0.9)(0.0058)(50000)+ (0.1)(0.0022)(200000) = 305. (8.25)

By comparison, the MAP test, which minimizes the probability of an error, rather than
the expected cost, has an expected cost

E [Cmap] = (0.9)(0.0046)(50000) + (0.1)(0.0079)(200000) = 365. (8.26)

A savings of $60 may not seem very large. The reason is that both the MAP test and
the minimum cost test work very well. By comparison, for a “no test” policy that skips
testing altogether, each day that the failure rate is g1 = 0.1 will result, on average, in
1,000 returned drives at an expected cost of $200,000. Since such days will occur
with probability P[H1] = 0.1, the expected cost of a “no test” policy is $20,000 per day.

Neyman-Pearson Test

Theorem 8.4

Given an observation, the MAP test minimizes the probability of accepting the wrong
hypothesis and the minimum cost test minimizes the cost of errors. However, the MAP
test requires that we know the a priori probabilitiegH; ] of the competing hypotheses,
and the minimum cost test requires that we know in addition the relative costs of the
two types of errors. In many situations, these costs and a priori probabilities are difficult
or even impossible to specify. In this case, an alternate approach would be to specify a
tolerable level for either the false alarm or miss probability. This idea is the basis for the
Neyman-Pearsontest. The Neyman-Pearson test minifjzes subject to the false alarm
probability constrainPea = «, wherew is a constant that indicates our tolerance of false
alarms. BecausBra = P[A1|Ho] and Pyiss = P[Ag|H1] are conditional probabilities,

the test does not require thepriori probabilitiesP[Hg] andP[H1]. We first describe the
Neyman-Pearson test when the decision statistic is a continous randomXector

Neyman-Pearson Binary Hypothesis Test
Based on the decision statiskg a continuous random vector, the decision rule that mini-
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mizes Ryss subject to the constraintdr = «, is

X Ho (X) -

X e Agif L(x) = P 0 ;
1

X € Ap otherwise,

wherey is chosen so thafl_(x)<y X H,(X) dX = a.

Proof Using the Lagrange multiplier method, we define the Lagrange multipkerd the function

G = Pviss + A(Pra — ) (8.27)

= / fxjHy ) dX+ A (1 - f X Hy () dX — Ot) (8.28)
Ao Ao

= on (FXHy 00 = Afx Hy (0) dX + A(1— @) (8.29)

For a givenh anda, we see tha6 is minimized if Ag includes allx satisfying
fxHy (X) = Afx Hy (X) < 0. (8.30)

Note thath is found from the constrai®=a = «. Moreover, we observe that Equation (8.29) implies
A > 0; otherwise,fx| 4, (X) — AfxH,(X) > 0 for allx and Ag = ¢, the empty set, would minimize
G. In this case Pra = 1, which would violate the constraint th&a = «. Sincer > 0, we can
rewrite the inequality (8.30) ds(x) > 1/A = y.

In the radar system of Example 8.4, the decision statistic was a random vafialnle
the receiver operating curves (ROCSs) of Figure 8.2 were generated by adjusting a threshold
Xo that specified the sefsy = {X < Xo} andA; = {X > Xo}. Example 8.4 did not question
whether this rule finds the best ROC, that is, the best trade-off betRge; and Pra.
The Neyman-Pearson test finds the best ROC. For each specified vatgg ef «, the
Neyman-Pearson test identifies the decision rule that mininkggss.

In the Neyman-Pearson test, an increase tlecrease®yss but increase®ra. When
the decision statistiX is a continuous random vector, we can chops® that false alarm
probability is exactlyy. This may not be possible whéhis discrete. In the discrete case,
we have the following version of the Neyman-Pearson test.

Theorem 8.5 Discrete Neyman-Pearson Test
Based on the decision statis¥¢ a decision random vector, the decision rule that minimizes
Pwmiss subject to the constraintd? < «, is
PX| Ho (X) >
PX| Hq (X)

wherey is the largest possible value such thal ., PxH,(X) dx < .

xe Agif LX) = y; X € A1 otherwise,

Example 8.10  Continuing the disk drive factory test of Example 8.8, design a Neyman-Pearson test
such that the false alarm probability satisfies Pepa < o = 0.01. Calculate the resulting
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miss and false alarm probabilities.

The Neyman-Pearson test is

PNHo (M -

ne AgifL(n) = P, () E
1

n € A; otherwise. (8.31)
We see from Equation (8.15) that this is the same as the MAP test with P[H 1]/P[Hg]
replaced by y. Thus, just like the MAP test, the Neyman-Pearson test must be a
threshold test of the form

ne Agifn>n* n € Ap otherwise. (8.32)

Some algebra would allow us to find the threshold n* in terms of the parameter y.
However, this is unnecessary. It is simpler to choose n* directly so that the test meets
the false alarm probability constraint

This implies
L Tl R B LICLL TIPS (8.34)
IN(1 — qo) In(0.9)

Thus, we can choose n* = 101 and still meet the false alarm probability constraint.
The error probabilities are:

Pea = P[N < 100Hp] = 1 — (1 — 104190 = 0.00995, (8.35)
Pmiss = P[N > 101jH;] = (1 — 1071100 = 2.66. 1075, (8.36)

We see that a one percent false alarm probability yields a dramatic reduction in the
probability of a miss. Although the Neyman-Pearson test minimizes neither the overall
probability of a test error nor the expected cost E[C], it may be preferable to either the
MAP test or the minimum cost test. In particular, customers will judge the quality of the
disk drives and the reputation of the factory based on the number of defective drives
that are shipped. Compared to the other tests, the Neyman-Pearson test results in a
much lower miss probability and far fewer defective drives being shipped.

Maximum Likelihood Test

Similar to the Neyman-Pearson test, thaximum likelihood (ML) tess another method
that avoids the need for a priori probabilities. Under the ML approach, we treat the hy-
pothesis as some sort of “unknown” and choose a hypotlesier which P[s|H;], the
conditional probability of the outcongggiven the hypothesildj is largest. The idea behind
choosing a hypothesis to maximize the probability of the observation is to avoid making
assumptions about the a priori probabilitiégH;]. The resulting decision rule, called the
maximum likelihood (MLjule, can be written mathematically as:

Definition 8.1  Maximum Likelihood Decision Rule
For a binary hypothesis test based on the experimental outcomeS the maximum
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likelihood (ML) decision rule is

se Apif P[s|Hg] > P[s|H1]; s € Aj otherwise.

Comparing Theorem 8.1 and Definition 8.1, we see that in the absence of information about
the a priori probabilities®[H; ], we have adopted a maximum likelihood decision rule that
is the same as the MAP rule under the assumption that hypotkksasd H; occur with
equal probability. In essence, in the absence of a priori information, the ML rule assumes
that all hypotheses are equally likely. By comparing the likelihood ratio to a threshold equal
to 1, the ML hypothesis test is neutral about whetHgrhas a higher probability thald 1
or vice versa.

When the decision statistic of the experiment is a random veGtate can express the
ML rule in terms of conditional PMFs or PDFs, just as we did for the MAP rule.

If an experiment produces a random veckgithe ML decision rule states

. . X .
Discrete: x e Agif M > 1; X € A1 otherwise,
Px|H, (X)
. L f X )
Continuousx € Ag if M > 1; X € A1 otherwise.

i, )

Comparing Theorem 8.6 to Theorem 8.4, whers continuous, or Theorem 8.5, whn
is discrete, we see that the maximum likelihood test is the same as the Neyman-Pearson
test with parameteyr = 1. This guarantees that the maximum likelihood test is optimal in
the limited sense that no other test can redBgess for the samePra.

In practice, we use a ML hypothesis test in many applications. It is almost as effective
as the MAP hypothesis test when the experiment that produces outc@meliable in
the sense thaPerp for the ML test is low. To see why this is true, examine the decision
rule in Example 8.6. When the signal-to-noise ratio 2igdigh, the threshold (of the
log-likelihood ratio) is close to 0, which means that the result of the MAP hypothesis test
is close to the result of a ML hypothesis test, regardless of the prior probaility

Example 8.11  Continuing the disk drive test of Example 8.8, design the maximum likelihood test for

the factory state based on the decision statistic N, the number of drives tested up to
and including the first failure.

The ML hypothesis test corresponds to the MAP test with P[Hg] = P[H1] = 0.5. In
ths icase, Equation (8.16) implies n* = 66.62 or Ag = {n > 67}. The conditional error
probabilities under the ML rule are

Pea = P[N < 66|Hg] = 1 — (1 — 10~%5¢ = 0.0066, (8.37)
Pmiss = P[N > 67|H;] = (1 — 10 1)%0 = 9555. 1074, (8.38)

For the ML test, Perr = 0.0060. Comparing the MAP rule with the ML rule, we see
that the prior information used in the MAP rule makes it more difficult to reject the null
hypothesis. We need only 46 good drives in the MAP test to accept H g, while in the
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ML test, the first 66 drives have to pass. The ML design, which does not take into
account the fact that the failure rate is usually low, is more susceptible to false alarms
than the MAP test. Even though the error probability is higher for the ML test, it might
be a good idea to use this test in the drive company because the miss probability
is very low. The consequence of a false alarm is likely to be an examination of the
manufacturing process to find out if something is wrong. A miss, on the other hand
(deciding the failure rate is 10~% when it is really 10~1), would cause the company to
ship an excessive number of defective drives.

Quiz8.2 Inan optical communications system, the photodetector output is a Poisson random variable
K either with an expected value of 10,000 photons (hypotheg)soHwith an expected
value of 1,000,000 photons (hypothesig) Hziven that both hypotheses are equally likely,
design a MAP hypothesis test using observed values of random variable K.

8.3 Multiple Hypothesis Test

There are many applications in which an experiment can conform to more than two known
probability models, all with the same sample sp&eA multiple hypothesis test is a
generalization of a binary hypothesis test. ThereMraypothetical probability models:

Ho, H1, - - -, Hu—1. We perform an experiment and based on the outcome, we come to the
conclusion that a certaiH, is the true probability model. The design of the experiment
consists of dividingS into an event space consisting of mutually exclusive, collectively

exhaustive setsi\, A1, - -+, Am—1, such that the conclusion is accét if s € A;. The
accuracy measure of the experiment consistMéfconditional probabilitiesP[ A; [Hjl,
i,j =0,1,2,---,M — 1. TheM probabilities, P[A;|Hi],i = 0,1,---,M — 1 are

probabilities of correct decisions. The remaining probabilities are error probabilities.

Example 8.12 A computer modem is capable of transmitting 16 different signals. Each signal repre-
sents a sequence of four bits in the digital bit stream at the input to the modem. The
modem receiver examines the received signal and produces four bits in the bit stream
at the output of the modem. The design of the modem considers the task of the re-
ceiver to be a test of 16 hypotheses Hg, H1, ..., Hig, where Hg represents 0000, Hy
represents 0001, --- and Hjs represents 1111. The sample space of the experiment
is an ensemble of possible received signals. The test design places each outcome
sin a set Aj such that the event s € A; leads to the output of the four-bit sequence
corresponding to H;.

For a multiple hypothesis test, the MAP hypothesis test and the ML hypothesis test are
generalizations of the tests in Theorem 8.1 and Definition 8.1. Minimizing the probability
of error corresponds to maximizing the probability of a correct decision,

M-1
PcorrecT= Y P[Ai[Hi] P[Hi]. (8.39)
i=0
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Theorem 8.7 MAP Multiple Hypothesis Test

maximum a posteriori probabilityGiven a multiple hypothesis testing experiment with out-
come s, the following rule leads to the highest possible value-ekRect

s € Anif P[Hmls] = P[Hjls]forall j =0,1,2,...,M — 1.

As in binary hypothesis testing, we can apply Bayes’ theorem to derive a decision rule based
on the probability models (likelihood functions) corresponding to the hypotheses and the
a priori probabilities of the hypotheses. Therefore, corresponding to Theorem 8.2, we have
the following generalization of the MAP binary hypothesis test.

Theorem 8.8 For an experiment that produces a random variable X, the MAP multiple hypothesis test is
Discrete: % € A if P [Hm] PxjHy, (Xi) > P [Hj] Pxjn; (%) forall j,

Continuous: x€ An if P [Hm] fxiH, () = P[H;] fxn; () forall j.

If information about the a priori probabilities of the hypotheses is not available, a maxi-
mum likelihood hypothesis test is appropriate:

Definition 8.2  Maximum Likelihood (ML) Multiple Hypothesis Test
A maximum likelihood test of multiple hypotheses has the decision rule

s € Anif P[s|Hm] > P [s|H;] forall j.

The ML hypothesis test corresponds to the MAP hypothesis test when all hypottieses
have equal probability.

Example 8.13  In a quaternary phase shift keying (QPSK) communications system, the transmitter
sends one of four equally likely symbols {sg, s1, S, s3}. Let H; denote the hypothesis
that the transmitted signal was s;. When s; is transmitted, a QPSK receiver produces
the vector X = [ X1 Xz]/ such that

X1 = VE codin/2 + m/4) + Np, Xo = VESsin(n/2+ 7/4) + Ny, (8.40)

where N; and N are iid Gaussian (0, o) random variables that characterize the re-
ceiver noise and E is the average energy per symbol. Based on the receiver output
X, the receiver must decide which symbol was transmitted. Design a hypothesis test
that maximizes the probability of correctly deciding which symbol was sent.

Since the four hypotheses are equally likely, both the MAP and ML tests maximize
the probability of a correct decision. To derive the ML hypothesis test, we need to
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Figure 8.4 For the QPSK receiver of Example 8.13, the four quadrants (with boundaries marked
by shaded bars) are the four acceptance{ggisAy, Ao, Az}

calculate the conditional joint PDFs fx,; (X). Given Hj, Ny and N, are independent
and thus X1 and X, are independent. That is, using 6; = ix/2 + 7 /4, we can write

i 00 = fxqg y (X1) Fxohy (X2) (8.41)
1 ' NG
=5 e~ (x1—VE cos)?/20% o~ (xo—VE sindj)? /202 (8.42)
1 ! NG
=55 e~ [(x1—VE c086)?+(xo—VE sind;)?1/20% (8.43)

We must assign each possible outcome x to an acceptance set Aj. From Definition 8.2,
the acceptance sets A; for the ML multiple hypothesis test must satisfy

x e A if fp (%) = fX|Hj (x) forall j. (8.44)
Equivalently, the ML acceptance sets are given by the rule that x € A; if for all j,
(xg — VE cos#)? + (x2 — VEsing)? < (xg — VE cos8j)? + (x — VE singj)2.
Defining the signal vectors s; = [/Ecosg;  +Esiné, ]/, we can write the ML rule as
xe A ifIx -5 < |x—s ||2 (8.45)

where |\u||2 = u% + u% denotes the square of the Euclidean length of two-dimensional
vector u. In short, the acceptance set A; is the set of all vectors x that are closest
to the vector sj. These acceptance sets are shown in Figure 8.4. In communica-
tions textbooks, the space of vectors x is called the signal space, the set of vectors
{s1,...,4} is called the signal constellation, and the acceptance sets A; are called
decision regions.

For the QPSK communications system of Example 8.13, what is the probability that the
receiver makes an error and decodes the wrong symbol?
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8.4 MATLAB

Inthe examples of this chapter, we have chosen experiments with simple probability models
in order to highlightthe concepts and characteristic properties of hypothesiibsts.AB

greatly extends our ability to design and evaluate hypothesis tests, especially in practical
problems where a complete analysis becomes too complex. For exavhpie,AB can

easily perform probability of error calculations and graph receiver operating curves. In addi-
tion, there are many cases in which analysis can identify the acceptance sets of a hypothesis
test but calculation of the error probabilities is overly complex. In this delser.AB can
simulate repeated trials of the hypothesis test. The following example presents a situation
frequently encountered by communications engineers. Details of a practical system create
probability models that are hard to analyze mathematically. Instead, engineévkause

LAB and other software tools to simulate operation of the systems of interest. Simulation
data provides estimates of system performance for each of several design alternatives. This
example is similar to Example 8.6 with the added complication that an amplifier in the
receiver produces a fraction of the square of the signal plus noise.

Example 8.14  Adigital communications system transmits either a bit B = 0 or B = 1 with probability
1/2. The internal circuitry of the receiver results in a “squared distortion” such that
received signal (measured in volts) is either:

x—{ —v+N+d(—v+N)2 B=0,
- Y

v+ N +d@+ N)2 B (8.46)

where N, the noise is Gaussian (0, 1). For each bit transmitted, the receiver produces
anoutput B = 0if X < T and an output B = 1, otherwise. Simulate the transmission of
20,000 bits through this system with v = 1.5 volts, d = 0.5 and the following values of
the decision threshold: T = —0.5,-0.2,0,0.2,0.5 volts. Which choice of T produces
the lowest probability of error? Can you find a value of T that does a better job?

Since each bit is transmitted and received independently of the others, the program
sqdi st or transmits m = 10,000zeroes to estimate P[B = 1|B = 0], the probability of
1received given O transmitted, for each of the thresholds. It then transmits m = 10,000
ones to estimate P[B = 0|B = 1]. The average probability of error is

PERR:O.5P[é:1|B:O]+0.5P[I§:O\B:l]. (8.47)
function y=sqdistor(v,d, mT) By defining the grid matrices XX
%(error) for mbits tested and TT, we can test each candi-
%ransmt +v or -v volts, date value of T for the same set
% dd N volts, Nis Gauss(0,1) of noise variables. We observe the
%dd d(v+N)~2 distortion output in Figure 8.5. Because of
% eceive 1 if x>T, otherwise 0 the bias induced by the squared
x=(v+randn(m 1)); distortion term, T = 0.5 is best
[ XX, TT] =ndgri d(x, T(:)); among the candidate values of T.
POl=sunm( ( XX+d*(XX."2)< TT), 1)/ m However, the data suggests that a
Xx= -v+randn(m1); value of T greater than 0.5 might
[ XX, TT] =ndgrid(x, T(:)); work better. Problem 8.4.3 exam-
P10=sun( ( XX+d*( XX.~2)>TT), 1)/ m ines this possibility.
y=0. 5% ( P0O1+P10);
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Quiz84

» T
T =
-0.5000 -0.2000 0 0. 2000 0. 5000
» Pe=sqdi stor(1.5,0.5,10000,T)
Pe =
0. 5000 0. 2733 0. 2265 0.1978 0.1762

Figure 8.5 Average error rate for the squared distortion communications system of Example 8.14.

The problems for this section include a collection of hypothesis testing problems that
can be solved usin§IATLAB but are too difficult to solve by hand. The solutions are built
on theMATLAB methods developed in prior chapters; however, the necedgany.AB
calculations and simulations are typically problem specific.

For the communications system of Example 8.14 with squared distortion, we can define the
miss and false alarm probabilities as

Pwiss = Pop = P[é —0|B= 1], Pea = P1o = P[é —1B= o]. (8.48)

Modify the programsqdi st or in Example 8.14 to produce receiver operating curves
for the parameters = 3volts and d= 0.1, 0.2, and0.3. Hint: The points on the ROC
correspond to different values of the threshold T volts.

Chapter Summary

This chapter develops techniques for using observations to determine the probability model
that produces the observations.

e A hypothesisés a candidate probability model.

e A significance tesspecifies a set of outcomes corresponding to the decision to accept a
hypothesis about a probability model.

e A multiple hypothesis testeates an event space for an experiment. Each set in the event
space is associated with its own hypothesis about a probability model. Observing an
outcome in a set corresponds to accepting the hypothesis associated with the set.

e The aposteriori probabilitpf a hypothesis is the conditional probability of a hypothesis,
given an event.

e A maximum a posteriori hypothesis testates an event space that minimizes the prob-
ability of error of a multiple hypothesis test. The outcomes in each set of the event space
maximize the a posteriori probability of one hypothesis.

e A minimum cost hypothesis teseates an event space that minimizes the expected cost
of choosing an incorrect hypothesis.
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e The Neyman-Pearson hypothesis isghe decision rule that minimizes the miss prob-
ability subject to a constraint on the false alarm probability.

e The likelihoodof a hypothesis is the conditional probability of an event, given the

hypothesis.

e A maximum likelihood hypothesis teseates an event space in which the outcomes in
each set maximize the likelihood of one hypothesis.

e Further Reading:[Kay98] provides detailed, readable coverage of hypothesis testing.
[Hay01] presents detection of digital communications signals as a hypothesis test. A
collection of challenging homework problems for sections 8.3 and 8.4 are based on bit
detection for code division multiple access (CDMA) communications systems. The
authoritative treatment of this subject can be found in [Ver98].

Difficulty: Easy
LetL equal the number of flips of a coin up toand in-
cluding the first flip of heads. Devise a significance
test forL at levela = 0.05 to test the hypothesld

that the coin is fair. What are the limitations of the&l.4

test?

Let K be the number of heads m= 100 flips of

a coin. Devise significance tests for the hypothesis

H that the coin is fair such that

(a) The significance levelt = 0.05 and the rejec-
tion setR has the form{|K — E[K]| > c}.

(b) The significance levet = 0.01 and the rejec-
tion setR has the form(K > c’}.

When a chip fabrication facility is operating nor-

mally, the lifetime of a microchip operated at temg 1 5

peratureT, measured in degrees Celsius, is given
by an exponentia{r) random variableX with ex-
pected valueE[X] = 1/A = (200/T)2 years. Oc-
casionally, the chip fabrication plant has contam-
ination problems and the chips tend to fail much
more rapidly. To test for contamination problems,
each daym chips are subjected to a one-day test
atT = 100°C. Based on the numbéX of chips
that fail in one day, design a significance test for the

null hypothesis tesHg that the plant is operating 8.16

normally.

(a) Suppose the rejection set of the testRis=
{N > 0}. Find the significance level of the test
as a function ofn, the number of chips tested.

(b) How many chips must be tested so that the sig-
nificance level isx = 0.01.

Moderate Difficult Experts Only

(c) If we raise the temperature of the test, does the

number of chips we need to test increase or de-
crease?

The duration of a voice telephone call is an ex-
ponential random variabl& with expected value
E[T] = 3 minutes. Data calls tend to be longer
than voice calls on average. Observe a call and re-
ject the null hypothesis that the call is a voice call if
the duration of the call is greater thgminutes.

(a) Write a formula forr, the significance of the test
as a function ofp.

(b) What is the value ofp that produces a signifi-
cance levelr = 0.05?

When a pacemaker factory is operating normally
(the null hypothesi$lg), a randomly selected pace-
maker fails a test with probabilityy = 10~4. Each

day, an inspector randomly tests pacemakers. De-
sign a significance test for the null hypothesis with
significance levelr = 0.01. Note that testing pace-
makers is expensive because the pacemakers thatare
tested must be discarded. Thus the significance test
should try to minimize the number of pacemakers
tested.

A class has 2r{a large number) students The stu-
dents are separated into two groupsnd B each
with n students. GroupA students take exam
and earn iid scoreXy, ..., Xn. GroupB students
take examB, earning iid score¥y, ..., Yn. The
two exams are similar but different; however, the
exams were designed so that a student’s sxooe
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examA or Y on examB have the same mean an.2.3

variances2 = 100. For each exam, we form the
sample mean statistic

X1+ 4 Xn Y1+
= MB:
n n

Y,
Ma nll

Based on the statistidD = Ma — Mg, use the cen-

tral limit theorem to design a significance test at
significance levelr = 0.05 for the hypothesi$iy

that a students score on the two exams has the same
meany and variances? = 100. What is the re-

jection region ifn = 100? Make sure to specify8.2.4

any additional assumptions that you need to makz;
however, try to make as few additional assumptions
as possible.

In a random hour, the number of call attemptsit

a telephone switch has a Poisson distribution with
a mean of eithetg (hypothesiHg) or «q (hypoth-
esisH1). For a priori probabilitied[H;], find the
MAP and ML hypothesis testing rules given the ob-
servation ofN.

The duration of a voice telephone call is an ex-
ponential random variabl¥ with expected value
E[V] = 3 minutes. The duration of a data call is an
exponential random variabl® with expected value
E[D] = up > 3 minutes. The null hypothesis of
a binary hypothesis test 4y : a call is a voice call.
The alternative hypothesisli$; : acallis adatacall.
The probability of a voice call iP[V] = 0.8. The
probability of a data call i°[D] = 0.2. A binary
hypothesis test measur@sminutes, the duration
of a call. The decision i#lgy if T < tg minutes.
Otherwise, the decision idq.

8.2.6
(a) Write a formula for the false alarm probability

as a function ofg andup.

(b) Write a formula for the miss probability as a
function oftg andup.

(c) Calculate the maximum likelihood decision time
to = tmL for up = 6 minutes andip = 10
minutes.

(d) Do you think thatyap, the maximum a poste-
riori decision time, is greater than or less than
tmL ? Explain your answer.

(e) Calculate the maximum a posteriori probability
decision timetg = tyyap for up = 6 minutes
andup = 10 minutes.

(f) Draw the receiver operating curves fop = 6
minutes andvp = 10 minutes.

8.2.5

An automatic doorbell system rings a bell when-
ever it detects someone by the door. The system
uses a photodetector such that if a person is present,
hypothesid, the photodetector outpitis a Pois-
sonrandom variable with an expected value of 1,300
photons. Otherwise; if no one is there, hypothesis
Ho, the photodetector output is a Poisson random
variable with an expected value of 1,000. Devise a
Neyman-Pearson test for the presence of someone
outside the door such that the false alarm probability
isa < 1076, What is minimum value oPwviss?

In the radar system of Example 8.4, the probability

that a target is presentB[H1] = 0.01. In the case

of a false alarm, the system issues an unnecessary

alert at the cost of1g = 1 unit. The cost of a miss

isCqig = 10* units because the target could cause

a lot of damage. When the target is present, the

voltage isX = 4 + N, a Gaussiarn4, 1) random

variable. When there is no target present, the volt-

age isX = N, the Gaussia, 1) random variable.

In a binary hypothesis test, the acceptance sets are

Ag = {X < xg} andA; = {X > xg}.

(a) What isxg = Xpap. the decision threshold of
the maximum a posteriori probability hypothesis
test?

(b) What are the error probabilitidda and Py ss
of the MAP test?

In the radar system of Example 8.4, show that the
ROC in Figure 8.2 is the result of a Neyman-Pearson
test. Thatis, show thatthe Neyman-Pearson testis a
threshold test with acceptance gef = {X < Xo}.

How is xg related to the false alarm probabiligy?

Some telephone lines are used only for voice calls.
Others are connected to modems and used only for
data calls. The duration of a voice telephone call
is an exponential random variablewith expected
value E[V] = 3 minutes. The duration of a data
call is an exponential random variable with ex-
pected valueE[D] = up = 6 minutes. The null
hypothesis of a binary hypothesis testg: a line

is used for voice calls. The alternative hypothesis is
H1: alineis a data line. The probability of a voice
line is P[V] = 0.8. The probability of a data line

is P[D] =0.2.

A binary hypothesis test observesalls from
one telephone line and calculatéd,(T), the
sample mean of the duration of a call. The deci-
sion isHg if Mp(T) < tg minutes. Otherwise, the
decision isHj.



8.2.7

8.2.8

(a) Use the central limit theorem to write a formula8.2.9

for the false alarm probability as a functiontgf
andn.

(b) Use the central limit theorem to write a formula
for the miss probability as a function ¢f and
n.

(c) Calculate the maximum likelihood decision
time, tg = ty, for n = 9 calls monitored.

(d) Calculate the maximum a posteriori probability
decision timetg = tyap for n = 9 calls moni-
tored.

(e) Draw the receiver operating curves for= 9
calls monitored and = 16 calls monitored.

In this problem, we repeat the voice/data line deteg'

tion test of Problem 8.2.6, except now we observe
n calls from one line and records whether each call
lasts longer thamy minutes. The random variable
K is the number of calls that last longer thtgmin-
utes. The decision sy if K < kg . Otherwise, the
decision isHj.

(a) Write a formula for the false alarm probability
as a function ofp, kg, andn.

(b) Find the maximum likelihood decision number
ko = kpmL for tg = 4.5 minutes anch = 16
calls monitored.

(c) Find the maximum a posteriori probability deci-
sion numbeiky = kyap for tg = 4.5 minutes
andn = 16 calls monitored.

(d) Draw the receiver operating curves fgr= 4.5
minutes andg = 3 minutes. In both cases let
n = 16 calls monitored.

A binary communication system has transmittec'
signal X, a Bernoulli(p = 1/2) random variable.
At the receiver, we observé = V X + W, where

V is a “fading factor” andW is additive noise.
Note thatX, V and W are mutually independent
random variables. Moreovér andW are expo-
nential random variables with PDFs

e’ v>0
fv @) = fw @) = { 0 otherwise

Given the observatiolY, we must guess whether

X = 0 or X = 1 was transmitted. Use a binary, 32

hypothesis test to determine the rule that minimize<
the probability Perg of a decoding error. For the
optimum decision rule, calculaterg.

8.3.1
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Suppose in the disk drive factory of Example 8.8,
we can observ& , the number of failed devices out
of ndevices tested. Asinthe example,ligtdenote
the hypothesis that the failure rategjs

(a) Assuminggg < g1, what is the ML hypothesis
test based on an observationko?

(b) What are the conditional probabilities of error
Pra = P[A1lHol and Pyiss = P[Ag|H1]?
Calculate these probabilities far= 500,0p =
104, q; =102

(c) Compare this test to that considered in Exam-
ple 8.8. Which test is more reliable? Which test
is easier to implement?

2.10 Consider a binary hypothesis in which there is a cost

associated with each type of decision. In addition
to the cosC’10 for a false alarm and:él for a miss,
we also have the cosGE)O for correctly guessing
hypothesisHg and theC’11 for correctly guessing
hypothesisH;. Based on the observation of a con-
tinuous random vectoX, design the hypothesis test
that minimizes the total expected cost

E [C'] = P[AdlHo] P[Ho] Co
+ P [AolHo] P [Ho] Cho
+ P[AolH1] P[H1] Cpy
+ P[A1|H1] P[H1] Cy;.

Show that the decision rule that minimizes mini-
mum cost test is the same as the minimum cost test
in Theorem 8.3 with the cos@1 andC4qreplaced

by the differential cost€; — C7, andC/,— C(,

In a ternary amplitude shift keying (ASK) com-
munications system, there are three equally likely
transmitted signal$sy, s1, Sp}. These signals are
distinguished by their amplitudes such that if signal
§ is transmitted, then the receiver output will be

X=a@i—-1+N

wherea is a positive constant anl is a Gaus-
sian(0, o) random variable. Based on the output
X, the receiver must decode which symigoivas
transmitted. What are the acceptance setor the
hypothesedd; thats was transmitted?

A multilevel QPSK communications system trans-
mits three bits every unit of time. For each possible
sequencejk of three bits, one of eight symbols,
{S000: 001 - - - » S111}, IS transmitted. When signal
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Sjk is transmitted, the receiver output is
X =sjk +N

whereN is a Gaussia0, azl) random vector. The

2-dimensional signal vectogggg, . . ., S111 are
$110 $100
[ ] T [ ]
$010 S000
L] T °
| 1 1
So11 So01
[ ] T [ ]
S111 S101
[ ] L]

Let Hijkx denote the hypothesis thagjk
was transmitted. The receiver outpt =
[X1 Xz]/ is used to decide the acceptance sets
{Aoo0, - - -» A111}. If all eight symbols are equally
likely, sketch the acceptance sets.

For the ternary ASK system of Problem 8.3.1, what
is P[Dg], the probability that the receiver decodes
the wrong symbol?

An M-ary quadrature amplitude modulation
(QAM) communications system can be viewed as a
generalization of the QPSK system described in Ex-
ample 8.13. In the QAM system, one lgf equally
likely symbolssy, ..., Sn_1 is transmitted every
unit of time. When symbog is transmitted, the
receiver produces the 2-dimensional vector output

X=5+N

where N has iid GaussianO0, 02) components.
Based on the outpuX, the receiver must decide
which symbol was transmitted. Design a hypothe-
sis test that maximizes the probability of correctly
deciding what symbol was sent. Hint: Following
Example 8.13, describe the acceptance set in terms
of the vectors

X1 Si1
X = , = .
] =[]
Suppose auser of the multilevel QPSK system needs
to decode only the third bi of the messaggk.

Fork = 0,1, let H; denote the hypothesis that the
third bitwask. What are the acceptance sagsand

A1? What isP[B3], the probability that the third
bitis in error?

8.3.6 The QPSK system of Example 8.13 can be general-

ized to anM-ary phase shift keyingM-PSK) sys-

tem withM > 4 equally likely signals. The signal
vectors args, ..., Sy—1} Where

_[s1] _ [VEcoss
S =1s.] = VE siné,
andg; = 2xi /M. When theth message is sent, the

received signal iX = § +N whereN is a Gaussian
(0, o21) noise vector.

(a) Sketch the acceptance ggtfor the hypothesis
H; thats was transmitted.

(b) Find the largest value af such that
XlIx—sll <d} C A.

(c) Used to find an upper bound for the probability
of error.

8.3.7 An obsolete 2400 bps modem uses QAM (see

Problem 8.3.4) to transmit one of 16 symbols,
0. - - -, S15, every 1600 seconds. When signgl
is transmitted, the receiver output is

X=5+N.
The signal vectorsg, ..., S15 are
A
S7 S3
° S5 $ °
L] °

[ ) [ ) [ ] [ ]
' sy ' 'sg S12' 's14
[ ) [ ) [ ] [ ]
S10 $13
S11 ° ° S15
[ ] [ ]

(a) Sketch the acceptance sets based on the receiver
outputs X1, X2. Hint: Apply the solution to
Problem 8.3.4.

(b) Let H; be the event that symbglwas transmit-
ted and leC be the event that the correct symbol
is decoded. What iP[C|H1]?

(c) Argue thatP[C] > P[C|H].



8.3.8 For the QPSK communications system of Exam-
ple 8.13, identify the acceptance sets for the MAP
hypothesis test when the symbols are not equally
likely. Sketch the acceptance sets whenr= 0.8,

E = 1, P[Hol = 1/2, andP[H1] = P[Hy] =
P[H3] = 1/6.

8.3.9 Inacode division multiple access (CDMA) commu-
nications systenk users share aradio channel using
a set ofn-dimensional code vectofS§y, . . ., Sk} to
distinguish their signals. The dimensionality fac-
tor n is known as the processing gain. Each user
transmits independent data bXssuch that the vec-

torX = [Xg Xn]' has iid components with
Px; (1) = Px; (=1) = 1/2. The received signal is
k
Y =3 X VBS +N
;L 8.4.1

whereN is a GaussiariO, azl) noise vector. From
the observatiorY, the receiver performs a multiple
hypothesis test to decode the data bit vetor

(a) Show that in terms of vectors,
Y = SPY2X + N

whereSis ann x k matrix withi th columnS; and

PY/2 = diad /1. - . ., /PK is ak x k diagonal
matrix.

(b) GivenY =y, show that the MAP and ML de-
tectors forX are the same and are given by

X*(y) = argxrenég Hy — spY/ ZXH

8.4.2

whereBy is the set of alh dimensional vectors
with 1 elements.

(c) How many hypotheses does the ML detector
need to evaluate?

8.3.10 For the CDMA communications system of Prob-

lem 8.3.9, a detection strategy knowndesorrela- 8.4.3

tion applies a transformation 16 to generate

Y =@'sy1sy =pP/2x +N

8.4.4

whereN = (S'S)"1S'N is still a Gaussian noise
vector with expected valuE[N] = 0. Decorrela-
tion separates the signals in that ttte component
of Yis ) )

Yi =P Xi +Nj,
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which is the same as a single user receiver output of
the binary communication system of Example 8.6.
For equally likely inputsX; = 1 andX; = —1,
Example 8.6 showed that the optimal (minimum
probability of bit error) decision rule based on the
receiver output; is

Xi = sgn(Y)).

Although this technique requires the code vectors
S1, ..., S to be linearly independent, the number
of hypotheses that must be tested is greatly reduced
in comparison to the optimal ML detector intro-
duced in Problem 8.3.9. In the case of linearly inde-
pendent code vectors, is the decorrelator optimal?
Thatis, does itachieve the same BER as the optimal
ML detector?

A wireless pressure sensor (buried in the ground)
reports a discrete random variable with range

Sx = {0,1,...,20} to signal the presence of an
object. Given an observatiaok and a thresholdy,

we conclude that an object is present (hypothesis
Hq) if X > Xo; otherwise we decide that no object
is present (hypothesislp). Under hypothesis;,

X has conditional PMF

(A-pnpt

L X=01...20,

otherwise

Px|H () =

wherepg = 0.99 andp; = 0.9. Calculate and plot
the false alarm and miss probabilities as a function
of the detection thresholgy. Calculate the discrete
receiver operating curve (ROC) specifiedxgy

For the binary communications system of Exam-
ple 8.7, graph the error probabili§crr as a func-
tion of p, the probability that the transmitted signal
is 0. For the signal-to-noise voltage ratio, consider
v/o € {0.1,1,10}. What values ofp minimize
Perr? Why are those values not practical?

For the squared distortion communications system
of Example 8.14 withv = 1.5 andd = 0.5, find the
value of T that minimizesPeRR.

A poisonous gas sensor reports continuous random
variable X. In the presence of toxic gases, hypoth-
esisH1,

x>0,

—x2/16
f ) = ] (x/8e
XIHy (0 0 otherwise.
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In the absence of dangerous gas¥shas condi-
tional PDF

X >0,

(1/2)e*/2
0 otherwise

fXHe ) = {

Devise a hypothesis test that determines the pres-
ence of poisonous gases. Plot the false alarm and
miss probabilities for the test as a function of the

where sgnix) = 1if x > 0, sgn(x) = —1if

X < 0, and otherwise sgix) = 0. Compare
the bit error rate of the matched filter and the
maximum likelihood detectors. Note that the
matched filter is also called a single user detec-
tor since it can detect the bits of ugewithout
the knowledge of the code vectors of the other
users.

decision threshold. Lastly, plot the corresponding.4.7 For the CDMA system in Problem 8.3.9, we wish

receiver operating curve.

Simulate theM-ary PSK system foM = 8 and

M = 16. Let ﬁERR denote the relative frequency
of symbol errors in the simulated transmission in
10° symbols. For each value M, graphPeRp, as

a function of the signal-to-noise power ratio (SNR)
y = E/o?. Consider 10logyy, the SNR in dB,
ranging from 0 to 30 dB.

In this problem, we evaluate the bit error rate (BER)
performance of the CDMA communications system
introduced in Problem 8.3.9. In our experiments,
we will make the following additional assumptions.
eln practical systems, code vectors are gener-
ated pseudorandomly. We will assume the
code vectors are random. For each transmitted
data vectoiX, the code vector of usemwill be
S = % [S1 S2 Sn]/, where the
components§; are iid random variables such
thatst Q1= PSj (—1) = 1/2. Note that the
factor 1//n is used so that each code vector
S has length 11S |2 = S;S = 1.
eEach user transmits at 6dB SNR. For conve-
nience, assume, = p=4 ando? = 1.

(a) UseMATLAB to simulate a CDMA system with
processing gaim = 16. For each experimen-
tal trial, generate a random set of code vectors
{S;}, data vectorX, and noise vectoN. Find

the ML estimatex* and count the number of 8.4.8

bit errors; i.e., the number of positions in which
x* # Xj. Use the relative frequency of bit er-
rors as an estimate of the probability of bit error.

Considerk = 2,4,8, 16 users. For each valueg 4 g

of k, perform enough trials so that bit errors are
generated on 100 independent trials. Explain
why your simulations take so long.

(b) For a simpler detector known as the matched fil-
ter, whenY =y, the detector decision for user
iis

% = sgn(Siy)

to useMATLAB to evaluate the bit error rate (BER)
performance of the decorrelater introduced Prob-
lem 8.3.10. In particular, we want to estimd®eg,

the probability that for a set of randomly chosen
code vectors, that a randomly chosen user’s bit is
decoded incorrectly at the receiver.

(a) For ak user system with a fixed set of code vec-
tors{S}1k, let Sdenote the matrix witls; as its
ith column. Assuming that the matrix inverse
g S)*1 exists, write an expression fé% j (S),
the probability of error for the transmitted bit of
useri, in terms ofS and theQ(-) function. For
the same fixed set of code vect&swrite an ex-
pression forPe, the probability of error for the
bit of a randomly chosen user.

(b) In the event thatS'S)~1 does not exist, we as-
sume the decorrelator flips a coin to guess the
transmitted bit of each user. What &Pgj and
Pe in this case?

(c) For a CDMA system with processing gain=

32 andk users, each with SNR 6dB, write a
MATLAB program that averages over randomly
chosen matriceS to estimatePe for the decor-
relator. Note that unlike the case for Prob-
lem 8.4.6, simulating the transmission of bits
is not necessary. Graph your estim@éeas a
function ofk.

Simulate the multi-level QAM system of Prob-
lem 8.3.5. Estimate the probability of symbol error
and the probability of bit error as a function of the
noise variance 2.

In Problem 8.4.5, we used simulation to estimate
the probability ofsymbolerror. For transmitting a
binary bit stream over aM-PSK system, we set
eachM = 2N and each transmitted symbol corre-
sponds tdN bits. Forexample, foM = 16, we map
each four-bit inpubsb,b1bg to one of 16 symbols.

A simple way to do this is binary index mapping:
transmits whenbgboby byg is the binary representa-



tion ofi. For example, the bitinput 1100 is mapped
to the transmitted signah . Symbol errors in the
communication system cause bit errors. For exam-
ple if 51 is sent but noise causesto be decoded,
the input bit sequendgbob; by = 0001 is decoded
ashsbyby by = 0010, resulting in 2 correct bits and
2 biterrors. In this problem, we ud¢ATLAB to in-
vestigate how the mapping of bits to symbols affects
the probability of bit error. For our preliminary in-
vestigation, it will be sufficient to map the three bits
bobobg to theM = 8 PSK system of Problem 8.3.6.

(a) Determine the acceptance sy, . .., A7}.

(b) Simulatem trials of the transmission of symbol
So- Estimate{ Poj |j =0,1,...,7}, the proba-
bility that the receiver output is; whensy was
sent. By symmetry, use the s; } to deter-
mine B; foralli andj.

(c)Letb(i) = [ba(i) b1(i) bo(i)] denote the
input bit sequence that is mappedsto Let djj
denote the number of bit positions in whibti )
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andb(j) differ. For a given mapping, the bit
error rate (BER) is

BER:ZZ Rij dij -
i

(d) Estimate the BER for the binary index mapping.
(e) The Gray code is perhaps the most commonly
used mapping:

001 010 011 100 101 110 111

b | 000
S S S1 3 2 S7 S6 S4 S5

Does the Gray code reduce the BER compared
to the binary index mapping?

8.4.10 Continuing Problem 8.4.9, in the mapping of the bit

sequencénpbqbg to the symbols; , we wish to de-
termine the probability of error for each input bjt
Let g; denote the probability that bl is decoded
in error. Use the methodology to determingg g1,
andqp for both the binary index mapping as well as
the Gray code mapping.
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Estimation of a Random
Variable

The techniques in Chapters 7 and 8 use the outcomes of experiments to make inferences
about probability models. In this chapter we use observations to calculate an approximate
value of a sample value of a random variable that has not been observed. The random
variable of interest may be unavailable because it is impractical to measure (for example,
the temperature of the sun), or because it is obscured by distortion (a signal corrupted by
noise), or because it is not available soon enough. We refer to the estimation performed
in the latter situation aprediction. A predictor uses random variables produced in early
subexperiments to estimate a random variable produced by a future subexperirXeist. If

the random variable to be estimated, we adopt the nota{idalso a random variable) for

the estimate. In most of the Chapter, we userttean square error

e—E [(x - X)Z] (9.1)

as a measure of the quality of the estimate. Signal estimation is a big subject. To introduce
it in one chapter, we confine our attention to the following problems:

e Blind estimation of a random variable

e Estimation of a random variable given an event

e Estimation of a random variable given one other random variable
e Linear estimation of a random variable given a random vector

e Linear prediction of one component of a random vector given other components of
the random vector

9.1 Optimum Estimation Given Another Random Variable

An experiment produces arandom varialeHowever, we are unable to obseXdirectly.
Instead, we observe an event or a random variable that provides partial information about
the sample value oK. X can be either discrete or continuous.Xfis a discrete random
variable, it is possible to use hypothesis testing to estinfateFor eachx; € Sx, we

327
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could define hypothesid; as the probability modePx (xj) = 1, Px(X) = 0, X # X;. A
hypothesis test would then lead us to choose the most prokaligen our observations.
Although this procedure maximizes the probability of determining the correct valag of

it does not take into account the consequences of incorrect results. It treats all errors in the
same manner, regardless of whether they produce answers that are close to or far from the
correctvalue oK. Section 9.3 describes estimation techniques that adopt this approach. By
contrast, the aim of the estimation procedures presented in this section is to find an estimate
X that, on average, is close to the true valueXofeven if the estimate never produces a
correct answer. A popular example is an estimate of the number of children in a family.
The best estimate, based on available information, might be 2.4 children.

In an estimation procedure, we aim for a low probability that the estimate is far from
the true value ofX. An accuracy measure that helps us achieve this aim is the mean
square error in Equation (9.1). The mean square error is one of many ways of defining
the accuracy of an estimate. Two other accuracy measures, which might be appropriate
to certain applications, are the expected value of the absolute estimatioEgXor X|]
and the maximum absolute estimation error, i¥x X|. In this section, we confine our
attention to the mean square error, which is the most widely used accuracy measure because
it lends itself to mathematical analysis and often leads to estimates that are convenient to
compute. In particular, we use the mean square error accuracy measure to examine three
different ways of estimating random variabde They are distinguished by the information
available. We consider three types of information:

e The probability model o (blind estimation),
e The probability model oX and information that the sample values A,
e The probability model of random variablésandY and information tha¥ = y.

The estimation methods for these three situations are fundamentally the same. Each one
implies a probability model foiX, which may be a PDF, a conditional PDF, a PMF, or a
conditional PMF. In all three cases, the estimateXathat produces the minimum mean
square error is the expected value (or conditional expected valuoéafculated with the
probability model that incorporates the available information. While the expected value is
the best estimate of, it may be complicated to calculate in a practical application. Many
applications rely ofinear estimatiorof X, the subject of Section 9.2.

Blind Estimation of X

Theorem 9.1

An experiment produces a random variaKlePrior to performing the experiment, what is
the best estimate of? This is theblind estimatiorproblem because it requires us to make
an inference abouX in the absence of any observations. Although it is unlikely that we
will guess the correct value of, we can derive a number that comes as close as possible
in the sense that it minimizes the mean square error.

Inthe absence of observations, the minimum mean square error estimate of random variable
Xis
g = E[X].

Proof After substitutingX = %g, we expand the square in Equation (9.1) to write



9.1 OPTIMUM ESTIMATION GIVEN ANOTHER RANDOM VARIABLE 329

e= E[Xz] — 2%sE[X] + . 9.2)
To minimizee, we solve
' 2E[X]+2% =0, 9.3)
dXg

yielding Xg = E[X].

Inthe absence of observations, the minimum mean square error estin{asdloé expected
valueE[X]. The minimumerrorigg = Var[X]. Inintroducingthe idea of expected value,
Chapter 2 describes[ X] as a “typical value” ofX. Theorem 9.1 gives this description a
mathematical meaning.

Example 9.1 Prior to rolling a six-sided die, what is the minimum mean square error estimate of the
number of spots X that will appear?

The probability model is Px(x) = 1/6,x = 1,2, ...,6, otherwise Px(x) = 0. For this
model E[X] = 3.5. Even though Xg = 3.5 is not in the range of X, it is the estimate
that minimizes the mean square estimation error.

Estimation of X Given an Event

Suppose that we perform an experiment. Instead of obseXidgectly, we learn only
that X € A. Given this information, what is the minimum mean square error estimate of
X? GivenA, X has a conditional PDFxa(x) or a conditional PMFPx a(x). Our task is

to minimize theconditional mean square errornga = E[(X — %)2|A]. We see that this is
essentially the same as the blind estimation problem with the conditionafR[AEx| A) or

the conditional PMMPx | a(X) replacingfx (x) or Px(x). Therefore, we have the following:

Theorem 9.2 Given the information X A, the minimum mean square error estimate of X is

%A = E[X|A].

Example 9.2 The duration T minutes of a phone call is an exponential random variable with expected
value E[T] = 3 minutes. If we observe that a call has already lasted 2 minutes, what
is the minimum mean square error estimate of the call duration?

We have already solved this problem in Example 3.34. The PDF of T is

1.-t/3
et t>o,

4
0 otherwise. (9.4)

fr (t)={

If the call is still in progress after 2 minutes, we have t € A = {T > 2}. Therefore, the
minimum mean square error estimate of T is

fa=E[TIT > 2]. (9.5)
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Referring to Example 3.34, we have the conditional PDF

let-2/3 (=2
f -1 3¢ = & .
TT>2® { 0 otherwise. (9-6)
Therefore,
1
E[TIT >2]= / tée—<t—2>/3dt = 2+ 3= 5 minutes. (9.7)
2

Prior to the phone call, the minimum mean square error (blind) estimate of T is E[T] =
3 minutes. After the call is in progress 2 minutes, the best estimate of the duration
becomes E[T|T > 2] = 5 minutes. This result is an example of the memoryless
property of an exponential random variable. At any time t o during a call, the expected
time remaining is just the expected value of the call duration, E[T].

Minimum Mean Square Estimation of X Given Y

Theorem 9.3

Consider an experiment that produces two random varialflesidY. We can observ¥

but we really want to knowX. Therefore, the estimation task is to assign to eyegySy a
numbergX, thatis nealX. As in the other techniques presented in this section, our accuracy
measure is the mean square error

em = E[X=fm(VIY =y]. (9.8)

Because eacll € Sy produces a specifigy (y), Xm(Y) is a sample value of a random
variableXy (Y). The fact thay (y) is a sample value of a random variable is in contrast
to blind estimation and estimation given an event. In those situatiopsand Xa are
parameters of the probability model Xf

In common withXg in Theorem 9.1 and o in Theorem 9.2, the estimate &f given
Y is an expected value of based on available information. In this case, the available
information is the value oY .

The minimum mean square error estimate of X given the observatioryYs

Xm(y) = E[X]Y =y].

Example 9.3 Suppose X and Y are independent random variables with PDFs f x(x) and fy(y).

What is the minimum mean square error estimate of X given Y?

In this case, fx|y(x|y) = fx(x) and the minimum mean square error estimate is

o o0
M () =f xfxpy (xXly) dx:/ xfx (x) dx = E[X] = Rg. (9.9
o0 o

That is, when X and Y are independent, the observation Y is useless and the best
estimate of X is simply the blind estimate.
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Example 9.4 Suppose that R has a uniform (0, 1) PDF and that given R =r, X is a uniform (0, r)

random variable. Find Xy (r), the minimum mean square error estimate of X given R.

From Theorem 9.3, we know Xp(r) = E[X|R=r]. To calculate the estimator, we
need the conditional PDF fyx r(x|r). The problem statement implies that

_J r O0=xz=r,
fxjR (XI) = { 0  otherwise, (9.10)
permitting us to write
i r
X = —dx= <. 9.11
Xm (1) fo cdx=3 (9.11)

Although the estimate oX givenR = r is simplyr /2, the estimate oR given X = x for
the same probability model is more complicated.

Example 9.5 Suppose that R has a uniform (0, 1) PDF and that given R = r, X is a uniform (0,r)

Quiz9.1

random variable. Find f(x), the minimum mean square error estimate of R given
X =X.

From Theorem 9.3, we know f ) (X) = E[R|X = x]. To perform this calculation, we
need to find the conditional PDF f gjx (r[x). This conditional PDF is reasonably difficult
to find. The derivation of fgx(r|x) appears in Example 4.22:

O<x=<r=<li,

: 9.12
otherwise. ( )

1
lex (r|X) = { O—rlnx

The corresponding estimator is, therefore,

11 x—1
F = = . 1
M (X) /;( r_r InXdr nx (9.13)

The graph of this function appears at the end of Example 9.6.

While the solution of Example 9.4 is a simple functiorrdhat can easily be obtained
with a microprocessor or an analog electronic circuit, the solution of Example 9.5 is consid-
erably more complex. In many applications, the cost of calculating this estimate could be
significant. Inthese applications, engineers would look for a simpler estimate. Eventhough
the simpler estimate produces a higher mean square error than the estimate in Example 9.5,
the complexity savings might justify the simpler approach. For this reason, there are many
applications of estimation theory that employ linear estimates, the subject of Section 9.2.

The random variables X and Y have the joint probability density function

2(y+x) O0<x<y<l,

fxy (x.y) = { 0 otherwise. (9.14)

(1) Whatis kv (x]y), the conditional PDF of X given ¥ y?
(2) What isgy (y), the minimum mean square error estimate of X givea Y?
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(3) Whatis fx(y|x), the conditional PDF of Y given X x?
(4) What isyy (x), the minimum mean square error estimate of Y gives X?

9.2 Linear Estimation of X given Y

In this section we again use an observatigrof random variabl& to produce an estimate,
X, of random variableX. Again, our accuracy measure is the mean square error, in Equa-
tion (9.1). Section 9.1 derivegy (y), the optimum estimate for each possible observation
Y = y. By contrast, in this section the estimate is a single function that applies fér all
The notation for this function is

X (y)y=ay+Db (9.15)

wherea andb are constants for ay € Sy. BecauseX (y) is a linear function ofy, the
procedure is referred to ¢isear estimation. Linear estimation appears in many electrical
engineering applications of statistical inference for several reasons, including:

e Linear estimates are easy to compute. Analog filters using resistors, capacitors, and
inductors, and digital signal processing microcomputers perform linear operations
efficiently.

e For some probability models, the optimum estima&t@r(y) described in Section 9.1
is a linear function ofy. (We encounter this situation in Example 9.4.) In other
probability models, the error produced by the optimum linear estimator is not much
higher than the error produced by the optimum estimator.

e The values of, b that produce the minimum mean square error and the value of
the minimum mean square error depend onlyEgiX], E[Y], Var{ X], Var{Y], and
Cov X, Y]. Therefore, it is not necessary to know the complete probability model of
X andY in order to design and evaluate an optimum linear estimator.

To present the mathematics of minimum mean square error linear estimation, we intro-
duce the subscrifit to denote the mean square error of a linear estimate:

e =E [(x - XL(Y))Z} . (9.16)

In this formula, we usé(l_ (Y) and noi, (y) because the expected value in the formulais an
unconditional expected value in contrast to the conditional expected value (Equation (9.8))
that is the quality measure féif (y). Minimum mean square error estimation in principle
uses a different calculation for eaghe Sy. By contrast, a linear estimator uses the same
coefficientsa andb for all y. The following theorem presents the important properties of
optimum linear estimates in terms of the correlation coefficien{ @ndY introduced in
Definition 4.8:

Cov[X, Y]

oxXoy

PXY = (9.17)
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2 2 ! 2
% x « %
X « X x X
X 0 X 0 ﬁ%& X 0 2
X X ><>< %X Sex M
- X _ X X _ X X
2 2 X ¥ 2 x
-2 0 2 -2 0 2 -2 0 2
Y Y Y
(@) px,y = —0.95 (b) px.y =0 (c) px.y = 0.60

Figure 9.1 Each graph contains 50 sample values of the random variabléfait) each marked
by the symbolx. In eaqh graphE[X] = E[Y] = 0, VafX] = Var[Y] = 1. The solid line is the
optimal linear estimatoX, (Y) = px yY.

Random variables X and Y have expected vajugsand uy, standard deviations x
and oy, and correlation coefficientx vy, The optimal linear mean square error (LMSE)

estimator of X given 'Y iXL(Y) = a*Y + b* and it has the following properties

(@)
_Cov[X.Y]  ox
= Valy] Px,YOY,

*

b* = ux —a*uy.

(b) The minimum mean square estimation error for a linear estimate is

ol = E[(X = X (2] = 0§ A~ piy).

(c) The estimation error X%- XL(Y) is uncorrelated with Y .

Proof ReplacingXL(Y) by aY + b and expanding the square, we have

e = E [xz] — 2aE[XY] — 2bE[X] + a2E [YZ] + 2abE[Y] + b2. (9.18)

The values of andb that produce the minimum_can be found by computing the partial derivatives
of e with respect ta andb and setting the derivatives to zero, yielding

88% — _2E[XY] +2aE [YZ] +2bE[Y] = 0, (9.19)
‘% = —2E[X] +2aE[Y] +2b=0. (9.20)

Solving the two equations fa andb, we find
s COVIX YT ox b* = E[X] — a*E[Y]. (9.21)

VarlY] pX’YE
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Theorem 9.5

We confirm Theorem 9.4(a) and Theorem 9.4(b) by usihgndb* in Equations (9.16) and (9.18).
To prove part (c) of the theorem, observe that the correlatioharfid the estimation error is

E [Y[x - XL(Y)]] — E[XY] - E[YE[X]] — %ﬁ(]ﬂ (E [YZ] . E[YE[Y]]) (9.22)
— Cov[X,Y] — %&Y] Var[Y] = 0. (9.23)

Theorem 9.4(c) is referred to as tbeghogonality principleof the LMSE. It states that
the estimation error is orthogonal to the data used in the estimate. A geometric explanation
of linear estimation is that the optimum estimatexXois theprojectionof X into the plane
of linear functions ofY.

The correlation coefficienix v plays a key role in the optimum linear estimator. Recall
from Section 4.7 thatpx y| < 1 and thatoxy = 1 corresponds to a deterministic
linear relationship betweeX andY. This property is reflected in the fact that when
px,y = £1,e] = 0. Atthe other extreme, whex andY are uncorrelatechx y = 0 and
XL(Y) = E[X], the blind estimate. WittiX andY uncorrelated, there is no linear function
of Y that provides useful information about the valuexof

The magnitude of the correlation coefficient indicates the extent to which obséfving
improves our knowledge oX, and the sign op x vy indicates whether the slope of the
estimate is positive, negative, or zero. Figure 9.1 contains three different pairs of random
variablesX andY. In each graph, the crosses are 50 outcomes of the underlying
experiment, and the line is the optimum linear estimaté.olin all case€[X] = E[Y] =0
and Vaf X] = Var[Y] = 1. From Theorem 9.4, we know that the optimum linear estimator
of X givenY is the Iine)A(L(Y) = px.vY. For each paitx, y), the estimation error equals
the vertical distance to the estimator line. In the graph of Figure 9.2¢@), = —0.95.
Thereforegf = 0.0975, and all the observations are close to the estimate, which has a slope
of —0.95. By contrast, in graph (b), witX andY uncorrelated, the points are scattered
randomly in thex, y plane ance} = Var[X] = 1. Lastly, in graph (c)px y = 0.6, and the
observations, on average, follow the estimaiQr(Y) = 0.6Y, although the estimates are
less accurate than those in graph (a).

At the beginning of this section, we state that for some probability models, the optimum
estimator ofX givenY is a linear estimator. The following theorem shows that this is always
the case whelX andY are jointly Gaussian random variables, described in Section 4.11.

If X and Y are the bivariate Gaussian random variables in Definition 4.17, the optimum
estimator of X givenY is the optimum linear estimator in Theorem 9.4.

Proof From Theorem 9.4, applying* andb* to the optimal linear estimat@kL(Y) = a*Y + b*
yields

A O'X
X)) = PXY S (Y — py) + px. (9.24)

From Theorem 4.29, we observe that whérandY are jointly Gaussianf(M (Y) = E[X|Y]is
identical toX, (Y).
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Figure 9.2 The minimum mean square error (MMSE) estimtg(x) in Example 9.5 and the
optimum linear (LMSE) estimatg (x) in Example 9.6 ofX givenR.

In the case of jointly Gaussian random variables, the optimum estimategofen’Y
and the optimum estimate ¥fgiven X are both linear. However, there are also probability
models in which one of the optimum estimates is linear and the other one is not linear.

This occurs in the probability model of Examples 9.4 and 9.5. Heyé ) (Example 9.4)

is linear, and’ (x) (Example 9.5) is nonlinear. In the following example, we derive the
linear estimator (x) for this probability model and compare it with the optimum estimator

in Example 9.5.

Example 9.6

As in Examples 9.4 and 9.5, Ris a uniform (0, 1) random variable and given R =r, X
is a uniform (0, r) random variable. Derive the optimum linear estimator of R given X.

From the problem statement, we know fx r(x|r) and fr(r), implying that the joint
PDF of X and Ris

_ _ |1 O0=x=r=1,
fx R(X. 1) = fxr(XIN) fR() = { 0 otherwise. (9.25)
The estimate we have to derive is given by Theorem 9.4:
R OR
FLOO = pRox - (x— E[XD +E[R]. (9.26)

Since R is uniform on [0,1], E[R] = 1/2 and og = 1/+/12. Using the formula for
fx|r(X|r) in Equation (9.10), we have

[ee) 1
f _ f _ Jx@/mydr=—Inx 0<x<1, 27
x (0 ,/,oo X.R(.T) dr { 0X otherwise. (0-27)

From this marginal PDF, we can calculate E[X] = 1/4 and ox = +/7/12. Using the
joint PDF, we obtain E[XR] = 1/6 so that Cov[X, R] = E[XR] — E[X]E[R] = 1/24.
Thus pr x = +/3/7. Putting these values into Equation (9.26), the optimum linear

X) ==X+ =. 928
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Figure 9.2 compares the optimum (MMSE) estimator and the optimum linear (LMSE)
estimator. We see that the two estimators are reasonably close for all but extreme
values of x (near 0 and 1). Note that for x > 5/6, the linear estimate is greater than 1,
the largest possible value of R. By contrast, the optimum estimate f \; (x) is confined
to the range of R for all x.

In this section, the examples apply to continuous random variables. For discrete random
variables, the linear estimator is also described by Theorem 9.4. WhadY are discrete,
the parameters (expected value, variance, covariance) are sums containing the joint PMF
Px.vy (X, y).

In Section 9.4, we use a linear combination of the random variables in a random vector
to estimate another random variable.

Quiz9.2 Atelemetry signal, T, transmitted from a temperature sensor on a communications satellite
is a Gaussian random variable with[lE] = 0 andVar[T] = 9. The receiver at mission
control receives R= T + X, where X is a noise voltage independent of T with PDF

1/6 —3<x<3,

fx () = { 0  otherwise. (9.29)
The receiver uses R to calculate a linear estimate of the telemetry voltage:
f.ry=ar+bh. (9.30)

(1) Whatis BR], the expected value of the received voltage?

(2) What isVar[R], the variance of the received voltage?

(3) WhatisCoV T, R], the covariance of the transmitted voltage and the received voltage?
(4) What is the correlation coefficieptr g of T and R?

(5) Whatare & and I5*, the optimum mean square values ofaand b inthe linear estimator?
(6) Whatis ¢, the minimum mean square error of the linear estimate?

9.3 MAP and ML Estimation

Sections 9.1 and 9.2 describe methods for minimizing the mean square error in estimating a
random variableX given a sample value of another random variahlén this section, we
present the maximum a posteriori probability (MAP) estimator and the maximum likelihood
(ML) estimator. Although neither of these estimates produces the minimum mean square
error, they are convenient to obtain in some applications, and they often produce estimates
with errors that are not much higher than the minimum mean square error.

As you might expect, MAP and ML estimation are closely related to MAP and ML
hypothesis testing. We will describe these methods in the context of continuous random
variablesX andyY.
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Maximum A Posteriori Probability (MAP) Estimate
Themaximum a posteriori probability estimate of X given the observation ¥ y is

Xmap(y) = arg rT;(aXfxw xX]y) .

In this definition, the notation argmgg(x) denotes a value of that maximizegy(x),
whereg(x) is any function of a variablg. To relate this definition to the hypothesis testing
methods of Chapter 8, suppose we observe the eventrthaty. Let Hy denote the
hypothesis that < X < x 4+ dx. Sincex is a continuous parameter, we have a continuum
of hypothese$iy. Choosing a hypothesltdy corresponds to choosirkgas an estimate for
X. From the definition of the conditional PDF,

fxiy (x]y) dx = P [Hx|Y = y]. (9.31)

We see that the MAP estimator chooses an estifwte (y) = X to maximize the proba-
bility of Hyx given the observatiod = vy.
The definition of the conditional PDF provides an alternate way to calculate the MAP
estimator. First we recall from Theorem 4.24 that
fyix (Y1¥) fx (X)  fxy (X, y)
fxiy (Xly) = = . (9.32)
| fy (¥) fy (y)

Because the denominatby (y) does not depend on maximizing f x|y (x|y) over allx is
equivalent to maximizing the numeratby,x (y|x) fx (x). Thisimplies the MAP estimation
procedure can be written in the following way.

The MAP estimate of X given¥ vy is

Amap(y) = arg n}(aXfY\x (yIx) fx (x) = arg rT}(aXfx,Y x,y).

From Theorem 9.6, we see that the MAP estimation procedure requires that we know the
PDF fx(x). That is, the MAP procedure needs the a priori probability model for random
variableX. This is analogous to the requirement of the MAP hypothesis test that we know
the a priori probabilities®[H;]. In the absence of this a priori information, we can instead
implement a maximum likelihood estimator.

Maximum Likelihood (ML) Estimate
Themaximum likelihood (ML) estimate of X given the observation ¥ y is

fwL(y) = argmaxfyx (y[x).
In terms of the continuum of hypotheskEs and the experimental observatign< Y <
y + dy, we observe that

fyix (y1¥) dy=P[y <Y <y+ dy|Hy]. (9.33)
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We see that the primary difference between the MAP and ML procedures is that the max-
imum likelihood procedure does not use information about the a priori probability model
of X. This is analogous to the situation in hypothesis testing in which the ML hypothesis
testing rule does not use information about the a priori probabilities of the hypotheses. That
is, the ML rule is the same as the MAP rule when all possible valu&sare equally likely.

We can define equivalent MAP and ML estimation procedureshandY are discrete
random variables with sample values in the StsandSy. Given the observatiovi = yj,
the MAP and ML rules are

o Xmap(Yj) = arg maxes, Pvx(yj[X)Px(x),

o XvL(Yj) = argmaxesy Pyx(yjlx).
One should keep in mind that in general we cannot prove any sort of optimality of either
the MAP or the ML proceduré.For example, neither estimate minimizes the mean square
error. However, when we consider specific estimation problems, we can often infer that
either the MAP estimator or the ML estimator works well and provides good estimates.

In the following example, we observe interesting relationships among five of the esti-
mates studied in this chapter.

Example 9.7 Consider an experiment that produces a Bernoulli random variable with probability

of success g. In order to estimate q, we perform the experiment that produces this
random variable n. In this experiment, q is a sample value of a random variable, Q,

with PDF
_ ] 6a@d-a 0=<qg=1,
fo@ = { 0 otherwise. (9.34)
In Appendix A, we can identify Q as a beta (i = 2,j = 2) random variable. To

estimate Q we perform n independent trials of the Bernoulli experiment. The number
of successes in the n trials is a random variable K. Given an observation K = k,
derive the following estimates of Q:

(a) The blind estimate g

(b) The maximum likelihood estimate Gy (k)

(c) The maximum a posteriori probability estimate quap (k)

(d) The minimum mean square error estimate gy (k)

(e) The optimum linear estimate ¢, (k)

(a) Toderive the blind estimate, we refer to Appendix A for the properties of the beta
(i =2, =2) random variable and find
i
G5 = E[Q) = — =1/ (9.35)
(b) To find the other estimates, we observe in the problem statement that for any
Q =g, K is a binomial random variable. Therefore, the conditional PMF of K is

Pk o (Kia) = (E)q‘%l — gk (9.36)

1one exception is that wheXt andY are discrete random variables, the MAP estimate maximizes the probability
of choosing the correcy .
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The maximum likelihood estimate is the value of g that maximizes P g (K|Q).
The derivative of Py o (k|q) with respect to g is

dPkjq (klo)
dq h
Setting d Pk |o(k|g)/dg = 0, and solving for q yields

(E)qk—l(l —" T kA- - -kd.  (9.37)

k
amL (k) = - (9.38)

(c) For the MAP estimator, we need to maximize

Pk o Kio) fo (o)
Pk (k) '

Since the denominator of Equation (9.39) is a constant with respect to q, we can
obtain the maximum value by setting the derivative of the numerator to O:

fok (alk) = (9.39)

d
aq [Pk g (Kla) fg (@]

= 6(E)qk<1 —9"Kk+DA-a) - —k+Dg)=0. (940
Solving for g yields
N k+1
Amap (k) = o (9.41)

(d) To compute the MMSE estimate §y (k) = E[Q|K = k], we have to analyze
foik (alk) in Equation (9.39). To perform this analysis, we refer to the prop-
erties of beta random variables in Appendix A. In this case, we must solve for
Pk (k) in the denominator of Equation (9.39) via

o0
P (k) = / Pei Ko fo (@ da. (9.42)
o0

Substituting fo(q) and Pk g (klg) from Equations (9.34) and (9.36), we obtain

1
Pt =6(y) [ arta-gridg 049

We observe thatthe function of q in the integrand appears in a beta (k+2, n—k+2)
PDF. If we multiply the integrand by the constant 8(k+ 2, n — k+ 2), the resulting
integral is 1. That s,

1
/ Bk +2,n—k+2)gkt@— g *ldg=1. (9.44)
0
It follows from Equations (9.43) and (9.44) that

Pe (k) — 6(3)
K BK+2.n—k+2)

(9.45)
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fork=0,1,..., n and Pk (k) = 0 otherwise. From Equation (9.39),

| Bk+2,n—k+2g @ -kl 0<q<1,
faik (@l = { 0 otherwise.

That is, given K =k, Qisabeta (i = k+2,j = n—k+ 2) random variable.
Thus, from Appendix A,

. i k42
k) = E[QIK =k = —— =

i+j n+4 (9.46)

(e) We note that the minimum mean square error estimator g \ (k) is a linear function
of ki gm (k) = a*k + b* where a* = 1/(n + 4) and b* = 2/(n + 4). Therefore,
G, (k) = Gm (k).

It is instructive to compare the different estimates. The blind estimate, using only
prior information, is simply E[Q] = 1/2, regardless of the results of the Bernoulli
trials. By contrast, the maximum likelihood estimate makes no use of prior information.
Therefore, it estimates Q as k/n, the relative frequency of success in the Bernoulli
trials. When n = 0, there are no observations, and there is no maximum likelihood
estimate. The other estimates use both prior information and data from the Bernoulli
trials. Inthe absence of data (n = 0), they produce gmap (k) = gu (k) = §, (k) =1/2 =
E[Q] = gg. As n grows large, they all approach k/n = gy (k), the relative frequency
of success. For low values of n > 0, u (k) = q, (k) is a little further from 1/2 relative
to Guap (k). This reduces the probability of high errors that occur when n is small and
gis nearOor 1.

Quiz9.3 A receiver at a radial distance R from a radio beacon measures the beacon power to be

9.4

X =Y —40—40log,R dB (9.47)

where Y, called the shadow fading factor, is a Gauss@8) random variable that is
independent of R. When the receiver is equally likely to be at any point within a 21000 m
radius circle around the beacon, the distance R has PDF

2r/10° 0 <r <1000,

fr(") = { 0 otherwise. (9.48)

Find the ML and MAP estimates of R given the observatica X.

Linear Estimation of Random Variables from Random Vectors

In many practical estimation problems, the available data consists of sample values of several
random variables. The following theorem, a generalization of Theorem 9.4, represents the
random variables used in the estimate as-alimensional random vector.
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Theorem 9.7 X is a random variable with EX] = 0, andY is an n-dimensional random vector with
E[Y] = 0. X, (Y) = &Y is a linear estimate of X givewi. The minimum mean square

error linear estimator,)A(L(Y) = &Y, has the following properties:
() .
a= R; Ry x
whereRy is the nx n correlation matrix ofy (Definition 5.13) andRyx isthe nx 1
cross-correlation matrix o and X (Definition 5.15).
(b) The estimation error X- XL(Y) is uncorrelated with the elements6f
(c) The minimum mean square estimation error is

e =E [(x - é’Y)z] = Var[X] — Ry xRy Ryx = VarX] — &Ryx.

Proof IntermsofY =[Yg --- Yn,l]/ anda=[ag --- an,l]/, the mean square estimation
error is

el = E [(x - XL(Y))Z] - E [(x —agYo—aY]— ... — an,lvn,l)z] . (9.49)
The partial derivative og_ with respect to an arbitrary coefficieat is

ae .

a_aiL — 2E [Yi (X — XL(Y))] = 2E[Yi(X—agYo—arY1 —...—a_1Yn_1)]. (9.50)

To minimize the error, the partial derivatide /da; must be zero. The first expression on the right

side is the correlation of; and the estimation error. This correlation has to be zero fof, ahich
establishes Theorem 9.7(b). Expanding the second expression on the right side and setting it to zero,

we obtain
20E [YiYo] + a1 E[YiYa] + - +an1E[YiYn_1] = E[YiX]. (9.51)
Recognizing that all the expected values are correlations, we write
aory Yo T airy,y, + -+ -1y, Y, ; = v x- (9.52)
Setting the complete set of partial derivatives with respegttozerofori = 0,1, ...,n—1produces

a set ofn linear equations in the unknown elements @. In matrix form, the equations are
Rya= Ryx. (9.53)

Solving fora completes the proof of Theorem 9.7(a). To find the minimum mean square error, we
write
of =E[(x-aV)?] =E[(x® &YX - E[(X - anaY]. (9.54)

The second term on the right side is zero becdgX — é/Y)Yj] =0forj=0,1,...,n—1. The
first term is identical to the error expression of Theorem 9.7(c).

Example 9.8 Observe the random vector Y = X + W, where X and W are independent random
vectors with expected values E[X] = E[W] = 0 and correlation matrices

1 075 01 0
RX:[0.75 1]’ RW:[O 0.1] (9.55)
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Theorem 9.8

Find the coefficients a; and ap of the optimum linear estimator of the random variable
X = X4 given Y7 and Y. Find the mean square error, e}, of the optimum estimator.

In terms of Theorem 9.7, n = 2 and we wish to estimate X given the observation
vector Y = [Y1 Yz]/. To apply Theorem 9.7, we need to find Ry and Ryx.

Ry = E[YY'] = E[X+W)(X' +W")] (9.56)

= E [XX'+XW' + WX’ + WW/']. (9.57)

Because X and W are independent, E[XW '] = E[X]E[W’] = 0. Similarly, EfWX'] =
0. This implies

(9.58)

Ry = E[XX'] + E[WW'] =Rx + Ry = [01'715 Oiﬂ .

In addition, we need to find

E[Y1X E [(X1 4+ W)X
Ryx =E[YX] = [E %Y;Xﬂ - [E %(x;w;)xﬂ]' (9.59)

Since X and W are independent vectors, E[W1X1] = E[W1]E[X4] = 0. In addition,

E[W,X1] = 0. Thus
T EX]I ] 1
Rvx = [E [xzil]] - [0.75]' (9-60)

By Theorem 9.7, a = R;lRyx, for which a; = 0.830and ap = 0.116. Therefore, the
optimum linear estimator of X given Y, and Y> is

X| = 0.830Y, + 0.116Y.. (9.61)

The mean square error is Var[X] — airx y,; — afrx,y, = 0.0830.

The following theorem generalizes Theorem 9.7 to random variables with nonzero ex-
pected values. In this case the optimum estimate contains a constanb,temmd the
coefficients of the linear equations are covariances.

X is a random variable with expected valug¢>g. Y is an n-dimensional random vector
with expected value [¥] and n x n covariance matrixXCy. Cyx is the nx 1 cross-

~

covariance off and X. X, (Y) = &Y +bis alinear estimate of X giveri. The minimum
mean square error linear estimat@KL(Y) = aY + b, has the following properties:

(@) a= Cy’Cyx andb = E[X] — & E[Y].
(b) The estimation error X- XL(Y) is uncorrelated with the elements Wt
(c) The minimum mean square estimation error is

ef =E [(x - XL(Y))Z] = Var[X] — C,x Cy*Cyx = VarfX] — &Cyx.

Proof For anya, de_ /0b = 0 implies

2E[X—aY —b]=0. (9.62)
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The solution forb is b in Theorem 9.8(a). Usinfy in the formula forX | (Y) leads to
X (Y) —E[X] =a (Y — E[Y]. (9.63)

DefiningU = X — E[X]andV =Y — E[Y], we can write Equation (9.63) &iq_(V) = a'V where
E[U] = 0 andE[V] = 0. Theorem 9.7(a) implies that the optimum linear estimatds gfivenV is
a= R\’/lRVU. We next observe that Definition 5.16 implies tRgt = Cy. SimilarlyRyy = Cyx.
Therefored'V in Theorem 9.8(a) is the optimum estimatotbfjivenV. That is, over all choices of
a,a = aminimizes

E [(x —E[X]—d (Y - E[Y]) 2] —E [(x —ay - 6)2] —E [(x - XL(Y))Z] . (9.64)

Thusay + b is the minimum mean square error estimatXafivenY. The proofs of Theorem 9.8(b)
and Theorem 9.8(c) use the same logic as the corresponding proofs in Theorem 9.7.

Example 9.9 As in Example 5.15, consider the outdoor temperature at a certain weather station.
On May 5, the temperature measurements in degrees Fahrenheit taken at 6 AM, 12
noon, and 6 PM are elements of the 3-dimensional random vector X with E[X] =
[50 62 53/. The covariance matrix of the three measurements is

160 128 112
Cx = |128 160 128]. (9.65)
112 128 160

Use the temperatures at 6 AM and 12 noon to form a linear estimate of the temperature
at6 PM: X3 =aY +b,where Y = [X; Xo].

(a) What are the coefficients of the optimum estimator & and b?

(b) What is the mean square estimation error?

(c) What are the coefficients a* and b* of the optimum estimator of X3 given X5?
(d) What is the mean square estimation error based on the single observation X »?

(a) To apply Theorem 9.8, we need to find the expected value E[Y], the covariance
matrix Cy, and the cross-covariance matrix Cy x. SinceY = [Xl Xz]/, E[Y] =

[E[X1] E[X2l] =[50 62 and we can find the covariance matrix of Y in Cx:

Cx(1,1) Cx(1,2)

160 128
Cv = [CX(Z,l) cx(2,2)] - [12.8 160]’ (9-66)
Since X = X3, the elements of Cyx are also in Cx:
_ [Cov[X1, X3]] _ [Cx(1,3)] _[112
Cyx = [COV[XZ, X3]| T [cx(@2,3)] T [128 (0-67

Therefore, & solves Cya = Cyy, implying & = [0.2745 06078|/. Furthermore,
b= E[X3] — & E[Y] = 58 — 508; — 624, = 6.591.
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(b) The mean square estimation error is
el = Var[X] - ACyyx =16— 1124 — 1284, =5.145 degreesz. (9.68)

Here, we have found Var[ X] = Var[X3]in Cx: Var[X3] = Cov[X3, X3] = Cx (3, 3).
(c) Using only the observation Y = X», we apply Theorem 9.4 and find

Cov[Xp, X3] 128
=—————=—7-=038 9.69
Var[ X2] 16 ( )
b* = E[X] —a*E[Y] = 58— 0.8(62) = 8.4. (9.70)

*

(d) The mean square error of the estimate basedonY = X is

e/ =Var[X]—a*Cov[Y, X] =16—0.8(128) =5.76 degrees?. (9.71)

In Example 9.9, we see that the estimator employing B6thand X2 can exploit the
correlation ofX1 and X3 to offer a reduced mean square error compared to the estimator
that uses jusKo.

Consider a sequencemf1 experiments that produce random variat{as Xo, . . . Xp11.
Use the outcomes of the firatexperiments to form a linear estimate of the outcome of
experimenth+ 1. We refer to this estimation procedurdiagar predictionbecause it uses
observations of earlier experiments to predict the outcome of a subsequent experiment.
When the correlations of the random variab¥shave the property thaty; x; depends
only on the differencéi — j|, the estimation equations in Theorem 9.7(a) have a struc-
ture that is exploited in many practical applications. To examine the implications of this
property, we adopt the notation

Rx @, J) =rji—j|- (9.72)

In Chapter 11 we observe that this property is characteristic of random vectors derived from
awide sense stationary random sequence.

In the notation of the linear estimation model developed in SectionX.4 X1
andY = [X1 X2 --- Xn]’. The elements of the correlation matRx and the cross-
correlation matrixRy x all have the form

ro rn -+ In-1 Mn
ri fo -+ I'n=2 -1
Ry =1| . . A Ryx=1| . |. (9.73)
-1 -+ I ro ri

HereRy andRy x together have a special structure. There are oahl different numbers
among the?+n elements of the two matrices, and each diagonghotonsists of identical
elements. This matrix is in a category referred tdasplitz forms The properties oR v
andRyx make it possible to solve fdi in Theorem 9.7(a) with far fewer computations
than are required in solving an arbitrary sehdinear equations.
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Quiz9.4 X =Xy Xz]/ is a random vector with EX] = 0 and autocorrelation matriR x with
elements R(@, j) = (—0.9)~II. Observe the vector = X + W, where EW] = 0,
E[W?] = E[WZ] = 0.1, and EW;W,] = 0. W andX are independent.

(1) Find a*, the coefficient of the optimum linear estimator of gven ¥ and the mean
square error of this estimator.

(2) Find the coefficientd; and &, of the optimum linear estimator of 2given ¥Y{ and
Y2, and the minimum mean square error of this estimator.

9.5 MATLAB

MATLAB easily implements linear estimators. The code for generating the coefficients of
an estimator and the estimation error is particularly simple.

The following example explores the relationship of the mean square error to the number
of observations used in a linear predictor of a random variable.

Example 9.10  The correlation matrix Rx of a 21-dimensional random vector X has i, jth element
Rx(@, ) =rj—j, ©.i=12..., 21. (9.74)

W is a random vector, independent of X, with expected value E[W] = 0 and diagonal
correlation matrix Ryy = (0.1)I. Use the first n elements of Y = X +W to form a linear
estimate of Xo1 and plot the mean square error of the optimum linear estimate as a
function of n for

sin@.1x)i — j|)

0Ll — ]| (0) rji—j) =cosQ.5xli — jI).

In this problem, let W™, XM and Y™ denote the vectors, consisting of the first n
components of W, X, and Y. Similar to Example 9.8, independence of X (W and W (™
implies that the correlation matrix of Y (™ is

Rym = E [(x(n) F Wy x™ W(n))/] =Ry + Ry (9.75)
Note that Ry and Ryym are the n x n upper-left submatrices of Rx and Ry. In
addition,
X1+W r20
Rymyx =E Xo1| = . (9.76)
Xn + Wh 21-n

Thus the optimal filter based on the first n observations is &M = R;(];URy(n)X, and the

mean square error is
e = VarXo1] — @™)'Rymy (9.77)
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1 0.1
0.8 0.08
~ 0.6 ~ 0.06
S S
04 ® 0.04
0.2 0.02
0 0
0 5 10 15 20 25 0 5 10 15 20 25
n n
ra=[1 sin(0.1*pi*(1:20))... rb=cos(0.5*pi *(0:20));
.1(0.1*pi *(1:20))]; mse(rb);
nse(ra);
(a) (b)
Figure 9.3 Two Runs ofmse. m
function e=nse(r) The program nse. m uses
N=l engt h(r); Equation (9.77) to calculate the
e=[]; mean square error. The input
re=fliplr(r(:)’); is the vector r corresponding
for n=1:N, to the vector [ro -+ rao],
RYX=rr(1:n)"; which holds the first row of the
RY=toeplitz(r(1:n))+0.1*eye(n); Toeplitz correlation matrix Rx.
a=RY\ RYX; Note that Ry is the Toeplitz
en=r(1)-(a ) *RYX matrix whose first row is the
e=[e;en]; first n elements of r.
end
plot(1:N, e);

To plot the mean square error as a function of the number of observations, n, we
generate the vector r and then run nse(r). For the requested cases (a) and (b),
the necessary MATLAB commands and corresponding mean square estimation error
output as a function of n are shown in Figure 9.3.

In comparing the results of cases (a) and (b) in Example 9.10, we see that the mean
square estimation error depends strongly on the correlation structure given py For
case (a), samples, for n < 10 have very little correlation witiX 21. Thus forn < 10,
the estimates oK1 are only slightly better than the blind estimate. On the other hand, for
case (b) X1 and Xz, are completely correlate@x, x,, = 1. Forn =1,Y; = X1 + Wy
is simply a noisy copy 0K 21 and the estimation error is due to the varianc®\f In this
case, as increases, the optimal linear estimator is able to combine additional noisy copies
of X»1, yielding further reductions in the mean square estimation error.
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Quiz9.5 We are given 20 measurements of random Gauséah) random variable X to form
the observation vector = 1X + W wherel is the vector of alll’'s. The noise vector
W = [Wl e Wzo]/ isindependent of X, has zero expected value, and has a correlation
matrix with i, jth entry Ry (, j) = /=111, Find X (Y), the linear MMSE estimate of X
givenY. For c in the rangdé) < ¢ < 1, what value of ¢ minimizes the mean square error of
the estimate?

Chapter Summary

This chapter presents techniques for using sample values of observed random variables to
estimate the sample value of another random variable.

e The blind estimatef X is E[X]. It minimizes the mean square error in the absence of
observations.

e Given the event x A, the optimum estimator iE[ X|A].
e Givenanobservation ¥ y, the minimum mean square error estimat¥fE[ X|Y = y].

e Linear mean square error (LMSE) estimatiohX givenY has the fornaY + b. The
optimum values o& andb depend on the expected values and varianc&safdY and
the covariance oK andY.

e Maximuma posteriorprobability (MAP) estimatioselects a value of that maximizes
the conditional PDF x v (x]y).

e Maximum likelihood (ML) estimatiochooses the value afthat maximizes the condi-
tional PDF fy|x (y|x). The ML estimate is identical to the MAP estimate wh¢ihas
a uniform PDF.

e Given an observation of a random vector, the optimum linear estimator of a random
variable is the solution to a set of linear equations. The coefficients in the equations are
elements of the autocorrelation matrix of the observed random vector. The right side is
the cross-correlation matrix of the estimated random variable and the observed random
vector.

e The estimation erroof the optimum linear estimator is uncorrelated with the observed
random variables.

e Further Reading:The final chapter of [WSO01] presents the basic theory of estimation
of random variables as well as extensions to stochastic process estimation in the time
domain and frequency domain.
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Problems

9.1.1 Generalizing the solution of Example 9.2, let th®.1.5

9.1.2

9.1.3

9.14

CHAPTER 9 ESTIMATION OF A RANDOM VARIABLE

Difficulty: Easy

call durationT be an exponentialt) random var-
iable. Fortg > 0, show that the minimum mean
square error estimate @f, given thatT > tg, is

A~

T=ty+ E[T]
X andY have the joint PDF

6(y —X)

O0<x<y<l,
fx,Y(X,y)={o =X=Y=

otherwise
(a) What isfyx (x)?
(b) What is the blind estimateg ?

(c) Whatis the minimum mean square error estimate
of X givenX < 0.5?

(d)yWhatisfy(y)?
(e) What is the blind estimatgs ?

(f) Whatis the minimum mean square error estimate
of Y givenY > 0.5?

X andY have the joint PDF

2 0<x<y=<l,

By O y) = { 0 otherwise.

(@) What isfy (x)?
(b) What is the blind estimatég ?

(c) Whatis the minimum mean square error estimate
of X givenx > 1?

(d) Whatisfy (y)?

(e) What is the blind estimatgg ?

(f) Whatis the minimum mean square error estimate
of Y givenx > 1?

X andY have the joint PDF

6(y —x)

O<x<y<i1,
fx,Y(X,y)={0 =X=Y=

otherwise
(@) Whatisfyy (x|y)?

(b) What isXy (y), the minimum mean square error
estimate ofX givenY = y?

(c) What is fyx (y[x)?

(d) What isyp (x), the minimum mean square error,
. . 9.
estimate ofY given X = x?

9.2.1

Moderate Difficult Experts Only

X andY have the joint PDF

2 0<x<y=<1,

fx.y X, y) = { 0 otherwise.

(@) Whatisfyy (x]y)?

(b) What isXy (), the minimum mean square error
estimate ofX givenY = y?

(c) What is
* o 2
€"(05) = E[ (X — xm(05)*|Y =05,
the minimum mean square error of the estimate

of X givenY = 0.5?

The following table givesPx y(x,y), the joint
probability mass function of random variables
andY.

Pxy %Y) | y=—3 y=-1 y=1 y=3

x=—1 1/6 1/8 1/24 0
Xx=0 1/12 142 142 1/12
x=1 0 1/24 18 1/6

(a) Find the marginal probability mass functions
Px (x) and Py (y).

(b) Are X andY independent?

(c) Find E[X], VarX], E[Y],
Cov[ X, Y].

(d) Let X(Y) = aY + b be a linear estimator of

X. Finda* andb*, the values of andb that
minimize the mean square ermr.

Var{Y], and

(e) What ise] , the minimum mean square error of
the optimum linear estimate?

(f) Find Py y (x| — 3), the conditional PMF ofX
givenY = —3.

(9) Find X (—3), the optimum (nonlinear) mean
square estimator of givenY = —3.

(h) What is
e(-3) = E [(x — M (=3)? )Y = —3]

the mean square error of this estimate?

A telemetry voltage/, transmitted from a position
sensor on a ship’s rudder, is a random variable with
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PDF 9.2.4 Here are four different joint PMFs:

fv(v)Z{ 1/12 —iiv_iﬁ, Pxy %y | x=-1 x=0 x=1

0 otherwise. y=-1 1/9 1/9 1/9
A receiver in the ship’s control room receives= y - 2 1/8 i/g i/g
V+ X, The random variablX is a GaussiatD, v/3) y= / / /
noise voltage that is independent\of The receiver
usesRto calculate a linear estimate of the telemetry Py Uv) Ju=—-1 u=0 u=1
voltage: X v=—1 0 0 1/3
V =aR+h. v=0 0 1/3 0

Find v=1 1/3 0 0

PsT(st)|[s=-1 s=0 s=1

(a) the expected received voltagéR],

t=-1 1/6 0 16
t=0 0 3 0
t=1 1/6 0 16

(b) the variance VaR] of the received voltage,

Por(@.1)|g=-1 g=0 g=1

(c) the covariance CoV, R] of the transmitted and r=-1 1/12 1/12 16
received voltages, r=0 1/12 16 112
r=1 1/6 /12 142

(a) For each pair of random variables, indicate
whether the two random variables are indepen-
dent, and compute the correlation coefficignt

(d)a* andb*, the optimum coefficients in the linear
estimate,

(b) Compute the least mean square linear estimator
U (V) of U givenV. What is the mean square
error? Dothe same forthe paks Y, Q, R, and
S T.

9.2.5 The random variableX andY have the joint prob-
ability density function

(e)e*, the minimum mean square error of the esti-
mate.

Random variableX andY have joint PMF given
by the following table:

_)2y+x O0=<x=<y<Ll
Pxy(X.y) |y=-1 y=0 y=1 fxy (. y) = { 0 otherwise
x=—1 | 3/16 146 0
x=0 1/6 1/6 1/6 What is X, (Y), the linear minimum mean square
x=1 0 /8  1/8 error estimate oK givenY?

9.2.6 For random variableX andY from Problem 9.1.4,
find X, (Y), the linear minimum mean square error
estimator ofX givenY.

We estimatey by Y| (X) = aX + b.

(a) Finda andb to minimize the mean square esti9.2.7 Random variableX has a second-order Erlang den-
mation error. sity

AXe X

fx(x)={o Xz 0

(b) What is the minimum mean square erebr otherwise

GivenX = x, Y isauniform(0, x)random variable.
Find



350

9.2.8

9.2.9

9.3.1

9.3.2

9.3.3

9.3.4
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(a) the MMSE estimate of given X = x, ¥y (X),
(b) the MMSE estimate oK givenY =y, Xm (Y),
(c) the LMSE estimate of given X, Y, (X),

(d) the LMSE estimate oK givenY, X, (Y).

Random variableR has an exponential PDF with
expected value 1. GiveR = r, X has an exponen-
tial PDF with expected value t/ Find

(a) the MMSE estimate dR given X = X, 1 (X),
(b) the MMSE estimate oK givenR =r, Xp (1),
(c) the LMSE estimate oR given X, R (X),

(d) the LMSE estimate oK givenR, X, (R).

For random variableX andY, we wish to useY to
estimateX. However, our estimate must be of the
form X = aY.

9.4.1

(a) Finda*, the value ofa that minimizes the mean
square erroe = E[(X — aY)?].

(b) Fora = a*, what is the minimum mean square
errore*?

(c) Under what conditions iX the LMSE estimate
of X?

Suppose that in Quiz 9.3, measured in meters,
has a uniform PDF ovei0, 1000] Find the MAP
estimate ofR given X = x. In this case, are the
MAP and ML estimators the same?

Let R be an exponential random variable with exé 42
pected value 1/ulf R = r, then over an interval ==
of length T, the number of phone call that ar-

rive at a telephone switch has a Poisson PMF with

expected valueT .

(a) Find the MMSE estimate adfl given R.
(b) Find the MAP estimate dfl given R.
(c) Find the ML estimate oN given R.

Let R be an exponential random variable with ex-
pected value 1/ulf R =r, then over an interval of
lengthT the number of phone call¥ that arrive ata
telephone switch has a Poisson PMF with expected
valuerT.

(a) Find the MMSE estimate d® given N.
(b) Find the MAP estimate oR given N.
(c) Find the ML estimate oR given N.

For a certain coin@Q, is a uniform(0, 1) random
variable. GivenQ = (, each flip is heads with

probability g, independent of any other flip. Sup-
pose this coin is flipped times. LetK denote the
number of heads in flips.

(a) What is the ML estimator of givenK?

(b) What is the PMF oK ? What isE[K]?

(c) What is the conditional PDFqk (q[k)?

(d) Find the MMSE estimator o givenK = k.

X is a 3-dimensional random vector wili{X] = 0
and autocorrelation matriRy with elements

Rx (@, j)=1-0.25 —j|.
Y is a 2-dimensional random vector with

Y1 = X1+ Xo,
Yo = X + X3.

UseY to form a linear estimate oX1:

X1 = [é]_ 512] Y.
(a) What are the optimum coefficieréig anday?
(b) What is the minimum mean square erepf?

(c) UseY; to form a linear estimate ok1: X; =
aY; + b. What are the optimum coefficieras
andb*? Whatis the minimum mean square error
e ?

L

X is a 3-dimensional random vector wili{X] = 0
and correlation matriRy with elements

Rx(i, j) = 1— 025 — j|.

W is a 2-dimensional random vector, independent
of X, with E[W] = 0, E[W;W,] = 0, and

E[W?] = E[wW] =01
Y is a 2-dimensional random vector with

Y1 = X1+ Xo+ Wy,
Yo = Xo 4+ X3+ Wa.

UseY to form a linear estimate oX1:
)A(]_ = [él 512] Y.
(a) What are the optimum coefficieréig anday?

(b) What is the minimum mean square erepf?



9.4.3

9.4.4

9.4.5

9.4.6

(c) UseY; to form a linear estimate oky: Xq =
aY; + b. What are the optimum coefficieras
andb*? Whatis the minimum mean square error
e ?

L

X is a 3-dimensional random vector witf[X] =

[-1 0 1]/ and correlation matriRy with ele-

ments

Rx(,j)=1-0.25 —j|.

W is a 2-dimensional random vector, independert
of X, with E[W] = 0, E[W;W,] = 0, and
E[W7] =E[wW] =01
Y is a 2-dimensional random vector with
Y1 = X1+ Xo+ Wi,
Yo = Xo 4+ X3+ Wo.
UseY to form a linear estimate oX1:
X1=[4 &]Y+b.
(@) What are the optimum coefficierds, ay, and
b?
(b) What is the minimum mean square ergbf?

(c) UseY; to form a linear estimate ok1: X; =
aY; + b. What are the optimum coefficieras

andb*? Whatis the minimum mean square errof-5-1

e
When X andY have expected valugsy = puy =
0, Theorem 9.4 says tha, (Y) = pX.YZEY.
Show that this result is a special case of The-
orem 9.7(a) when random vectof is the 1-
dimensional random variabhé.

X is a 3-dimensional random vector wii{X] = 0
and autocorrelation matrRx with elements;; =
(—0.80)1~II. UseX; and X» to form a linear esti-

mate ofX3: X3 = a; X2 + apX1.
(a) What are the optimum coefficierfig andéy?

(b) What is the minimum mean square ergjr? 9.5.2

Use X5 to form a linear estimate dkg: X3 =
aXs +b.

(c) What are the optimum coefficiera$ andb*?
(d) What is the minimum mean square ergbf?

Prove the following theoremX is ann-dimensional
random vector withE[X] = 0 and autocorrela-
tion matrix Ry with elementsjj = c/'~J! where

9.4.7

9.5.3
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Ic| < 1. The optimum linear estimator o,
Xn = arXp_1+aXpn_2+ - +a5-1X1.

is Xn = ¢X;_1. The minimum mean square esti-
mation error iset = 1—c2. Hint: Consider the
n — 1 equationse, /dg = 0.

In the CDMA multiuser communications systemin-
troduced in Problem 8.3.9, each ugetransmits
an independent data bX; such that the vector
X = [X1 Xn]' has iid components with
Px; (1) = Px;(—=1) = 1/2. The received signal
is

k
Y=Y XS +N
i=1
whereN is a Gaussiaii, azl) noise vector.

(@) BasedAon the observatidh find the LMSE es-
timate X; (Y) = &Y of X;.

(b) Let )
X=Xy Xk]
denote the vector of LMSE bits estimates for
users 1, ... k. Show that
X = P25/ (SPS + 21 ~1y.

Continuing Example 9.10, the 21-dimensional vec-
tor X has correlation matriRy with i, jth element

.. sin(gomli — D
Fax(l,l)ziﬁ) =10
o i — I
We use the observation vectdf = YW =
[Y1 --- Yn] to estimateX = Xp;. Find the

LMSE estimateX (Y() = &MY ™. Graph the
mean square erref (n) as a function of the number
of observations for ¢g € {0.1,0.5,0.9}. Interpret
your results. Does smallefy or larger¢g yield
better estimates?

Repeat Problem 9.5.1 when
Rx (i, j) = cos(dpm li — jI).

In a variation on Example 9.10, we use the obser-
vation vectorY = YV = [Y; Yn] to es-
timate X = X1. The 21-dimensional vectof has
correlation matriRyx with i, jth element

Rx (. J) =rji—j|-
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Find the LMSE estimateX (Y(™) = &My (™,
Graph the mean square errgr(n) as a function
of the number of observatioms and interpret your
results for the cases

- sin@1x|i —j|)
@fi-j1 = =511 =5
(B)rji—j; = cosQ.5x|i — j|).

For thek user CDMA system employing LMSE re-
ceivers in Problem 9.4.7, it is still necessary for a

receiver to make decisions on what bits were trans-
mitted. Based on the LMSE estimzﬁe, the bit de-
cisionrule for useris X; = sgn(Xi) Following the
approach in Problem 8.4.6, construct a simulation
to estimate the BER for a system with processing
gainn = 32, with each user operating at 6dB SNR.
Graph your results as a function of the number of
usersk fork = 1,2,4,8,16,32. Make sure to av-
erage your results over the choice of code vectors

S.
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Stochastic Processes

Our study of probability refers to an experiment consisting of a procedure and observations.
When we study random variables, each observation corresponds to one or more numbers.
When we study stochastic processes, each observation corresponds to a function of time.
The wordstochastioneans random. The wogptocessn this context means function of

time. Therefore, when we study stochastic processes, we study random functions of time.
Almost all practical applications of probability involve multiple observations taken over

a period of time. For example, our earliest discussion of probability in this book refers
to the notion of the relative frequency of an outcome when an experiment is performed a
large number of times. In that discussion and subsequent analyses of random variables, we
have been concerned only witlow frequenthan event occurs. When we study stochastic
processes, we also pay attention totihee sequencef the events.

In this chapter, we apply and extend the tools we have developed for random variables
to introduce stochastic processes. We present a model for the randomness of a stochastic
process that is analogous to the model of a random variable and we describe some families
of stochastic processes (Poisson, Brownian, Gaussian) that arise in practical applications.
We then define thautocorrelation functiorand autocovariance functionf a stochastic
process. These time functions are useful summaries of the time structure of a process, just
as the expected value and variance are useful summaries of the amplitude structure of a
random variableWide sense stationary processggpear in many electrical and computer
engineering applications of stochastic processes. In addition to descriptions of a single
random process, we define tbess-correlatiorto describe the relationship between two
wide sense stationary processes.

10.1 Definitions and Examples

The definition of a stochastic process resembles Definition 2.1 of a random variable.

353
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Definition 10.1

Definition 10.2

Definition 10.3
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Figure 10.1 Conceptual representation of a random process.

Stochastic Process

Astochastic process X (t) consists of an experiment with a probability measurg 8efined
on a sample space S and a function that assigns a time functios)xo each outcome s
in the sample space of the experiment.

Essentially, the definition says that the outcomes of the experiment are all functions of
time. Just as a random variable assigns a number to each outénrasample spacs, a
stochastic process assignsample functioto each outcoms.

Sample Function
A samplefunction x(t, s) is the time function associated with outcome s of an experiment.

A sample function corresponds to an outcome of a stochastic process experiment. Itis
one of the possible time functions that can result from the experiment. Figure 10.1 shows
the correspondence between the sample space of an experiment and the ensemble of sample
functions of a stochastic process. It also displays the two-dimensional notation for sample
functionsx(t, s). Inthis notation X (t) is the name of the stochastic procesisdicates the
particular outcome of the experiment, aniddicates the time dependence. Corresponding
to the sample space of an experiment and to the range of a random variable, we define the
ensembl®f a stochastic process.

Ensemble
Theensemble of a stochastic process is the set of all possible time functions that can result
from an experiment.
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Example 10.1  Starting atlaunchtimet = 0, let X(t) denote the temperature in degrees Kelvin on the
surface of a space shuttle. With each launch s, we record a temperature sequence
X(t, s). The ensemble of the experiment can be viewed as a catalog of the possible
temperature sequences that we may record. For example,

X(807368,175) = 207 (10.1)

indicates that in the 175th entry in the catalog of possible temperature sequences, the
temperature at t = 807368 seconds after the launch is 207°K.

Just as with random variables, one of the main benefits of the stochastic process model
is that it lends itself to calculating averages. Corresponding to the two-dimensional nature
of a stochastic process, there are two kinds of averages. tWitled att = tg, X(tp)
is a random variable, and we have the averages (for example, the expected value and the
variance) that we have studied already. In the terminology of stochastic processes, we refer
to these averages amsemble averagesThe other type of average applies to a specific
sample functionx(t, sp), and produces a typical number for this sample function. This is
atime averagef the sample function.

Example 10.2  In Example 10.1 of the space shuttle, over all possible launches, the average temper-
ature after 8073.68 seconds is E[X(807368)] = 217°K. This is an ensemble average
taken over all possible temperature sequences. In the 175th entry in the catalog of
possible temperature sequences, the average temperature over that space shuttle
mission is

1
6712083

where the integral limit 671208.3 is the duration in seconds of the shuttle mission.

6712083
f x(t, 175)dt = 18743 K (10.2)
0

Before delving into the mathematics of stochastic processes, it is instructive to examine
the following examples of processes that arise when we observe time functions.

Example 10.3  Starting on January 1, we measure the noontime temperature (in degrees Celsius)
at Newark Airport every day for one year. This experiment generates a sequence,
C(1),C(2),...,C(365), of temperature measurements. With respect to the two kinds
of averages of stochastic processes, people make frequent reference to both ensem-
ble averages such as “the average noontime temperature for February 19,” and time
averages, such as the “average noontime temperature for 1923

Example 10.4  Consider an experiment in which we record M(t), the number of active calls at a
telephone switch at time t, at each second over an interval of 15 minutes. One trial
of the experiment might yield the sample function m(t, s) shown in Figure 10.2. Each
time we perform the experiment, we would observe some other function m(t, s). The
exact m(t, s) that we do observe will depend on many random variables including the
number of calls at the start of the observation period, the arrival times of the new calls,
and the duration of each call. An ensemble average is the average number of calls
in progress at t = 403 seconds. A time average is the average number of calls in
progress during a specific 15-minute interval.
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Figure 10.2 A sample functiorm(t, s) of the random procesd (t) described in Example 10.4.

The fundamental difference between Examples 10.3 and 10.4 and experiments from
earlier chapters is that the randomness of the experiment depends explicitly on time. More-
over, the conclusions that we draw from our observations will depend on time. For
example, in the Newark temperature measurements, we would expect the temperatures
C(1),...,C(30)during the month of January to be low in comparison to the temperatures
C(181),...,C(210)in the middle of summer. In this case, the randomness we observe
will depend on the absolute time of our observation. We might also expect that for a day
t that is within a few days of’, the temperatureG(t) andC(t’) are likely to be similar.

In this case, we see that the randomness we observe may depend on the time difference
between observations. We will see that characterizing the effects of the absolute time of
an observation and the relative time between observations will be a significant step toward
understanding stochastic processes.

Example 10.5

Suppose that at time instants T = x(t, s))
0,1,2, ..., weroll adie and record the out-
come Nt where 1 < Nt < 6. We then
define the random process X(t) such that
forT <t < T+1, X(t) = Nt. In this
case, the experiment consists of an infinite
sequence of rolls and a sample function
is just the waveform corresponding to the
particular sequence of rolls. This mapping
is depicted on the right.

x(t, s,)

Example 10.6  Inaquaternary phase shift keying (QPSK) communications system, one of four equally

probable symbols s, ..., s3 is transmitted in T seconds. If symbol s; is sent, a wave-
form x(t, ) = co2nfot + /4 + im/2) is transmitted during the interval [0, T]. In
this example, the experiment is to transmit one symbol over [0, T] seconds and each
sample function has duration T. In a real communications system, a symbol is trans-
mitted every T seconds and an experiment is to transmit j symbols over [0, jT] sec-
onds. In this case, an outcome corresponds to a sequence of j symbols and a sample
function has duration jT seconds.
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Although the stochastic process model in Figure 10.1 and Definition 10.1 refers to one
experiment producing an observatisnassociated with a sample functierit, s), our
experience with practical applications of stochastic processes can better be described in
terms of an ongoing sequence of observations of random events. In the experiment of
Example 10.4, if we observea(17,s) = 22 calls in progress after 17 seconds, then we
know that unless in the next second at least one of the 22 calls ends or one or more new
calls beginm(18,s) would remain at 22. We could say that each second we perform an
experiment to observe the number of calls beginning and the number of calls ending. In this
sense, the sample functiom(t, s) is the result of a sequence of experiments, with a new
experiment performed every second. The observations of each experiment produce several
random variables related to the sample functions of the stochastic process.

Example 10.7  The observations related to the waveform m(t, s) in Example 10.4 could be

m(0, s), the number of ongoing calls at the start of the experiment,

e X1q,..., Xm(0,s), the remaining time in seconds of each of the m(0, s) ongoing

e N, the number of new calls that arrive during the experiment,
e S,..., SN, the arrival times in seconds of the N new calls,
o Y1,..., YN, the call durations in seconds of each of the N new calls.

Some thought will show that samples of each of these random variables, by indicating
when every call starts and ends, correspond to one sample function m(t, s). Keep in
mind that although these random variables completely specify m(t, s), there are other
sets of random variables that also specify m(t, s). For example, instead of referring
to the duration of each call, we could instead refer to the time at which each call
ends. This yields a different but equivalent set of random variables corresponding to
the sample function m(t, s). This example emphasizes that stochastic processes can
be quite complex in that each sample function m(t, s) is related to a large number of
random variables, each with its own probability model. A complete model of the entire
process, M(t), is the model (joint probability mass function or joint probability density
function) of all of the individual random variables.

Quiz10.1 In Example 10.4, define a set of random variables that could produtesm Do not
duplicate the set listed in Example 10.7.

10.2 Types of Stochastic Processes

Just as we developed different ways of analyzing discrete and continuous random vari-
ables, we can define categories of stochastic processes that can be analyzed using different
mathematical techniques. To establish these categories, we characterize both the range of
possible values at any instaras well as the time instants at which changes in the random
process can occur.
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Figure 10.3 Sample functions of four kinds of stochastic process&g(t) is a continuous-time,
continuous-value procesyc(t) is discrete-time, continuous-value process obtained by sampling
Xce) every 01 seconds. Roundinicc(t) to the nearest integer yield&:4(t), a continuous-time,
discrete-value process. Lastigq(t), a discrete-time, discrete-value process, can be obtained either
by samplingXcq(t) or by roundingXgc(t).

Discrete-Value and Continuous-Value Processes
X(t) is adiscrete-value process if the set of all possible values of() at all timest is a
countable set g; otherwise Xt) is acontinuous-value process.

Discrete-Time and Continuous-Time Processes

The stochastic process(¥ is a discrete-time process if X (t) is defined only for a set of
time instants,{ = nT, where T is a constant and n is an integer; otherwisg)Xs a
continuous-time process.

In Figure 10.3, we see that the combinations of continuous/discrete time and continu-
ous/discrete value result in four categories. For a discrete-time process, the sample function
is completely described by the ordered sequence of random variéhles X(nT).

Random Sequence
A random sequenceXs an ordered sequence of random variableg X1, .. ..

For the temperature measurements of Example 10.3, construct examples of the measurement
process such that the process is either

(1) discrete-time, discrete-value, (2) discrete-time, continuous-value,



(3) continuous-time, discrete-value,
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(4) continuous-time, continuous-value.

10.3 Random Variables from Random Processes

Suppose we observe a stochastic process at a particular time tastarthis case, each time
we perform the experiment, we observe a sample funatibys) and that sample function
specifies the value of(t1, s). Each time we perform the experiment, we have a senwd

we observe a new(ts, s). Therefore, eack(t1, s) is a sample value of a random variable.
We use the notatioX (t1) for this random variable. Like any other random variable, it has

either a PDFfxt,)(x) or a PMFPxt,)(X). Note that the notatioiX (t) can refer to either

the random process or the random variable that corresponds to the value of the random

process at timé. As our analysis progresses, when we wKtg), it will be clear from the
context whether we are referring to the entire process or to one random variable.

Example 10.8

Example 10.9

In the example of repeatedly rolling a die, Example 10.5, what is the PMF of X(3.5)?

The random variable X (3.5) is the value of the die roll at time 3. In this case,

[ 1/6 x=1,...,6,
Px@35) (X) = { 0  otherwise.

Let X(t) = R|cos 2xft| be a rectified cosine signal having a random amplitude R with
the exponential PDF

Le /10 ¢ >0,

f = 0 . 10.4
R { 0 otherwise. (104)
What is the PDF fx ¢)(x)?
Since X(t) > 0forallt, P[X(t) < x]=0forx < 0. Ifx >0, and cos 2=ft > 0O,
P[X(t) <x] = P[R < x/|cos 2xft[] (10.5)
X/|cos 2nft|
:/ fr(r) dr (10.6)
0
—1_ e—x/lOlcosantl' (10.7)
When cos 2aft # 0, the complete CDF of X(t) is
0 X <0,
Fxm %) = { 1_ g X/10cos2rft| = o (10.8)
When cos 2xft # 0, the PDF of X(t) is
dE X 1 —X/10|cos 2nf t|
ey 00 = T2 _ | rosssza© x=0. (10.9)
dx 0 otherwise.
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Quiz10.3

When cos 2nft = 0 corresponding to t = 7/2 + kzr, X(t) = 0 no matter how large R
may be. In this case, fx)(X) = §(x). In this example, there is a different random
variable for each value of t.

With respect to a single random variabfe we found that all the properties of are
determined from the PDRx (x). Similarly, for a pair of random variableX, X2, we
needed the joint PDRx, x,(X1, X2). In particular, for the pair of random variables, we
found that the marginal PDF'$x, (x1) and fx,(x2) were not enough to describe the pair
of random variables. A similar situation exists for random processes. If we sample a
processX(t) at k time instantsty, ..., tx, we obtain thek-dimensional random vector
X=[Xt) - Xt].

To answer questions about the random progss, we must be able to answer questions
about any random vectot = [X(tl) e X(tk)]/ for any value of k and any set of time
instants i, ..., tx. In Section 5.2, the random vector is described by the joint FMIEx)
for a discrete-value proce¥qt), or by the joint PDFf x (x) for a continuous-value process.

For a random variableX, we could describeX by its PDF fx(x), without speci-
fying the exact underlying experiment. In the same way, knowledge of the joint PDF
fX(ty),... Xt (X1, - - ., Xk) for all k will allow us to describe a random process without ref-
erence to an underlying experiment. This is convenient because many experiments lead to
the same stochastic process. This is analogous to the situation we described earlier in which
more than one experiment (for example, flipping a coin or transmitting one bit) produces
the same random variable.

In Section 10.1, there are two examples of random processes based on measurements.
The real-world factors that influence these measurements can be very complicated. For
example, the sequence of daily temperatures of Example 10.3 is the result of a very large
dynamic weather system that is only partially understood. Just as we developed random
variables from idealized models of experiments, we will construct random processes that
are idealized models of real phenomena. The next three sections examine the probability
models of specific types of stochastic processes.

In a production line for 100@2 resistors, the actual resistance in ohms of each resistor

is a uniform(950,1050) random variable R. The resistances of different resistors are
independent. The resistor company has an order for 1% resistors with a resistance between
990Q2 and 101(2. An automatic tester takes one resistor per second and measures its exact
resistance. (This test takes one second.) The random progg¢ssiéhotes the number of

1% resistors found in t seconds. The random variaklesdconds is the elapsed time at
which r 1% resistors are found.

(1) Whatis p, the probability that any single resistor is a 1% resistor?

(2) What is the PMF of t)?

(3) Whatis BT1] seconds, the expected time to find the first 1% resistor?

(4) What is the probability that the first 1% resistor is found in exactly 5 seconds?

(5) Ifthe automatic tester finds the first 1% resistor in 10 seconds, whdflis g = 10],
the conditional expected value of the time of finding the second 1% resistor?
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10.4 Independent, Identically Distributed Random Sequences

An independent identically distributed (iid) random sequence is a random sedXigrioe

which ..., X_p, X_1, Xp, X1, X2, ... are iid random variables. An iid random sequence
occurs whenever we perform independent trials of an experiment at a constant rate. An
iid random sequence can be either discrete-value or continuous-value. In the discrete case,
each random variablg; has PMFPx; (x) = Px(x), while in the continuous case, eaxh

has PDFfx; (x) = fx(x).

Example 10.10 In Quiz 10.3, each independent resistor test required exactly 1 second. Let R, equal
the number of 1% resistors found during minute n. The random variable R has the
binomial PMF

PR, (1) = (?0) p'(1- poO. (10.10)

Since each resistor is a 1% resistor independent of all other resistors, the number
of 1% resistors found in each minute is independent of the number found in other
minutes. Thus Ry, Ry, ... is an iid random sequence.

Example 10.11 Inthe absence of a transmitted signal, the output of a matched filter in a digital commu-
nications system is an iid sequence X1, X», ... of Gaussian (0, o) random variables.

For an iid random sequence, the joint distribution of a sample v@(@r e Xn]/ is
easy to write since it is the product of the individual PMFs or PDFs.

Theorem10.1  Let X, denote an iid random sequence. For a discrete-value process, the sample vector
X =[Xn, -+ Xn] hasjoint PMF

k
Px () = Px (x1) Px (x2) - Px () = [ [ Px (x0) -
i=1

For a continuous-value process, the joint PDPoE [Xn, -+, Xn, ] is

k
fx 00 = fx (x1) fx (x2) -+ Fx (w0 = [ ] fx x0).-
i=1

Of all iid random sequences, perhaps the Bernoulli random sequence is the simplest.
Definition 10.7 Bernoulli Process

A Bernoulli(p) process X is an iid random sequence in which each X a Bernoulli(p)
random variable.

Example 10.12 In a common model for communications, the output X 1, Xo, ... of a binary source is
modeled as a Bernoulli (p = 1/2) process.
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Example 10.13 Each day, we buy a ticket for the New York Pick 4 lottery. X, = 1if our ticket on day n

is a winner; otherwise, Xn = 0. The random sequence Xy, is a Bernoulli process.

Example 10.14 For the resistor process in Quiz 10.3, let Y, = 1 if, in the nth second, we find a 1%

resistor; otherwise Yn = 0. The random sequence Yy, is a Bernoulli process.

Example 10.15 For a Bernoulli (p) process Xp, find the joint PMF of X = [Xl Xn]/.

Quiz10.4

For a single sample X;, we can write the Bernoulli PMF in the following way:

L pPa-pt X ef0, 1),
P, (i) = { 0 otherwise. (10.11)
When x; € {0,1}fori =1,..., n, the joint PMF can be written as
n
Px ) =[]p9a- ™ =pta-p"x (10.12)
i=1
where k = X1 + - - - + Xn. The complete expression for the joint PMF is
| patetn@ - pn-Gatet) oy e 0,1),i =1, ..., n,
Px (0 = { 0 otherwise. (10.13)

For an iid random sequence of Gaussian(0, 1) random variables, find the joint PDF of
X=[X1 -+ Xm].

10.5 The Poisson Process

Definition 10.8

A counting processl (t) starts at time 0 and counts the occurrences of events. These events
are generally calledrrivals because counting processes are most often used to model the
arrivals of customers at a service facility. However, since counting processes have many
applications, we will speak about arrivals without saying exactly what is arriving.

Since we start at time= 0, n(t,s) = 0 for allt < 0. Also, the number of arrivals up
to anyt > 0 is an integer that cannot decrease with time.

Counting Process
A stochastic process (i) is a counting process if for every sample function,(hy s) = 0
fort < 0and n(t, s) is integer-valued and nondecreasing with time.

We can think ofN(t) as counting the number of customers that arrive at a system during
the interval(0, t]. A typical sample path oN(t) is sketched in Figure 10.4. The jumps in
the sample function of a counting process mark the arrivals, and the number of arrivals in
the interval(to, t1] is just N(t1) — N(to).

We can use a Bernoulli procedg, X», ... to derive a simple counting process. In
particular, consider a small time step of sizeseconds such that there is one arrival in
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Figure 10.4 Sample path of a counting process.

the interval(nA, (n + 1)A] if and only if X, = 1. For an average arrival rate > 0
arrivals/second, we can choogesuch thatiA « 1. In this case, we let the success
probability of X, beAA. This implies that the number of arrivalé,, before timeT = mA
has the binomial PMF

P, (n) = (r:) GT/m" (L — AT/m)™", (10.14)

In Theorem 2.8, we showed thates— oo, or equivalently as\ — 0, the PMF ofN
becomes a Poisson random variallerl ) with PMF

Na—AT /1 _
= §TET IS0LZ o
We can generalize this argument to say that for any intétgat; ], the number of arrivals
would have a Poisson PMF with paramet@&rwhereT = t1 —tp. Moreover, the number of
arrivals in(tp, t1] depends on the independent Bernoulli trials corresponding to that interval.
Thus the number of arrivals in nonoverlapping intervals will be independent. In the limit
asA — 0, we have obtained a counting process in which the number of arrivals in any
interval is a Poisson random variable independent of the arrivals in any other nonoverlapping
interval. We call this limiting processRoisson process.

Poisson Process
A counting process W) is a Poisson process of rate A if

(a) The number of arrivals in any intervélp, t1], N(t1) — N(tp), is a Poisson random
variable with expected valugt; — to).

(b) For any pair of nonoverlapping intervalso, t1] and (t;, t;1, the number of arrivals
in each interval, Nt;) — N(to) and N(t}) — N(ty) respectively, are independent
random variables.

We call 1 the rate of the process because the expected number of arrivals per unit time is
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E[N(t)]/t = A. By the definition of a Poisson random varialié,= N(t1) — N(tp) has

the PMF —
ol g2 i~ m=0,1,...
Pv (M) = m! 7 ’ 10.16
M (m) { 0 otherwise ( )
For a set of time instanty < to < --- < tx, we can use the property that the num-

ber of arrivals in nonoverlapping intervals are independent to write the joint PMF of
N(t1), ..., N(t) as a product of probabilities.

Theorem 10.2  Fora Poisson process (¥) of ratex, the joint PMF ofN = [N(ty), ..., N(tk)]/, for ordered
time instancesgit< - - - < tk, IS

Moy 27 M« MKk="k—1
{ a;"e "l a, e %2 ay e %k

O<ng<-- - <ng
otherwise

Pnn) =

nt T (—np! T (k—ni—)!

wherea; = Aty,andfori=2, ... K,ai = A(ti —ti_1).

Proof Let M1 = N(t7) and fori > 1, letM; = N(tj) — N(tj_1). By the definition of the Poisson

processMq, ..., My is a collection of independent Poisson random variables suclE{ih4 = «;.
PN (N) = Pmy My, My (N1, N2 = N1, ... N — Ni_q) (10.17)
= Py, (N1) Py, (N2 —Nnp) -+ Py (N — 1) - (10.18)

The theorem follows by substituting Equation (10.16) Ry, (nj — nj_1).

Keep in mind that the independent intervals property of the Poisson process must hold
even for very small intervals. For example, the number of arrivalg,in+ §] must be
independent of the arrival process oyért] no matter how small we choose > 0.
Essentially, the probability of an arrival during any instant is independent of the past history
of the process. In this sense, the Poisson processiisoryless

This memoryless property can also be seen when we examine the times between arrivals.
As depicted in Figure 10.4, the random titdg between arrivah — 1 and arrivah is called
the nth interarrival time. In addition, we call the time&1 of the first arrival the first
interarrival time even though there is no previous arrival.

Theorem 10.3  ForaPoisson process of ratethe interarrival times X, X, ... are aniid random sequence
with the exponential PDF

fy () = e x>0,
X 10 otherwise.
Proof GivenX1 =x1, X =xo, ..., Xn—1 = Xn—1, arrivaln — 1 occurs at time
th—1 =X+ + Xp_1. (10.19)

Forx > 0, Xp > x if and only if there are no arrivals in the intervidh_1, th_1 + X]. The number
of arrivals in(th_1, th_1 + X] is independent of the past history describedday. .., Xy_1. This
implies

P[Xn>XIX1=xXq,.... Xn-1=Xn—1] = P[N(tn_1 + %) — N(tn_1) = 0] = e7**. (10.20)
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Thus X, is independent 0K1, ..., Xnh—1 and has the exponential CDF

1—e ™ x>0,

0 otherwise (10.21)

Fx,X) =1-P[Xp>X] = {
By taking the derivative of the CDF, we see thaf has the exponential PDFfy, (x) = fx(x) inthe
statement of the theorem.

From a sample function dfl(t), we can identify the interarrival timeX 1, X2 and so
on. Similarly, from the interarrival timeX 1, X, .. ., we can construct the sample function
of the Poisson procegs(t). This implies that an equivalent representation of the Poisson
process is the iid random sequen¥e, Xo, ... of exponentially distributed interarrival
times.

A counting process with independent exponeniginterarrivals X1, Xz, ... is a Poisson
process of rate..

Data packets transmitted by a modem over a phone line form a Poisson process of rate 10
packets/sec. Using Mo denote the number of packets transmitted in the kth hour, find the
joint PMF of My and M.

10.6 Properties of the Poisson Process

The memoryless property of the Poisson process can also be seen in the exponential inter-
arrival times. Sincd[X,, > x] = e *X, the conditional probability thaX, > t + x, given
Xn > t, is

P[Xn>t+X,Xn>t] —e*)‘x
P[Xn > t] N ’

The interpretation of Equation (10.22) is that if the arrival has not occurred bytfithe
additional time until the arrivalX,, — t, has the same exponential distributiongs That

is, no matter how long we have waited for the arrival, the remaining time until the arrival
remains an exponentigl) random variable. The consequence is that if we start to watch
a Poisson process at any tifmeve see a stochastic process that is indistinguishable from
a Poisson process started at time 0.

This interpretation is the basis for ways of composing and decomposing Poisson pro-
cesses. First we consider the siwiit) = Njp(t) + Na(t) of two independent Poisson
processed; (t) andNa(t). Clearly,N(t) is a counting process since any sample function
of N(t) is nondecreasing. Since interarrival times of e&glit) are continuous exponen-
tial random variables, the probability that both processes have arrivals at the same time
is zero. ThusaN(t) increases by one arrival at a time. Further, Theorem 6.9 showed that
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the sum of independent Poisson random variables is also Poisson. Thus for aty,time
N (to) = Ni(to) + N2a(tp) is a Poisson random variable. This suggests (but does not prove)
thatN(t) is a Poisson process. Inthe following theorem and proof, we verify this conjecture
by showing thaiN(t) has independent exponential interarrival times.

Theorem 10.5  Let Ni(t) and No(t) be two independent Poisson processes of refesda,. The counting
process Nt) = Ni(t) + Na(t) is a Poisson process of ratg + As.

Proof We show that the interarrival times of tiN(t) process are iid exponential random variables.
Suppose theN(t) process just had an arrival. Whether that arrival was figjt) or No(t), X;,

the residual time until the next arrival & (t), has an exponential PDF sinbi(t) is a memoryless
process. Furthek, the nextinterarrival time of thi (t) process, can be written 2s= min(Xq, X2).
Since X1 and X» are independent of the past interarrival tim¥smust be independent of the past
interarrival times. In addition, we observe thét> x if and only if X; > x and Xy > x. This
implies P[X > x] = P[X1 > X, X2 > x]. SinceNj(t) and Nx(t) are independent processes,
and X5 are independent random variables so that

X <0,

Y (10.23)

1
PIX > x] = P[Xy > x] P[X2 > x] = { L o

ThusX is an exponentiali, + Ap) random variable.

We derived the Poisson process of rat&s the limiting case (a& — 0) of a Bernoulli
arrival process that has an arrival in an interval of lenggtiith probabilityAA. When we
consider the sum of two independent Poisson procdssés + Na(t) over an interval of
lengthA, each procesh (t) can have an arrival with probability; A. The probability that
both processes have an arrivakisioA2. As A — 0, A2 « A and the probability of two
arrivals becomes insignificant in comparison to the probability of a single arrival.

Example 10.16 Cars, trucks, and buses arrive at a toll booth as independent Poisson processes with
rates Ac = 1.2 cars/minute, At = 0.9 trucks/minute, and Ap = 0.7 buses/minute. In
a 10-minute interval, what is the PMF of N, the number of vehicles (cars, trucks, or
buses) that arrive?

By Theorem 10.5, the arrival of vehicles is a Poisson process of rate A = 1.2+ 0.9 +
0.7 = 2.8 vehicles per minute. In a 10-minute interval, AT = 28and N has PMF

28" 28/n1 n=0,1,2,...,

0 otherwise. (10.24)

Pn (n):{

Theorem 10.5 describes the composition of a Poisson process. Now we examine the
decomposition of a Poisson process into two separate processes. Suppose whenever a
Poisson procesl(t) has an arrival, we flip a biased coin to decide whether to call this a
type 1 or type 2 arrival. That is, each arrivalléft) is independently labeled either type 1
with probability p or type 2 with probability - p. This results in two counting processes,

N1 (t) andNa2(t), whereN; (t) denotes the number of typearrivals by timet. We will call
this procedure of breaking down th&t) processes into two counting processgenoulli
decomposition.



10.6 PROPERTIES OF THE POISSON PROCESS 367

Theorem10.6  The counting processesiM) and N(t) derived from a Bernoulli decomposition of the
Poisson process () are independent Poisson processes with ragandi(1 — p).

Proof Let X(l'), Xg), ... denote the interarrival times of the procd$gt). We will verify that

Xil), X(Zl), .. andX(lz), Xéz), ... are independent random sequences, each with exponential CDFs.
We first consider the interarrival times of tiM (t) process. Suppose tintemarked arrivaih — 1

of the N1 (t) process. The next interarrival tlrrxhl) depends only on future coin flips and future
arrivals of the memoryles (t) process and thus is independent of all past interarrival times of either
the N1 (t) or No(t) processes. This implies the, (t) process is independent of tiNa(t) process.

All that remains is to show is tha(,ﬂl) is an exponential random variable. We observe )({é} > X

if there are no type 1 arrivals in the intenfalt 4 x]. For the interva[t, t + x], let N; andN denote

the number of arrivals of thisl; (t) andN(t) processes. In terms &y andN, we can write

P [x(l) > x] = Py, (0) = n;) Pny (N (OI) Py (). (10.25)

Given N = n total arrivals,N; = 0 if each of these arrivals is labeled type 2. This will occur with
probability Py, N (0In) = (1 — p)". Thus

AX Na—(1—p)Ax
P[x,ﬂ“ ] Z<1 )nuz _prZ[(l p)AX]e  (1026)

1

Thus P[X(l) > X] = e PAX; eachX(l) has an exponential PDF with mean pAj. It follows that
N1(t) is a Poisson process of ratg = pA. The same argument can be used to show that each

(2) has an exponential PDF with mean[@/— p)A], implying Nx(t) is a Poisson process of rate
)»2 ={1-par

Example 10.17 A corporate Web server records hits (requests for HTML documents) as a Poisson
process at a rate of 10 hits per second. Each page is either an internal request (with
probability 0.7) from the corporate intranet or an external request (with probability 0.3)
from the Internet. Over a 10-minute interval, what is the joint PMF of |, the number
of internal requests, and X, the number of external requests?

By Theorem 10.6, the internal and external request arrivals are independent Poisson
processes with rates of 7 and 3 hits per second. Ina 10-minute (600-second)interval, |
and X are independent Poisson random variables with parameters o | = 7(600) = 4200
and ey = 3(600) = 1800hits. The joint PMF of | and X is

P x (i, %) = Py (i) Px () (10.27)
4200 j n—4200 1800 —1800
_ | @200 (18007 i,x€{0,1,..}, (10.28)
0 otherwise.

The Bernoulli decomposition of two Poisson processes and the sum of two Poisson
processes are, in fact, very closely related. Theorem 10.6 says two independent Poisson
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processesls (t) andN(t) with ratesi1 andi, can be constructed from a Bernoullidecom-
position of a Poisson procebKt) with ratei 1 + A2 by choosing the success probability to

be p = A1/(A1 + A2). Furthermore, given these two independent Poisson procBigses
andNa(t) derived from the Bernoulli decomposition, the origimalt) process is the sum

of the two processes. That ibl(t) = Ni(t) + N2(t). Thus whenever we observe two
independent Poisson processes, we can think of those processes as being derived from a
Bernoulli decomposition of a single process. This view leads to the following conclusion.

Let N(t) = N1(t) + Na(t) be the sum of two independent Poisson processes withxates
and A2. Given that the Nt) process has an arrival, the conditional probability that the
arrival is from Ni(t) isA1/(A1 + A2).

Proof We can viewNj (t) and N (t) as being derived from a Bernoulli decompositionMt) in
which an arrival ofN(t) is labeled a type 1 arrival with probabiliy; /(.1 + A2). By Theorem 10.6,
N1 (t) andN(t) are independent Poisson processes withiragada, respectively. Moreover, given
an arrival of theN(t) process, the conditional probability that an arrival is an arrival ofNpé)
process is als@y /(A1 + A2).

A second way to prove Theorem 10.7 is outlined in Problem 10.6.2.

Let N(t) be a Poisson process of raie Let N'(t) be a process in which we count only
even-numbered arrivals; that is, arriva®s4, 6, . . ., of the process K). Is N’(t) a Poisson
process?

10.7 The Brownian Motion Process

Definition 10.10

The Poisson process is an example of a continuous-time, discrete-value stochastic process.
Now we will examine Brownian motion, a continuous-time, continuous-value stochastic
process.

Brownian Motion Process

A Brownian motion process W(t) has the property that \W) = 0 and fort > 0, W(t +
1) — W(t) is a Gaussian0, ./at) random variable that is independent of (W) for all
t' <t.

For Brownian motion, we can vieW/(t) as the position of a particle on a line. For a small
time incremeng,
W(t +68) = W) + [W(t +68) — W()]. (10.29)

Although this expansion may seem trivial, by the definition of Brownian motion, the incre-
mentX = W(t 4+ §) — W(t) is independent ofV(t) and is a Gaussia(®, v/a3) random
variable. This property of the Brownian motion is calledependent incrementsThus
after a time step, the particle’s position has moved by an amoMrthat is independent of
the previous positiolV(t). The position chang& may be positive or negative. Brownian
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motion was first described in 1827 by botanist Robert Brown when he was examining the
movement of pollen grains in water. It was believed that the movement was the result of
the internal processes of the living pollen. Brown found that the same movement could be
observed for any finely ground mineral particles. In 1905, Einstein identified the source of
this movementas random collisions with water molecules in thermal motion. The Brownian
motion process of Definition 10.10 describes this motion along one axis of motion.

Brownian motion is another process for which we can derive the PDF of the sample
vectorW = [W(ty), - -~ , W(t)]'".

For the Brownian motion process iy, the joint PDF ofW = [W(ty), ..., W(tk)]/ is

e~ (wn—wn-1)?/[2e(th—th_1)]

k 1
f S I
ww !:[1 vV 2ma(th — th-1)

Proof SinceW(0) = 0, W(t;) = X(t;) — W(0) is a Gaussian random variable. Given time
instantstq, ..., tx, we definetg = 0 and, forn = 1,..., k, we can define the increment, =
W(th) — W(th_1). Note thatXq, ..., Xk are independent random variables such ¥iais Gaussian

0, ya(tn — th—1)).

1 2
fy, (X) = —=——g X/[2ath=th-0)], 10.30
Xn (X) et D ( )

Note thatW = w if and only if Wy = wq and forn = 2, ... Kk, Xy = wn — wp_1. Although we
omit some significant steps that can be found in Problem 10.7.4, this does imply

k
fw W) = ] fxq (wn = wn_1). (10.31)
n=1

The theorem follows from substitution of Equation (10.30) into Equation (10.31).

Let W(t) be a Brownian motion process with varianga{W (t)] = at. Show that Xt) =
W(t)//« is a Brownian motion process with varianvar{ X (t)] = t.

10.8 Expected Value and Correlation

In studying random variables, we often refer to properties of the probability model such as
the expected value, the variance, the covariance, and the correlation. These parametersare a
few numbers that summarize the complete probability model. In the case of stochastic pro-
cesses, deterministic functions of time provide corresponding summaries of the properties
of a complete model.

For a stochastic proce3§(t), X(t1), the value of a sample function at time instanis
arandom variable. Hence it has a PPk, (x) and expected valug[ X (t1)]. Of course,
once we know the PDFx,)(X), everything we have learned about random variables and
expected values can be appliedXd 1) andE[X(t1)]. SinceE[X(t)] is simply a number
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for each value of, the expected valu&[X(t)] is a deterministic function of. Since
E[X(t)] is a somewhat cumbersome notation, the next definition is just a new notation that
emphasizes that the expected value is a function of time.

Definition 10.11 The Expected Value of a Process
Theexpected value of a stochastic process (X) is the deterministic function

px®) = E[XM®].

Example 10.18 If Ris a nonnegative random variable, find the expected value of X(t) = R| cos 2xft|.

The rectified cosine signal X (t) has expected value

ux (@) = E[R|cos2xft]] = E[R]|cos 2xft|. (10.32)

From the PDFfx ) (x), we can also calculate the varianceXoft). While the variance is

of some interest, the covariance function of a stochastic process provides very important
information about the time structure of the process. Recall thatXCoK] is an indication

of how much information random variab¥ provides about random variabfe When the
magnitude of the covariance is high, an observatioX pfovides an accurate indication of

the value ofY. If the two random variables are observationdf) taken at two different
times,t; seconds anty = t; + t seconds, the covariance indicates how much the process is
likely to change in the seconds elapsed betwdgrandt,. A high covariance indicates that

the sample function is unlikely to change much inthgecond interval. A covariance near
zero suggests rapid change. This information is conveyed gutoeovariancéunction.

Definition 10.12 Autocovariance
Theautocovariance function of the stochastic processtXis

Cx(t, T) = Cov[X(t), X(t + 1)].

Theautocovariance function of the random sequence, ¥

Cx[m, k] = Cov|[Xm, Xmk] -

Forrandom sequences, we have slightly modified the notation for autocovariance by placing
the arguments in square brackets just as a reminder that the functions have integer argu-
ments. For a continuous-time proceég), the autocovariance definitionat= 0 implies

Cx(t,t) = Var[X(t)]. Equivalently, fork = 0, Cx[n, n] = Var[Xp]. The prefixauto

of autocovariance emphasizes t@at(t, ) measures the covariance between two samples

of the same procesX(t). (There is also a cross-covariance function that describes the
relationship between two different random processes.)
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The autocorrelation function of a stochastic process is closely related to the autocovari-
ance function.

Definition 10.13 Autocorrelation Function

Theorem 10.9

Theautocorrelation function of the stochastic process(¥ is

Rx(t, 7) = E[XM)X(t +17)].

Theautocorrelation function of the random sequence, ¥

RxIm. k] = E [XmXmik]

From Theorem 4.16(a), we have the following result.

The autocorrelation and autocovariance functions of a proced$ 3atisfy

Cx(t, 7) = Rx(t, 1) — ux(®Oux(t + 7).

The autocorrelation and autocovariance functions of a random sequeRcaficfy

Cx[n, kKl = Rx[n, K] — px (M px(n+ k).

Since the autocovariance and autocorrelation are so closely related, it is reasonable to ask
why we need both of them. It would be possible to use only one or the other in conjunction
with the expected valug x (t). The answer is that each function has its uses. In particular,
the autocovariance is more useful when we want to Xise to predict a future value

X(t + 7). On the other hand, we learn in Section 11.5 that the autocorrelation provides a
way to describe the power of a random signal.

Example 10.19 Find the autocovariance C x (t t) and autocorrelation Ry (t, t) of the Brownian motion

process X(t).

From the definition of the Brownian motion process, we know that . x (t) = 0. Thus the
autocorrelation and autocovariance are equal: C x(t, ) = Rx(t, ). To find the auto-
correlation Rx (t, 7), we exploit the independentincrements property of Brownian mo-
tion. For the moment, we assume t > 0 so we can write Rx (t, t) = E[X(t) X(t + 7)].
Because the definition of Brownian motion refers to X (t + t) — X(t), we introduce this
quantity by substituting X(t + t) = X(t 4+ 7) — X(t) + X(t). The resultis

Rx(t, 7) = E[XMO[(X(t + 1) — X (1)) + X(D)]] (10.33)
= E[XM[X({t+1)— XD +E [Xz(t)] . (10.34)

By the definition of Brownian motion, X(t) and X(t 4+ r) — X(t) are independent with
zero expected value. This implies

E[X®OIX({t+71)— XMW = E[XO] E[X({+17)— X({t)]=0. (10.35)
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Furthermore, since E[X(t)] = O, E[Xz(t)] = Var[X(t)]. Therefore, Equation (10.34)
implies
Ry(t,7) = E [Xz(t)] —at, >0 (10.36)

When t < 0, we can reverse the labels in the preceding argument to show that
Rx (t, ) = a(t + 7). For arbitrary t and T we can combine these statements to write

Rx(t,7) = amin{t,t +7}. (10.37)

The inputto a digital filter is an iid random sequence.... ., X _1, Xg, X1, ... with E[Xj] =
0 and Var[Xj] = 1. The output is a random sequence...,Y_1, Yy, Y1, ..., related to
the input sequence by the formula

Yn = Xn + Xpn_1 for all integers n. (10.38)

Find the expected value E[Yn] and autocovariance function Cy[m, K].

Because Yj = X + Xj_1, we have from Theorem 4.13, E[Y;] = E[Xj]+ E[Xj_1] = 0.
Before calculating Cy[m, k], we observe that X being an iid random sequence with
E[Xn] = 0and VarfXn] = 1 implies

1 k=0,
CxIm,k]=E [mem+k] = { 0 otherwise. (10.39)
For any integer k, we can write
Cy[mkl=E [YmYm+k] (10.40)
= E[(Xm + Xm-1) Xk + Xmik-1)] (10.41)

= E [XmXmik + XmXmik-1 + Xm-1Xmik + Xm-1Xmk-1] - (10.42)
Since the expected value of a sum equals the sum of the expected values,
Cy[m, k] = Cx[m, k] +Cx[m, k — 1] +Cx[m—1,k+ 1]+ Cx[m—1,k].  (10.43)

We still need to evaluate this expression for all k. For each value of k, some terms in
Equation (10.43) will equal zero since C x[m, k] = 0 for k # 0. In particular, if |K| > 1,
then k, k — 1 and k + 1 are nonzero, implying Cy[m, k] = 0. Whenk = 0, we have

Cy[m, 0] =Cx[m, 0] +Cx[m, =1] +Cx[m—1,1] +Cx[m—1,0] = 2. (10.44)
For k = —1, we have
Cy[m, —1] = Cx[m, —1] + Cx[m, —2] + Cx[m — 1,0] + Cx[m — 1, —1] = 1. (10.45)
The final case, k = 1, yields
Cy[m, 1] = Cx[m, 1] +Cx[m, 0] + Cx[m—1,2] + Cx[m—1,1] = 1. (10.46)
A complete expression for the autocovariance is

2— |kl k=-1,0,1,

0 otherwise. (10.47)

Cylm, k] = {
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We see that since the filter output depends on the two previous inputs, the filter outputs
Yn and Y11 are correlated, whereas filter outputs that are two or more time instants
apart are uncorrelated.

An interesting property of the autocovariance function found in Example 10.20 is that
Cy[m, k] depends only ok and not orm. In the next section, we learn that this is a property
of a class of random sequences referred tstasionaryrandom sequences.

Given a random process(X) with expected valug x (t) and autocorrelation R (t, t), we
can make the noisy observatioiitY = X (t) + N(t) where Nt) is a random noise process
with un (1) = 0 and autocorrelation R (t, r). Assuming that the noise processtNis
independent of ®), find the expected value and autocorrelation gf)Y

10.9 Stationary Processes

Definition 10.14

Recall that in a stochastic proces§(t), there is a random variablé(t1) at every time
instantt; with PDF fxt,)(x). For most random processes, the PDt,)(x) depends on
t1. For example, when we make daily temperature readings, we expect that readings taken
in the winter will be lower than temperatures recorded in the summer.

However, for a special class of random processes knostiaisnary processes$ x ) (X)
does not depend dn. Thatis, for any two time instants andt; + t,

fxay ) = fxtprn ) = fx (X). (10.48)

Therefore, in a stationary process, we observe the same random variable at all time instants.
The key idea of stationarity is that the statistical properties of the process do not change
with time. Equation (10.48) is a necessary condition but not a sufficient condition for a
stationary process. Since the statistical properties of a random process are described by
PDFs of random vectofsX(t1), ..., X(tm)], we have the following definition.

Stationary Process
A stochastic process (X) is stationary if and only if for all sets of time instants,t. . ., tm,
and any time difference,

A random sequence pXis stationary if and only if for any set of integer time instants
ni, ..., Nm, and integer time difference k,

Xy oo X XLs o Xm) = X0 e X (X2 -2+ Xm)
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Generally itis not obvious whether a stochastic process is stationary. Usually a stochastic
processis not stationary. However, proving or disproving stationarity can be tricky. Curious
readers may wish to determine which of the processes in earlier examples are stationary.

Example 10.21 Determine if the Brownian motion process introduced in Section 10.7 with parameter

Theorem 10.10

Theorem 10.11

« is stationary.

For Brownian motion, X(ty) is the Gaussian (0, ./at7) random variable. Similarly,
X(tp) is Gaussian (0, ,/aty). Since X(t1) and X(t2) do not have the same variance,
fx ) X) # fxt,)(X), and the Brownian motion process is not stationary.

The following theorem applies to applications in which we modify one stochastic process
to produce a new process. If the original process is stationary and the transformation is a
linear operation, the new process is also stationary.

Let X(t) be a stationary random process. For constants & and b, Y(t) = aX(t) + bis
also a stationary process.

Proof Foranarbitrary setoftime samplgs. . ., th, we need tofind the joint PDF ¥f(ty), . .., Y(tn).
We have solved this problem in Theorem 5.10 where we found that

1 y1—b Yn—Db
fya,.. Yt Y1 -+ Yn) = Tan fX(ty),.... X(tn) ( PREREE na . (10.49)

Since the procesX(t) is stationary, we can write

-b Yn—b
Yt .. Ytnte) B2 Yn) = 25 XAt o X ) ( e T ) (10.50)
1 yo—b  yn—b
= o0 Xt X ) ( e (10.51)
= fytp,..Yt) Y1, -5 Yn) - (10.52)

ThusY (t) is also a stationary random process.

There are many consequences of the time-invariant nature of a stationary random process.
For example, settingh = 1 in Definition 10.14 leads immediately to Equation (10.48).
Equation (10.48) implies, in turn, that the expected value function in Definition 10.11
is a constant. Furthermore, the autocovariance function and the autocorrelation function
defined in Definition 10.12 and Definition 10.13 are independettanid depend only on
the time-difference variable. Therefore, we adopt the notati@ (r) and Ry () for the
autocovariance function and autocorrelation function of a stationary stochastic process.

For a stationary process ¥), the expected value, the autocorrelation, and the autocovari-
ance have the following properties for all t:

(@) ux() = ux,
(b) Rx(t, ) = Rx(0, 1) = Rx (1),
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(€) Cx(t, ) = Rx(r) — % = Cx(7).

For a stationary random sequence, Xhe expected value, the autocorrelation, and the
autocovariance satisfy for all n

(a) E[Xn] = ux,
(b) RxIn, k] = Rx[0,Kk] = RxI[KI,
(c) CxIn, k] = Rx[k] — u% = CxIK].

Proof By Definition 10.14, stationarity oK (t) implies fx ,(x) = fx(g)(x) so that

Mx(t)=/ Xfx ) (%) dX=/ Xfx () (%) dx = ux(0). (10.53)

Note thatux (0) is just a constant that we callx. Also, by Definition 10.14,

X (). X t+r) (X1 X2) = Fx(t—t), Xt+r—t) (X1, X2) , (10.54)
so that
o o0
Rx (t, 7) = E[X(®O)X(t + 1)] =/ / X1X2 Fx 0y, x (r) (X1, X2) dxq dxo (10.55)
—00 J—00
= Rx (0, 7) = Rx (7). (10.56)

Lastly, by Theorem 10.9,
Cx(t, 1) = Rx(t, 7) — % = Rx () — i% = Cx(v). (10.57)

We obtain essentially the same relationships for random sequences by rep{atirasnd X (t + )
with Xp and Xp4k.

Example 10.22 At the receiver of an AM radio, the received signal contains a cosine carrier signal at
the carrier frequency fc with a random phase ® that is a sample value of the uniform
(0, 27r) random variable. The received carrier signal is

X(t) = Acos2rfct + ©). (10.58)

What are the expected value and autocorrelation of the process X(t)?

The phase has PDF

) 1/@mr) 0<0 <2m,
fo 0) = { 0 otherwise. (10.59)
For any fixed angle « and integer k,

27 1
E [cos(a + k®)] = / coSw + k9)2— de (10.60)

0 T
_ sm(ak+ 0) _ sin(a + kn) Sina _o (10.61)

0
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Choosing o« = 2nrfct, and k = 1, E[X(1)] is
ux (t) = E[Acos@rfct + ©)] = 0. (10.62)

We will use the identity cosAcosB = [coS A — B) + cos(A + B)]/2 to find the autocor-
relation:

Rx(t,7) = E[Aco2xfct + ®)Acos@nfc(t+ 1) + O)]
2
% E[cos@rfct) + cox2nfe(2t + 1) + 20))].

Foroa =2xafc(t +7) andk = 2,

E [cos@rfc(2t + T) 4+ 20)] = E[cos(a + k®)] = 0. (10.63)
Thus
A2
Rx(t, 1) = - cos@rfer) = Ry (7). (10.64)

Therefore, X(t) has the properties of a stationary stochastic process listed in Theo-
rem 10.11.

Let X1, Xo, ... be aniid random sequence. 15 XXo, ... a stationary random sequence?

10.10 Wide Sense Stationary Stochastic Processes

Definition 10.15

There are many applications of probability theory in which investigators do not have a
complete probability model of an experiment. Even so, much can be accomplished with
partial information about the model. Often the partial information takes the form of expected
values, variances, correlations, and covariances. Inthe context of stochastic processes, when
these parameters satisfy the conditions of Theorem 10.11, we refer to the relevant process
aswide sense stationary.

Wide Sense Stationary
X(t) is awide sense stationary stochastic process if and only if for all t,

E[X®] =ux, and Rx(t,7) = Rx(0,1)= Rx (7).

Xp is awide sense stationary random sequence if and only if for all n,

E[Xn] = ux., and Rx[n, k] = Rx[0,k] = Rx[K].

Theorem 10.11 implies that every stationary process or sequence is also wide sense station-
ary. However, ifX(t) or X, is wide sense stationary, it may may note stationary. Thus
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wide sense stationary processes include stationary processes as a subset. Some texts use
the termstrict sense stationarfpor what we have simply callestationary.

Example 10.23 In Example 10.22, we observe that u x (t) = 0and Rx (t, 1) = (A2/2) cos 2nfet. Thus
the random phase carrier X(t) is a wide sense stationary process.

The autocorrelation function of awide sense stationary process has a number ofimportant
properties.

Theorem 10.12 For a wide sense stationary procesgtX the autocorrelation function R(tr) has the
following properties:

Rx(0) = 0, Rx (1) = Rx(-1), Rx(0) = [Rx ()]

If Xn, is a wide sense stationary random sequence:

Rx[0] = 0, Rx [kl = Rx[—KI, Rx[0] = [Rx[KI]] .

Proof For the first propertyRx (0) = Rx (t,0) = E[X2(t)]. SinceX2?(t) > 0, we must have
E[Xz(t)] > 0. For the second property, we substitute- t 4+ 7 in Definition 10.13 to obtain

Rx(t,t) = E[X(Uu—t)X(u)] = Rx(u,u —1). (10.65)
SinceX(t) is wide sense stationary,
Ry (t,t + 1) = Rx(r) = Rx(u,u — ) = Ry (—1). (10.66)

The proof of the third property is a little more complex. First, we note that whén is wide sense
stationary, VarK (t)] = Cx(0), a constant for ali. Second, Theorem 4.17 implies that

Cx(t, 1) < oxt)oxt+r) = Cx(0). (10.67)

Now, for any numbers, b, andc, if a < bandc > 0, then(a + c? < (b+0)2. Choosing
a = Cx(t. 1),b = Cx(0), andc = 1% yields

(Cx(t,t—f—r) +u§<)2 < (Cx(0)+u§<)2. (10.68)

In this expression, the left side equéRy (r))2 and the right side i6Rx (0))2, which proves the third
part of the theorem. The proof for the random sequéeXices essentially the same. Problem 10.10.5
asks the reader to confirm this fact.

Rx (0) has an important physical interpretation for electrical engineers.

Definition 10.16 Average Power
Theaverage power of a wide sense stationary processtXis Ry (0) = E[X2(t)].
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Theorem 10.13

Theaverage power of a wide sense stationary sequencgiX Rx[0] = E[Xﬁ].

This definition relates to the fact that in an electrical circuit, a signal is measured as
either a voltagev(t) or a curreni (t). Across a resistor oR 2, the instantaneous power
dissipated i9?(t)/R = i %(t)R. When the resistance R = 1 €, the instantaneous power
is v2(t) when we measure the voltage, 8tt) when we measure the current. When we use
X(t), a sample function of a wide sense stationary stochastic process, to model a voltage or a
current, the instantaneous power acros€adsistor isx2(t). We usually assume implicitly
the presence of a @ resistor and refer ta2(t) as the instantaneous powenrxt). By
extension, we refer to the random variablé(t) as the instantaneous power of the process
X(t). Definition 10.16 uses the terminologyeragepowerfor the expected value of the
instantaneous power of a process. Recall that Section 10.1 describes ensemble averages and
time averages of stochastic processes. In our presentation of stationary processes, we have
encountered only ensemble averages including the expected value, the autocorrelation, the
autocovariance, and the average power. Engineers, on the other hand, are accustomed to
observing time averages. For examples {t) models a voltage, the time average of sample
functionx(t) over an interval of durationRis

— 1 /7
X(T) = — X(t) dt. 10.69
M =5 [ _x0 (10.69)
This is theDC voltageof x(t), which can be measured with a voltmeter. Similarly, a time
average of the power of a sample function is

_ 1 T
X2(T :—/ 2(t) dt. 10.70
(M) >T _TX() ( )

The relationship of these time averages to the corresponding ensemble averagey]
E[X2(t)], is a fascinating topic in the study of stochastic processes. \Xii®ris a station-

ary process such that lim, .. X(T) = ux, the process is referred to asjodic In words,

for an ergodic process, the time average of the sample function of a wide sense stationary
stochastic process is equal to the corresponding ensemble average. For an electrical signal
modeled as a sample function of an ergodic process,and E[X2(t)] and many other
ensemble averages can be observed with familiar measuring equipment.

Although the precise definition and analysis of ergodic processes are beyond the scope
of this introductory text, we can use the tools of Chapter 7 to make some additional obser-
vations. For a stationary proceXst), we can view the time averag@T) as an estimate of
the parametemn x, analogous to the sample melin (X). The difference, however, is that
the sample mean is an average of independent random variables whereas sample values of
the random process(t) are correlated. However, if the autocovaria@ce(r) approaches
zero quickly, then a§ becomes large, most of the sample values will have little or no
correlation and we would expect the proce&s) to be ergodic. This idea is made more
precise in the following theorem.

Let X(t) be astationary random process with expected valj@nd autocovariance &(t).
If ffooo ICx(t)|dt < oo, thenX(T), X(2T), ... is an unbiased, consistent sequence of
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estimates ofix.

Proof First we verify thatX(T) is unbiased:

— 1 T 1 7 1 7
E[X(T)]:EE /_TX(t)dt =E/_TE[X(t)] dt=ﬁf_Tuxdt=ux (10.71)

To show consistency, it is sufficient to show that4im,, Var{X(T)] = 0. First, we observe that
X(T) = ux = 5 [T3(X(t) — pux) dt. This implies

T 2
Var[X(T)] = E [(i/ (X(1) —ux)dt> } (10.72)
2T J_1
=E L /T (X(t) — uy)dt /T (X" — uy)dt’ (10.73)
~ o Llen? e e T - '
= i/T /T E[(X(t) — ux)(X(t') — ux)] dt’ dt (10.74)
S en2)gl)g Fx 1 '
—L/T /Tc (t’' —t)dt’dt (10.75)
T2 )l ' '
We note that
T T
/ Cx(t' —t)dt’ 5/ |ICx (" —t)| dt’ (10.76)
-T -T
o o
5/ |ICx (" — )] dt’:/ |Cx (7)] dT < oo. (10.77)
—0o0 —0oQ
Hence there exists a constdfitsuch that
— T K
Var[X(T)] < T2 /_T Kdt= o (10.78)
Thus limr_, o VarfX(T)] < limT_, % =0.
Quiz10.10 Which of the following functions are valid autocorrelation functions?
(1) Ri(r) = eIl 2) Ro(r) =
(3) Rs(r) = e Tcost (4) Ry(r) = e " sint

10.11 Cross-Correlation

In many applications, it is necessary to consider the relationship of two stochastic processes
X(t) andY(t), or two random sequences, andY,. For certain experiments, it is ap-
propriate to modeK (t) andY(t) as independent processes. In this simple case, any set
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Definition 10.17

Definition 10.18

of random variableX(t1), ..., X(t) from the X (t) process is independent of any set of
random variable¥ (ty), ..., Y(tJf) from theY (t) process. In general, however, a complete
probability model of two processes consists of a joint PMF or a joint PDF of all sets of
random variables contained in the processes. Such a joint probability function completely
expresses the relationship of the two processes. However, finding and working with such a
joint probability function is usually prohibitively difficult.

To obtain useful tools for analyzing a pair of processes, we recall that the covariance
and the correlation of a pair of random variables provide valuable information about the
relationship between the random variables. To use this information to understand a pair of
stochastic processes, we work with the correlation and covariance of the random variables
X(@) andY(t + 7).

Cross-Correlation Function
Thecross-correlation of continuous-time random processeé Xand Y(t) is

Rxy(t, ) = E[X®)Y(t + 1)].

Thecross-correlation of random sequencespXand Y; is

Rxy[m, kI = E [ XmYmk] -

Just as for the autocorrelation, there are many interesting practical applications in which
the cross-correlation depends only on one time variable, the time diffeteprcie index
differencek.

Jointly Wide Sense Stationary Processes

continuous-time random processeé Xand Y(t) arejointly wide sense stationary if X (t)

and Y(t) are both wide sense stationary, and the cross-correlation depends only on the time
difference between the two random variables:

Rxy(t, ) = Rxy (7).

Random sequences, &nd Y, arejointly wide sense stationary if X, and Y, are both wide
sense stationary and the cross-correlation depends only on the index difference between the
two random variables:

Rxy[m, k] = RxvI[K].

We encounter cross-correlations in experiments that involve noisy observations of a wide
sense stationary random proce&d).

Example 10.24 Suppose we are interested in X(t) but we can observe only

Y(t) = X(t) + N(t) (10.79)

where N(t) is a noise process that interferes with our observation of X(t). Assume
X(t) and N(t) are independent wide sense stationary processes with E[X(t)] = u x
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and E[N(t)] = un = 0. Is Y(t) wide sense stationary? Are X(t) and Y (t) jointly wide
sense stationary? Are Y(t) and N(t) jointly wide sense stationary?

Since the expected value of a sum equals the sum of the expected values,
E[Y ()] = E[X(®)] + E[N®)] = ux. (10.80)

Next, we must find the autocorrelation

Ry(t,©) = E[Y®)Y(t+ 1)] (10.81)
= E[(X() + N@®)) (X(t + 1) + N(t + 1))] (10.82)
= Rx(7) + Rxn(t, ) + Ry x(t, ) + RN (7). (10.83)

Since X(t) and N(t) are independent, Ry x (t, ) = E[N®)]E[X(t 4+ 7)] = 0. Similarly,
RxN(t, 7) = uxun = 0. This implies

Ry (t, 1) = Rx(r) + RN (7). (10.84)

The right side of this equation indicates that Ry (t, t) depends only on ¢, which implies
that Y(t) is wide sense stationary. To determine whether Y (t) and X(t) are jointly wide
sense stationary, we calculate the cross-correlation

Ry x(t. 1) = E[Y ()X (t + )] = E[(X(®) + N@)X(t + 7)] (10.85)

= Rx (1) + Rnx(t, 7) = Rx (7). (10.86)

We can conclude that X(t) and Y (t) are jointly wide sense stationary. Similarly, we
can verify that Y (t) and N(t) are jointly wide sense stationary by calculating

Ryn(t, 7) = E[Y(®N( + )] = E[(X() + N(®)N(t + 7)] (10.87)
= RxN(t, 7) + RN () = RN (D). (10.88)

In the following example, we observe that a random sequ&Ragerived from a wide
sense stationary sequen€g may also be wide sense stationary even thoXiglandYy, are
not jointly wide sense stationary.

Example 10.25 Xj is a wide sense stationary random sequence with autorrelation function R x [K].
The random sequence Yy, is obtained from Xp by reversing the sign of every other
random variable in Xn: Yph = —1"Xp.

(a) Express the autocorrelation function of Yy, in terms of Ry [K].

(b) Express the cross-correlation function of X and Yp, in terms of Ry [K].
(c) Is Yn wide sense stationary?

(d) Are Xp and Yy jointly wide sense stationary?

The autocorrelation function of Yp, is

Ry[n, k] = E [YnYnsk] = E [(—1)”xn(—1)”+"xn+k] (10.89)
= (—12™KE [ XnXn k] (10.90)
= (—1¥RxIKI. (10.91)
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Theorem 10.14

Quiz10.11

Yn is wide sense stationary because the autocorrelation depends only on the index
difference k. The cross-correlation of X and Y, is

RcvIn. Kl = E [XnYnik] = E [ Xn (=1 Xy (10.92)
= (—1)™KE [XnXn k] (10.93)
= (=) KRy [KI. (10.94)

Xn and Yn are not jointly wide sense stationary because the cross-correlation depends
onbothnandk. Whenn and k are both even or when nand k are both odd, R xy[n, k] =
Ry [k]; otherwise Ryy[n, k] = —Rx[K].

Theorem 10.12 indicates that the autocorrelation of a wide sense stationary ptoess
is symmetric about = 0 (continuous-time) ok = 0 (random sequence). The cross-
correlation of jointly wide sense stationary processes has a corresponding symmetry:

If X (t) and Y(t) are jointly wide sense stationary continuous-time processes, then
Rxy(t) = Ry x(—1).

If X, and Y, are jointly wide sense stationary random sequences, then
Rxy[k] = Ry x[—KI.

Proof From Definition 10.17Rxy(r) = E[X(®)Y(t + t)]. Making the substitutiom =t + ¢
yields

Rxy(r) = E[X(u—-1)Y(W] = E[Y(UW)X(U — 1)] = Ry x(u, —1). (10.95)
SinceX(t) andY (t) are jointly wide sense stationafgy x(u, —t) = Ry x(—1). The proof is similar
for random sequences.

X(t) is a wide sense stationary stochastic process with autocorrelation functjgir)R
Y (t) is identical to Xt), except that the time scale is reversedt)Y= X(—t).
(1) Express the autocorrelation function oftY in terms of R (). Is Y(t) wide sense
stationary?

(2) Express the cross-correlation function oftXand Y(t) in terms of R (z). Are X(t)
and Y(t) jointly wide sense stationary?

10.12 Gaussian Processes

The central limittheorem (Theorem 6.14) helps explain the proliferation of Gaussian random
variables in nature. The same insight extends to Gaussian stochastic processes. For elec-
trical and computer engineers, the noise voltage in a resistor is a pervasive example of a
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phenomenon that is accurately modeled as a Gaussian stochastic process. In a Gaussian
process, every collection of sample values is a Gaussian random vector (Definition 5.17).

Definition 10.19 Gaussian Process
X(t) is a Gaussian stochastic process if and onl¥Xit= [X(tl) e X(tk)]/ is a Gaus-
sian random vector for any integerk 0 and any set of time instantg,tto, . . ., tk.

Xn is a Gaussian random sequence if and onlXif= [an Xnk]/ is a Gaussian
random vector for any integer ¥ 0 and any set of time instantg nnp, ..., nk.

In Problem 10.12.3, we ask the reader to show that the Brownian motion process in Sec-
tion 10.7 is a special case of a Gaussian process. Although the Brownian motion process
is not stationary (see Example 10.21), our primary interest will be in wide sense station-
ary Gaussian processes. In this case, the probability model for the process is completely
specified by the expected value and the autocorrelation functidRy (t) or Rx[k]. As a
consequence, a wide sense stationary Gaussian process is stationary.

Theorem 10.15 If X (t) is a wide sense stationary Gaussian process, thén X a stationary Gaussian
process.

If X, is a wide sense stationary Gaussian sequengas 4 stationary Gaussian sequence.

Proof Letu andC denote the expected value vector and the covariance matrix of the random vector
X = [X(tl) X(tk)]/. Let i andC denote the same quantities for the time-shifted random
vectorX = [X(t1+T) ... X +T)]/. Since X (t) is wide sense stationarg[X(tj)] =

E[X(tj + T)] = ux. Thei, jth entry ofC is

Cij =Cx(ti.tj) = Cx(tj —tj) = Cx(tj + T — (t + T)) = Cx(ti + T.t; + T) = Cjj. (10.96)

Thusp = ji andC = C, implying that fx (x) = fg(x). HenceX(t) is a stationary process. The
same reasoning applies to a Gaussian random sequ@nce

The white Gaussian noise processa convenient starting point for many studies in
electrical and computer engineering.

Definition 10.20 White Gaussian Noise
W(t) isawhite Gaussian noise process if and only ifty¥s a stationary Gaussian stochastic
process with the propertigsyy = 0 and Ry (t) = nod ().

A consequence of the definition is that for any collection of distinct time instants. , ti,

W(ty), ..., W(tk) is a set of independent Gaussian random variables. In this case, the value
of the noise at timé tells nothing about the value of the noise at titpeWhile the white
Gaussian noise process is a useful mathematical model, it does not conform to any signal
that can be observed physically. Note that the average noise power is

E [Wz(t)] = Rw(0) = co. (10.97)
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Thatis, white noise has infinite average power, which is physically impossible. The modelis
useful, however, because any Gaussian noise signal observed in practice can be interpreted
as a filtered white Gaussian noise signal with finite power. We explore this interpretation

in Chapter 11.

Quiz10.12 X(t) is a stationary Gaussian random process witR(t) = Oand autocorrelation function

Rx(r) = 2717, What is the joint PDF of Xt) and X(t + 1)?

10.13 MATLAB

Stochastic processes appear in models of many phenomena studied by electrical and com-
puter engineers. When the phenomena are complicsted]. AB simulations are valuable
analysis tools. To produdelaTLAB simulations we need to develop codes for stochastic
processes. Forexample, to simulate the cellular telephone switch of Example 10.4, we need
to model both the arrivals and departures of calls. A Poisson probgsss a conventional

model for arrivals.

Example 10.26 Use MATLAB to generate the arrival times S1, S, ... of a rate A Poisson process over

atime interval [0, T].

To generate Poisson arrivals at rate A, we employ Theorem 10.4 which says that the
interarrival times are independent exponential (A) random variables. Given interarrival
times X1, Xo, ..., the ith arrival time is the cumulative sum S; = X1 + Xo +--- + X;.

function s=poi ssonarrival s(l anmbda, T)
Y%arrival tinmes s=[s(1) s(n)]
% s(n)<= T < s(n+l)
n=ceil (1. 1*| anbda*T);
s=cunsum( exponenti al rv(l anbda, n));
while (s(length(s))< T),
s_new=s(length(s))+ ...
cunmsun{ exponenti al rv(l anbda, n));

s=[s; s_new];
end
s=s(s<=T);

This MATLAB code generates
cumulative sums of indepen-
dentexponential random vari-
ables; poissonarrivals
returns the vector s with
s(i) correspondingto S, the
ith arrival time. Note that the
length of s is a Poisson (AT)
random variable because the
number of arrivals in [0, T] is
random.

When we wish to examine a Poisson arrival process graphically, the vector of arrival
times is not so convenient. A direct representation of the prdéésss often more useful.

Example 10.27 Generate a sample path of N(t), a rate A = 5 arrivals/min Poisson process. Plot N(t)
over a 10-minute interval.

First we use the following code to generate the Poisson process:
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40
t =0. 01*( 0: 1000) ;
| anbda=5; 30
N=poi ssonprocess( | anbda, t); _
plot(t,N) £ 20
xlabel ("\it t");
ylabel ("\it N(t)’); 10

0

0 2 4 6 8 10

Figure 10.5 Agraph of a Poisson process sample pgéth) generated byoi ssonprocess. m

functi on N=poi ssonprocess(| anbda, t)
% nput: rate | anbda>0, vector t
%-or a sanple function of a

%oi sson process of rate | anbda,
9%N(i) = no. of arrivals by t(i)
s=poi ssonarrival s(| anbda, max(t));
N=count (s, t);

Given a vector of time in-
stants t, or equivalently
t = [ty tm]’, the func-
tion poi ssonprocess gen-
erates a sample path for a
rate A Poisson process N(t)
in the form of the vector N =

[Ng - Nm]/ where N; =
N(t;).

The basic idea of poi ssonprocess. mis that given the arrival times Sq, S, .. .,

N(t) = max{n|S <t} (10.98)

is the number of arrivals that occur by time t. This is implementedin N=count (s, t)
which counts the number of elements of s thatare less than orequalto t (i) foreach
t (i) . An example of a sample path generated by poi ssonpr ocess. mappears in
Figure 10.5.

Note that the number of arrivals generated pgi ssonpr ocess depends only on
T = max tj, but not on how finely we represent time. That is,
t=0.1*(0: 10*T) or t =0. 001* (0: 1000*T)
both generate a Poisson numié&rwith E[N] = AT, of arrivals over the intervdlD, T].
What changes is how finely we observe the oufgut).

Now thatM ATLAB can generate a Poisson arrival process, we can simulate systems such
as the telephone switch of Example 10.4.

Example 10.28 Simulate 60 minutes of activity of the telephone switch of Example 10.4 under the
following assumptions.
(a) The switch starts with M (0) = O calls.
(b) Arrivals occur as a Poisson process of rate A = 10 calls/min.

(c) The duration of each call (often called the holding time) in minutes is an expo-
nential (1/10) random variable independent of the number of calls in the system
and the duration of any other call.



386 CHAPTER 10 STOCHASTIC PROCESSES

120 600
— Arrivals

100 500 - Departures

80 = 400
- a
S 60 300
40 < 200
20 100
0 0
0 20 40 60 0 20 40 60
t t
(a) (b)

Figure 10.6 Output for si mswi t ch. m (a) The active-call procesdI(t). (b) The arrival and
departure processést) andD(t) such thatM (t) = A(t) — D(t).

function M=simsw tch(lanmbda, mu, t) In simsw tch. m the vectors
%0i sson arrivals, rate | anbda s and x mark the arrival times
%Exponential (mu) call duration and call durations. That is, the
%-or vector t of tines ith call arrives at time s(i),
%V(i) = no. of calls at time t(i) stays for time X(i), and departs
s=poi ssonarrival s(| anbda, max(t)); attime y(i)=s(i)+x(i). Thus
y=s+exponenti al rv(nu, size(s)); the vector y=s+x denotesthe call
A=count (s, t); completion times, also known as
D=count (y, t); departures.

M=A- D

By counting the arrivals s and departures y, we produce the arrival and departure
processes Aand D. At any given time t, the number of calls in the system equals
the number of arrivals minus the number of departures. Hence M=A- Dis the number
of calls in the system. One run of si mswi t ch. mdepicting sample functions of A(t),
D(t), and M(t) = A(t) — D(t) appears in Figure 10.6.

Similar techniques can be used to produce a Brownian motion pry¥¢ess

Example 10.29 Generate a Brownian motion process W(t) with parameter «.

functi on w=browni an(al pha, t) The function browni an. m
%Br owni an notion process produces a Brownian motion
Y%sanpled at t(l)<t(2)< ... process W(t). The vector x
t=t(:); consists of the independent
n=l engt h(t); increments. The ith incre-
delta=t-[0;t(1l:n-1)]; ment x( i) is scaled to have
x=sqrt (al pha*del ta).*gaussrv(0, 1, n); variance a(tj — tj_1).
w=cunsun( x) ;

Each graph in Figure 10.7 shows four sample paths of a Brownian motion processes
with « = 1. For plot (), 0 <t < 1, for plot (b), 0 <t < 10. Note that the plots
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X(t)

Figure 10.7 Sample paths of Brownian motion.

have different y-axis scaling because Var[X(t)] = «t. Thus as time increases, the
excursions from the origin tend to get larger.

For an arbitrary Gaussian procexst), we can useVIATLAB to generate random se-
guencesX, = X(nT) that represent sampled versionsXaft). For the sampled process,
the vectoiX = [Xo - -- Xn_l]’ is a Gaussian random vector with expected valye=
[E[X(©)] ---E[X((n— 1)T)]]/and covariance matri@x withi, jthelemenCx(, j) =
Cx(T, jT). We can generate samples oX using x=gaussvect or (nmu, C, m. As
described in Section 5.8yu is a lengthn vector andCis then x n covariance matrix.
WhenX (1) is wide sense stationary, the sampled sequence is wide sense stationary with
autocovarianc€ x[k]. In this case, the vectot = [Xo Xn_l]/ has covariance
matrix Cx with i, jth elemenCx(i, j) = Cx[i — j]. SinceCx[k] = Cx[—k],

Cx[0] Cx[1] --- Cx[n-1]
Cx — Cx.[l] Cx[0] (10.99)
: g Cx[1]
Cx[n—-1] ---  Cx[1] Cx[O]

We see thaCyx is constant along each diagonal. A matrix with constant diagonals is called

a Toeplitz matrix. When the covariance mat@x is Toeplitz, it is completely specified

by the vectort = [Cx[0] Cx[1] --- Cx[n— 1]]" whose elements are both the first
column and first row oCx. Thus the PDF oK is completely described by the expected
valueux = E[X;] and the vectoc. In this case, a function that generates sample vectors

X needs only the scalarx and vectorc as inputs. Since generating sample vecrs
corresponding to a stationary Gaussian sequence is quite common, we extend the function
gaussvect or ( nu, C, n) introduced in Section 5.8 to make this as simple as possible.
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0 10 20 30 40 50
(b) a = 0.01

Figure 10.8 Two sample outputs for Example 10.30.

functi on x=gaussvector(mu, C, m

%out put: m Gaussi an vectors,

%each with nmean nu

%and covari ance matrix C

if (mn(size(Q)==1)
C=toeplitz(O;

end

n=si ze(C, 2);

if (length(mu)==1)
mu=nu*ones(n, 1);

end

[U D, V]=svd(O;

x=V*(D (0.5))*randn(n, m. ..
+(mu(:)*ones(1,m);

If Cis alengthn row or column vector, it
is assumed to be the first row of anx n
Toeplitz covariance matrix that we create
with the statementC=t oepl i tz(C). In
addition, whennu is a scalar value, it is as-
sumed to be the expected valagX ] of a
stationary sequence. The program extends
mu to a lengthn vector with identical ele-
ments. Whemu is ann-element vector and
Cis ann x n covariance matrix, as was re-
quired in the originalgaussvect or. m
they are left unchanged. The real work of
gaussvect or still occurs in the last two
lines, which are identical to the simpler ver-
sion of gaussvect or . min Section 5.8.

Example 10.30 Write a MATLAB function x=gseq(a, n, n) that generates m sample vectors X =
[Xo --- Xn] of astationary Gaussian sequence with

(10.100)

function x=gseq(a, n,
nn=0: n;

cx=1./(1+a*nn.” 2);
x=gaussvector (0, cx, n);
pl ot (nn, x);

Allwe need to do is generate the vector cx corre-
sponding to the covariance function. Figure 10.8
shows sample outputs: (a) gseq( 1, 50, 5) and
(b) gseq(0.01, 50, 5).

We observe in Figure 10.8 that when a = 1, samples just a few steps apart are
nearly uncorrelated and the sequence varies quickly with time. By contrast, when
a = 0.01, samples have significant correlation and the sequence varies slowly.
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The switch simulation of Example 10.28 is unrealistic in the assumption that the switch can
handle an arbitrarily large number of calls. Modify the simulation so that the switch blocks
(i.e., discards) new calls when the switch has d20calls in progress. Estimate[B], the
probability that a new call is blocked. Your simulation may need to be significantly longer
than60 minutes.

Chapter Summary

This chapter introduces a model for experiments in which randomness is observed over
time.

The stochastic process(¥ is a mapping of outcomes of an experiment to functions of
time. Note thatX (t) is both a name of the process as well as the name of the random
variable observed at tinte

A probability modefor X (t) consists of the joint PMPx t,). ... x ) (X1, - - . , Xk) Or joint
PDF fx(ty).... Xt (X1, - - .. Xk) for all possiblefty, . . ., t}.

The iid random sequence;XXo, ... is a discrete-time stochastic process consisting of
a sequence of independent, identically distributed random variables.

The Poisson processa memoryless counting process, in which an arrival at a particular
instant is independent of an arrival at any other instant.

The Brownian motion procesgescribes a one-dimensional random walk in which at
every instant, the position changes by a small increment that is independent of the
current position and past history of the process.

The autocovariance and autocorrelatidnnctions indicate the rate of change of the
sample functions of a stochastic process.

A stochastic process is stationdfyhe randomness does not vary with time.

A stochastic process is wide sense stationfiphe expected value is constant with
time and the autocorrelation depends only on the time difference between two random
variables.

The cross-covariance and cross-correlation functicgyresent the relationship of two
wide sense stationary processes.

Further Reading]Do090] contains the original (1953) mathematical theory of stochas-
tic processes. [HSP87] is a concise introduction to basic principles for readers familiar
with probability and random variables. The second half of [PP01] is a comprehensive
treatise on stochastic processes.
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Problems

Difficulty: Easy Moderate Difficult Experts Only

10.2.1 For the random processes of Examples 10.3, 10.4, (b) What is E[T;1] minutes, the expected time for

10.5, and 10.6, identify whether the process is
discrete-time or continuous-time, discrete-value or
continuous-value.

10.2.2 Let Y(t) denote the random process corresponding

to the transmission of one symbol over the QPSK
communications system of Example 10.6. What
is the sample space of the underlying experiment?
Sketch the ensemble of sample functions.

10.2.3 In a binary phase shift keying (BPSK) communi-

cations system, one of two equally probable bits,
0 or 1, must be transmitted evefly seconds. If
the kth bit is j € {0, 1}, the Waveformxj- (t) =
cog2nfot + jm) is transmitted over the interval

the technician to find the first one-part-in#10
oscillator?

(c) What is the probability that the technician will
find the first one-part-in-l‘boscillator in exactly
20 minutes?

(d) What isE[Ts], the expected time of finding the
fifth one-part-in-lé oscillator?

10.3.3 For the random process of Problem 10.3.2, what is

the conditional PMF ofT, given T1? If the tech-
nician finds the first oscillator in 3 minutes, what
is E[T»| Ty = 3], the conditional expected value of
the time of finding the second one-part-irfids-
cillator?

[(k — DT, KT]. Let X(t) denote the random pro-10.3.4 Let X(t) = e~ @Dyt — T) be an exponential

cess in which three symbols are transmitted in th=
interval[0, 3T]. Assumingfgis aninteger multiple
of 1/T, sketch the sample space and correspondi
sample functions of the proceXqt).

10.2.4 True or false: For a continuous-value random pro-

cessX(t), the random variabl&(tg) is always a
continuous random variable.

10.3.1 Let W be an exponential random variable with PDF

fy () = e¥% w>0,
Wi =1 o otherwise

Find the CDFFy ) (x) of the time delayed ramp
processX(t) =t — W.

putfrequency of each oscillator is arandom variable
W uniformly distributed between 9980 Hz and 1020
Hz. The frequencies of different oscillators are in-
dependent. The oscillator company has an order for

pulse with a random delay. The delayT has a
PDF f1(t). Find the PDF ofX(t).

"8.4.1 Suppose that at the equator, we can model the noon-

time temperature in degrees Celsio&, on day

n by a sequence of iid Gaussian random variables
with a mean of 30 degrees and standard devia-
tion of 5 degrees. A new random proceds =
[Xok—1+ Xok1/2 is obtained by averaging the tem-
perature over two days. ¥ an iid random se-
quence?

10.4.2 For the equatorial noontime temperature sequence

Xn of Problem 10.4.1, a second sequence of aver-
aged temperaturesWh = [Xn + Xp_11/2. ISWh
an iid random sequence?

10.3.2 In a production line for 10 kHz oscillators, the out-10'4'3 Let Yy denote the number of failures between suc-

cessek—1andk of a Bernoulli( p) random process.
Also, letY; denote the number of failures before the
first success. Whatis the PM, (y)? IsYi aniid
random sequence?

one part in 16 oscillators with frequency between10.5.1 The arrivals of new telephone calls at a telephone

9999 Hz and 10001 Hz. A technician takes one
oscillator per minute from the production line and
measures its exact frequency. (This test takes one
minute.) The random variabl& minutes is the
elapsed time at which the technician firdsccept-
able oscillators.

(a) What isp, the probability that any single oscil-
lator has one-part-in-fOaccuracy?

switching office is a Poisson proceligt) with an
arrival rate ofA. = 4 calls per second. An exper-
iment consists of monitoring the switching office
and recording\ (t) over a 10-second interval.

(@) What isPy1)(0), the probability of no phone
calls in the first second of observation?

(b) WhatisPy 1)(4), the probability of exactly four
calls arriving in the first second of observation?



10.5.6 A sequence of queries are made to a database svs

3=

(c) WhatisPy (2)(2), the probability of exactly two
calls arriving in the first two seconds?

10.5.2 Queries presented to a computer database are a Pois-
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the probability that it will last at least eight more
seconds?

(c) What is the PMF ofN(t)?

son process of rate= 6 queries per minute. Anex- 10.5.7 The proof of Theorem 10.3 neglected to consider

periment consists of monitoring the databasenfior

minutes and recordinly (m), the number of queries

presented. The answer to each of the followin

questions can be expressed in terms of the PN

Pn(m) (K) = PIN(m) = K].

(a) What is the probability of no queries in a one
minute interval?

(b) What is the probability of exactly six queries ar-
riving in a one-minute interval?

(c) What is the probability of exactly three queries
arriving in a one-half-minute interval?

10.5.3 At a successful garage, there is always a backlog

of cars waiting to be serviced. The service times
of cars are iid exponential random variables with a
mean service time of 30 minutes. Find the PMF of
N(t), the number of cars serviced in the firstours
of the day.

10.5.4 The count of students dropping the course “Prob-

ability and Stochastic Processes” is known to be a
Poisson process of ratel0drops per day. Starting
with day 0, the first day of the semester, &t ) de-
note the number of students that have dropped af
t days. What isPp ) (d)?

10.5.5 Customers arrive at the Veryfast Bank as a Poisson

process of raté customers per minute. Each arriv-
ing customer is immediately served by a teller. Af-
ter being served, each customer immediately IeavE
the bank. The time a customer spends with a tell&r
is called the service time. If the service time of a
customer is exactly two minutes, what is the PMF
of the number of customemd(t) in service at the
bank at time?

the first interarrival timeX;. Show thatX also has
an exponentia{1) PDF.

g0.5.8 U1, Uo, ... are independent identically distributed

uniform random variables with parameters 0 and 1.
(a) LetXj = —InU;. WhatisP[X; > x]?
(b) What kind of random variable i ?

(c) Given a constartt > 0, let N denote the value
of n, such that

n
nUi >el> nUi.
i=1 i=1

Note that we defin(ﬂioz1 Ui = 1. Whatis the
PMF of N?

10.6.1 Customers arrive at a casino as a Poisson process of

rate 100 customers per hour. Upon arriving, each
customer must flip a coin, and only those customers
who flip heads actually enter the casino. D)
denote the process of customers entering the casino.
Find the PMF ofN, the number of customers who
arrive between 5 PM and 7 PM.

5.66.6.2 For a Poisson process of ratethe Bernoulli ar-

rival approximation assumes that in any very small
interval of lengthA, there is either 0 arrivals with
probability 1— A A or 1 arrival with probabilitya A.
Use this approximation to prove Theorem 10.7.

0.6.3 Continuing Problem 10.5.5, suppose each service

time is either one minute or two minutes equiprob-
ably, independent of the arrival process or the other
service times. What is the PMF of the number of
customersN(t) in service at the bank at tint@

10.6.4 Let N denote the number of arrivals of a Poisson

tem. The response time of the systéfnseconds,

is an exponential random variable with mean 8. As
soon as the system responds to a query, the next
query is made. Assuming the first query is made
at time zero, leN(t) denote the number of queries
made by timd.

(@) What isP[T > 4], the probability that a single
query will last at least four seconds?

(b) If the database user has been waiting five sec-
onds for a response, what®yT > 13|T > 5],

process of rate. over the interval(0, T). Given
N = n, letS, ..., S denote the corresponding
arrival times. Prove that

fs,..sIN (St ... Sin)
_{ n/T" 0<sp<---<sn<T,

0 otherwise

Conclude that, giveN(T) =n, S, ..., Sy are the
order statistics of a collection a@f uniform (0, T)
random variables. (See Problem 5.4.7.)
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10.7.1 Over the course of a day, the stock price of a widely whereCy, X1, Xo, ...isan iid random sequence of
traded company can be modeled as a Brownian mo- N[O, 1] random variables.
tion process wher(0) is the opening price at the (a) Find the mean and variance®j.

morning bell. Suppose the unit of tinhés an hour,

the exchange is open for eight hours, and the stan- (b) Find the autocovariandécm, k].

dard deviation of the daily price change (the dif- (c) Is this a plausible model for the daily tempera-
ference between the opening bell and closing bell ture over the course of a year?

prices) is 1/2 point. What is the value of the Brow- (d) WouldC4, ..., C31 constitute a plausible model
nian motion parameter? for the daily temperature for the month of Jan-

10.7.2 Let X(t) be a Brownian motion process with vari- uary?
ance VafX(t)] = at. For a constant > 0, deter- 10.8.5 For a Poisson procedé(t) of ratex, show that for
mine whethelY (t) = X(ct) is a Brownian motion s < t, the autocovariance iEN(s,t) = As. If
process. s > t, whatisCp (s, t)? Is there a general expres-

i 2
10.7.3 For a Brownian motion procesX(t), let Xg = sion forC (s. 1)

X(O)’ Xl = X(l)’ L representsamp|es OfaBrow_lO.g.l For an arbitrary constard, let Y(t) = X(t + a).

nian motion process with variana¢. The discrete- If X(t) is a stationary random processYig) sta-

time continuous-value proced§, Yo, ... defined tionary?

by Yn = Xn — X1 is called anincrements pro- 10.9.2 For an arbitrary constard, let Y(t) = X(at). If

cess Show thatyy is an iid random sequence. X(t) is a stationary random process, ¥st) sta-
10.7.4 This problem works out the missing steps in the tionary?

proof of Theorem 10.8. FAN andX as defined in 10.9.3 Let X(t) be a stationary continuous-time random

the proof of the theorem, show that = AX. What process. By samplingl(t) every A seconds, we

is the matrixA? Use Theorem 5.16 to finéy (w). obtain the discrete-time random sequenge =

. . . I ?
10.8.1 Xy is an iid random sequence with meBhXnp] = X(nA). IsYn a stationary random sequence

wy and variance VaiXnp] = G>2<_ What is the auto- 10.9.4 Given a wide sense stationary random sequence
covarianceCx[m, k]? Xn, we cansubsample X by extracting everkth

10.8.2 For the time delayed ramp proceXst) from Prob- sample:

lem 10.3.1, find for any > O:
(a) The expected value functiqry (t)

Yn = an
Is Yn a wide sense stationary random sequence?

10.9.5 Let A be a nonnegative random variable that

(b) The autocovariance functioBi (t, 7). Hint: is independent of any collection of samples

E[W] = 1 andE[W?] = 2.

X(t1), ..., X(tk) of a stationary random process
10.8.3 A simple model (in degrees Celsius) for the daily X(t). IsY(t) = AX(t) a stationary random pro-
temperature proces3(t) of Example 10.3 is cess?
2n 10.9.6 Let g(x) be an arbitrary deterministic function. If
Ch=16 [1 - cosﬁ} + 4Xn X(t) is a stationary random process, Y§t) =
g(X(t)) a stationary process?
where Xy, Xp, ... is an iid random sequence 0f10.10.Which of the following are valid autocorrelation
Gaussian0, 1) random variables. functions?
i 2
(a) What is the meai[Cn]~ Ry(1) = 8(1) Ry(1) = 8(1) + 10

(b) Find the autocovariance functi@x[m, k]. Re(t) = 8(r — 10)  Ry(r) = 8(z) — 10

(c) Why is this model overly simple?
. . 10.10.2et A be a nonnegative random variable that
10.8.4 A different model for the daily temperature process is independent of any collection of samples
C(n) of Example 10.3is X(tp), - .., X(tk) of awide sense stationary random
1 processX(t). IsY(t) = A+ X(t) awide sense sta-
Cn = 5Cn-1+4Xn tionary process?



10.10.3onsider the random process
W(t) = Xcos@rfgt) + Y cog2nfot)

whereX andY are uncorrrelated random variables,
each with expected value 0 and variance Find
the autocorrelatiorRyy (t, 7). Is W(t) wide sense
stationary?

10.10.4X(t) is a wide sense stationary random process with
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a version of X(t) delayed by 50 microseconds:
Y(t) = X(t — tg) wherety = 5 x 10~ °s.

(a) Derive the autocorrelation function %it).

(b) Derive the cross-correlation function of(t)
andY(t).

(c) IsY(t) wide sense stationary?
(d) Are X (t) andY () jointly wide sense stationary?

average power equal to 1. Letdenote a random 10.12.1A white Gaussian noise proced§t) with auto-

variable with uniform distribution ovgf, 2] such
that X(t) and® are independent.

(a) What isE[X2(1)]?
(b) What isE[cos@r fct + ©)]?

(c)Let Y(t) = X(t)co2xfct + ©).
E[Y(t)]?

(d) What is the average power ¥{t)?

What is

correlationRy (t) = «d(7) is passed through an
integrator yielding the output

t
Y(t):/ N(u) du.
0

Find E[Y(t)] and the autocorrelation function
Ry (t, 7). Show thatY(t) is a nonstationary pro-
cess.

10.10.5Prove the properties oRx[n] given in Theo- 10.12.2.et X(t) be a Gaussian process with meag(t)

rem 10.12.

10.10.8_et X, be a wide sense stationary random sequence
with expected valug x and autocovariand8y [K].

Form=0,1, ..., we define
1 m
Xm = X
m 2m+1Z .
n=—m

as the sample mean process. Prove that if
Y ke oo CxIK] < 00, thenXg, X1, ... is an unbi-
ased consistent sequence of estimatgsyaf

10.11.1X(t) andY(t) are independent wide sense station-

ary processes with expected valyegs anduy and

autocorrelation functionRy (t) andRy () respec-

tively. LetW(t) = X(t)Y(t).

(a) Find uyy and Ry (t, t) and show thaiV(t) is
wide sense stationary.

(b) Are W(t) and X (t) jointly wide sense station-
ary?

10.11.2X(t) is a wide sense stationary random process.
For each proces¥(t) defined below, determine
whetherX; (t) and X (t) are jointly wide sense sta-
tionary.

(@) X1.(t) = X(t +a)
(b) Xa(t) = X(at)

10.11.3X(t) is a wide sense stationary stochastic pro-
cess with autocorrelation functioRy(z) =
10sin@7x1000%)/(271000%). The proces¥ (t) is

and autocovarianc€x (t, 7). In this problem, we
verify that the for two sampleX(ty), X(tp), the
multivariate Gaussian density reduces to the bivari-
ate Gaussian PDF. In the following stepsdlétde-
note the variance ak(tj) and letp = Cx (t1,to —
t1)/(o0102) equal the correlation coefficient &t )

and X (t).

(a) Find the covariance matrfX and show that the
determinant isC| = 0202(1 — p?).

(b) Show that the inverse of the correlation matrix
is

1 =

c1l_ 1 0?2 0102
1-p2| = L

0102 af

(c) Now show that the multivariate Gaussian den-
sity for X(t1), X(tp) is the bivariate Gaussian
density.

10.12.3Show that the Brownian motion process is a Gaus-

sian random process. Hint: Péf andX as defined
in the proof of the Theorem 10.8, find matAxsuch
thatW = AX and then apply Theorem 5.16.

10.13.Write aM ATLAB program that generates and graphs

the noisy cosine sample path$cc(t), Xgc(t),
Xed(t), and Xgq(t) of Figure 10.3. Note that the
mathematical definition oKcc(t) is

Xce(t) = 2cos@nt) + N(t), —-1<t<1.

Note thatN(t) is a white noise process with au-
tocorrelationRy () = 0.018(z). Practically, the
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graph ofXcc(t) in Figure 10.3 is a sampled version
Xce[n] = Xee(nTs) where the sampling period is
Ts = 0.001s. In addition, the discrete-time func-
tions are obtained by subsampliXgc[n]. In sub-
sampling, we generat&qc[n] by extracting every
kth sample oiXcc[n]; see Problem 10.9.4. In terms
of MATLAB, which starts indexing a vectot with
first elementx (1),

Xdc(n)=Xcc(1+(n-1)k).
The discrete-time graphs of Figure 10.3 useg
100.

10.13.Zor the telephone switch of Example 10.28, we can

estimate the expected number of calls in the system,
E[M(t)], afterT minutes using the time average es-
timate

N L
MT = ?gM(k).

Perform a 600-minute switch simulation and graph
the sequenc®l(, Mo, ..., Mggo. Does it appear
that your estimates are converging? Repeat your
experiment ten times and interpret your results.

10.13.3A particular telephone switch handles only auto- ) . )
mated junk voicemail calls that arrive as a Poissoh0:13:65uppose the Brownian motion process is con-

process of raté = 100 calls per minute. Each au-
tomated voicemail call has duration of exactly one
minute. Use the method of Problem 10.13.2 to es-
timate the expected number of cai§M(t)]. Do

10.13.9n this problem, we employ the

{Sj1Sj < T}. Otherwise, ifSy < T, then we gen-
erate an additional arrivals and check i, > T.

This process may be repeated an arbitrary number
of timesk until S¢n > T. Let K equal the number

of times this process is repeated. WRaK = 1]?
What is the disadvantage of choosing lamgeo as

to increaseP[K = 1]?

result of
Problem 10.6.4 as the basis for a function
s=newar ri val s(| anbda, T) that generates

a Poisson arrival process. The program
newar ri val s. mshould do the following:

eGenerate a sample value lf a PoissoriAT)
random variable.

eGivenN = n, generatdUq, ..., Up}, a set of
n uniform (0, T) random variables.

eSort{Uy, ..., Un} from smallestto largestand
return the vector of sorted elements.

Write the programnewar r i val s. mand experi-
ment to find out whether this program is any faster
than poi ssonarrival s. m

strained by barriers. That is, we wish to generate a
processyY (t) such that-b < Y(t) < b for a con-
stantb > 0. Build a simulation of this system.
EstimateP[Y(t) = b].

your results differ very much from those of Prob40.13.7or the departure proces(t) of Example 10.28,

lem 10.13.27

10.13.4Recallthat for arate Poisson process, the expected

number of arrivals ifi0, T]isAT. Inspection of the
code forpoi ssonarri val s(| anbda, T) will
show that initiallyn = [1.1AT] arrivals are gener-
ated. IfS, > T, the program stops and returns

let Dy denote the time of thath departure. The
nth inter-departure timés thenVy = Dn — Dpy_1.
From a sample path containing 1000 departures, es-
timate the PDF oWj. Is it reasonable to mod#&f,

as an exponential random variable? What is the
mean inter-departure time?
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Random Signal Processing

In designing new equipment and evaluating the performance of existing systems, electrical
and computer engineers frequently represent electrical signals as sample functions of wide
sense stationary stochastic processes. We use probability density functions and probability
mass functions to describe the amplitude characteristics of signals, and we use autocorrela-
tion functions to describe the time-varying nature of the signals. Many important signals —
for example, brightness levels of television picture elements — appear as sample functions
of random sequences. Others — for example, audio waveforms — appear as sample func-
tions of continuous-time processes. However, practical equipment increasingly uses digital
signal processing to perform many operations on continuous-time signals. To do so, the
equipment contains an analog-to-digital converter to transform a continuous-time signal
to a random sequence. An analog-to-digital converter performs two operations: sampling
and quantization. Sampling with a peridgseconds transforms a continuous-time process
X(t) to arandom sequencé, = X (nTs). Quantization transforms the continuous random
variableX,, to a discrete random variab{@,.

In this chapter we ignore quantization and anallyzear filtering of random processes
and random sequences resulting from sampling random processes. Linear filtering is a
practical technique with many applications. For example, we will see that when we apply
the linear estimation methods developed in Chapter 9 to a random process, the result is a
linear filter. We will use the Fourier transform of the autocorrelation and cross-correlation
functions to develop frequency domain techniques for the analysis of random signals.

11.1 Linear Filtering of a Continuous-Time Stochastic Process

We begin by describing the relationship of the stochastic process at the output of a linear
filter to the stochastic process at the input of the filter. Consider a linear time-invariant (LTI)
filter with impulse responde(t). If the inputis a deterministic signalt), the outputw(t),

is the convolution

w(t) = /OO h(wv(t —u)du= /OO h(t — u)v(u)du. (11.1)

395
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Theorem 11.1

Theorem 11.2

If the possible inputs to the filter aset), sample functions of a stochastic proce&s),
then the outputsy(t), are sample functions of another stochastic procéds, Because
y(t) is the convolution ok (t) andh(t), we adopt the following notation for the relationship
of Y(t) to X(t):

Y(t) = /OO h(WX({ —udu= /OO h(t —uwX(u)du. (11.2)

Similarly, the expected value &f(t) is the convolution ofi(t) andE[ X (1)].

E[Y®)]=E [/OO hu) Xt — u)du} = /00 h(WE[X({ —u)] du.

WhenX (t) is wide sense stationary, we use Theorem 11.1 to d&¢, ) andRx v (t, 7)
as functions oh(t) andRyx (r). We will observe that wheiX (1) is wide sense stationary,
Y (1) is also wide sense stationary.

If the input to an LTI filter with impulse responséthis a wide sense stationary process
X(t), the output Xt) has the following properties:

() Y(t) is a wide sense stationary process with expected value
o0
py = O] =pox [ hwdu
and autocorrelation function
o0 o
Ry(t) = / h(u)/ h(v)Rx(t +u —v)dvdu.
—00 —00
(b) X(t)and Y(t) are jointly wide sense stationary and have input-output cross-correlation
o
Rxy(z) = / h(u)Rx(r —u)du.
—00
(c) The output autocorrelation is related to the input-output cross-correlation by
o
Ry (7) =/ h(—w)Rxy(r — w) dw.
—00

Proof We recall from Theorem 11.1 th&[Y (t)] = ffooo h(WE[X(t —u)]du. SinceE[X(t)] =
nx forallt, E[Y(1)] = ffooo h(u)ux du, which is independent df. Next, we observe that Equa-
tion (11.2) impliesY (t + ) = [°3_ h(v)X(t 4+ 7 — u) dv. Thus

o]

Ooh(u)X(t—u)duf h(v)X(t—|—t—v)dv] (11.3)

Ryt,n) = E[YOY(t+ D] =E [f

o o
- / h(u)/ h()E[X(t —wX(t +7 —v)] dudu. (11.4)
o0 —0o0
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BecauseX (1) is wide sense stationarig[ X(t — u) X(t + 7 — v)] = Rx(r — v + u) so that

Ry(t,7) = Ry(7) = /00 h(u)/Oo h()Rx (t — v + u) dv du. (11.5)

By Definition 10.15,Y(t) is wide sense stationary becausgY(t)] is independent of timé, and
Ry (t, v) depends only on the time shift
The input-output cross-correlation is

Rxy(t,7) = E [X(t) /Oo h()X{t+ 17 —v) dv:| (11.6)
—00

/OO h)E[XMX(t+1 —v)] dv = /00 h(v)Ry (t — v) dv. (11.7)

ThusRxy(t, ) = Rxy(r), and by Definition 10.18X (t) andY (t) are jointly wide sense stationary.
From Theorem 11.2(a) and Theorem 11.2(b), we observe that

o0

Ry (1) = /Oo h(u) /oo h(w)Rx(t +u—v)dv du= / h(u)Rxy(r 4+ u)du. (11.8)
—0 —x )

Rxy (t+u)

The substitutionw = —u yields Ry (t) = ffooo h(—w)Rxy(r — w) dw, to complete the derivation.

Example 11.1  X(t), a wide sense stationary stochastic process with expected value u x = 10 volts,
is the input to a linear time-invariant filter. The filter impulse response is

/0.2
e 0<t<0.1sec,
h(t) = { 0 otherwise. (119
What is the expected value of the filter output process Y (t)?
Applying Theorem 11.2, we have
[} 01
y = MX/ h(t) dt = 10/ /024t — 2(e°~5 - 1) —130V. (11.10)
—00 0

Example 11.2 A white Gaussian noise process W(t) with autocorrelation function Ry (t) = ngd(t)
is passed through the moving-average filter

1)T 0<t<T,

ht) = { 0  otherwise. (11.11)

For the output Y (1), find the expected value E[Y (t)], the input-output cross- correlation
Rwy(7) and the autocorrelation Ry (t).

We recall from Definition 10.20 that a Indexwhite noise process W(t) has expected
value uyw = 0. The expected value of the output is E[Y(t)] = wafooo h(t)dt = 0.
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Theorem 11.3

From Theorem 11.2(b), the input-output cross-correlation is

-
_no _ _ ) mo/T 0=<t<T,
Rwy(7) = T /;) 8 u)du_{ 0 otherwise. (11.12)

By Theorem 11.2(c), the output autocorrelation is

00 1 0
Ry (7) = f h(—v)Rwy(t —v)dv = —/ Rwy(t —v) dv. (11.13)
— 00 TJ-71
To evaluate this convolution integral, we must express Ry y(t — v) as a function of v.
From Equation (11.12),

t—T<v<rt,

O 0<t—v<T _
- otherwise.

1m0
—yy={ T
Rwy(® = v) _{ 0  otherwise

-5

(11.14)

Thus, Rwy(r — v) is nonzero over the interval t — T < v < r. However, in Equa-
tion (11.13), we integrate Ry y(r — v) over the interval - T < v < 0. Ift < =T or
v — T > 0, then these two intervals do not overlap and the integral (11.13) is zero.
Otherwise, for — T < t < 0, it follows from Equation (11.13) that

1 (7 no no(T + 1)
Ry(7) = — —“dv="2 7 11.15
®=7 /4 T T2 (11.15)
Furthermore,forO<t < T,
109 no no(T — 1)
R == —dv=——7F—. 11.16
VD=7 /I_T T T2 ( )

Putting these pieces together, the output autocorrelation is the triangular function

Ry(r) =

no(T —1th)/T? |t <T,
{ 0 otherwise. (11.17)

In Section 10.12, we observed that a white Gaussian M3isgis physically impossible
because it has average poviEEiW2(t)] = 108(0) = co. However, when we filter white
noise, the output will be a process with finite power. In Example 11.2, the output of the
moving-average filteh(t) has finite average powdy (0) = no/T. This conclusion is
generalized in Problem 11.1.4.

Theorem 11.2 provides mathematical procedures for deriving the expected value and
the autocorrelation function of the stochastic process at the output of a filter from the
corresponding functions at the input. In general, however, it is much more complicated to
determine the PDF or PMF of the output given the corresponding probability function of
the input. One exception occurs when the filter input is a Gaussian stochastic process. The
following theorem states that the output is also a Gaussian stochastic process.

If a stationary Gaussian procesg¥ is the inputto a LTl filter [it), the output Xt) is a sta-
tionary Gaussian process with expected value and autocorrelation given by Theorem 11.2.
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Although a proof of Theorem 11.3 is beyond the scope of this text, we observe that
Theorem 11.3 is analagous to Theorem 5.16 which shows that a linear transformation of
jointly Gaussian random variables yields jointly Gaussian random variables. In particular,
for a Gaussian input proces§(t), the convolution integral of Equation (11.2) can be
viewed as the limiting case of a linear transformation of jointly Gaussian random variables.
Theorem 11.7 proves that if the input to a discrete-time filter is Gaussian, the outputis also
Gaussian.

Example 11.3  Forthe white noise moving-average process Y (t) in Example 11.2, letn g = 10~ 15W/Hz

Quiz11.1

and T = 103 s. For an arbitrary time tq, find P[Y (tg) > 4-1076].

Applying the given parameter values n = 10~1° and T = 10~3 to Equation (11.17),
we learn that

Rylr] =

—9.10-3 _ —3
{éo (10 Iz)) Ir] <10 (11.18)

otherwise.
By Theorem 11.3, Y(t) is a stationary Gaussian process and thus Y (tg) is a Gaussian
random variable. In particular, since E[Y(tg)] = 0, we see from Equation (11.18) that
Y (tg) has variance Var[Y (tg)] = Ry (0) = 10~12. This implies

_ Y (to) 4.10°
P|lY(tg) >4-106| =P 11.19
[vto> ] [,/Var[Y(to)] " T106 } (1119
=Q4) =317-107°. (11.20)
Let h(t) be a low-pass filter with impulse response
et t>0,
h®) = { 0  otherwise. (11.21)

The input to the filter is Xt), a wide sense stationary random process with expected value
ux = 2 and autocorrelation R(r) = §(r). What are the expected value and autocorre-
lation of the output process(Y)?

11.2 Linear Filtering of a Random Sequence

Theorem 11.4

A strong trend in practical electronics is to use a specialized microcomputer referred to
as adigital signal processor (DSPo perform signal processing operations. To use a
DSP as a linear filter it is necessary to convert the input siggl to a sequence of
samplex(nT), wheren = --.,—-1,0,1,--- and 1/T Hz is the sampling rate. When

the continuous-time signal is a sample function of a stochastic pro¢éssthe sequence

of samples at the input to the digital signal processor is a sample function of a random
sequenceX, = X(nT). The autocorrelation function of the random sequeXgeconsists

of samples of the autocorrelation function of the continuous-time pro¢éss

The random sequence,¥6 obtained by sampling the continuous-time procegs at a rate
of 1/Ts samples per second. If(¥ is a wide sense stationary process with expected value
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E[X(t)] = ux and autocorrelation R(z), then X, is a wide sense stationary random
sequence with expected valugXg] = ux and autocorrelation function

Rx[K] = Rx (kTs).

Proof Because the sampling rate isTy/samples per second, the random variableinare
random variables X (t) occurring at intervals ofs seconds:Xp = X(nTs). Therefore E[Xn] =
E[X(nTs)] = nx and

Rx [kl = E[XnXntk] = E[X(nTs) X([n + Kk]Ts)] = Rx (kTs). (11.22)

Example 11.4  Continuing Example 11.3, the random sequence Y p, is obtained by sampling the white
noise moving-average process Y (t) at a rate of fs = 10* samples per second. Derive
the autocorrelation function Ry [n] of Yp.

Given the autocorrelation function Ry (t) in Equation (11.18), Theorem 11.4 implies

that
—-910-3 _ 4 —4 —3
RY[K] — Ry (k10— — | 1070073 — 10 k) ‘klo ’ <10 11.23)
0 otherwise
[ 10%1-01k) |k <10,
B { 0 otherwise. (11.24)

A DSP performgliscrete-time linear filtering. The impulse response of a discrete-time
filter is a sequencé,, n = ..., —1,0,1, ... and the output is a random sequenGg
related to the inpuK,, by the discrete-time convolution,

o
Yo= > hiXni. (11.25)
i=—o00
Corresponding to Theorem 11.2 for continuous-time processes we have the equivalent
theorem for discrete-time processes.

Theorem11.5 Ifthe input to a discrete-time linear time-invariant filter with impulse responsista wide
sense stationary random sequencg, e output ¥ has the following properties.

(@) Ynis awide sense stationary random sequence with expected value

o0
,U«YZE[Yn]=,U«X Z hn,

n=—o00
and autocorrelation function

o0 (o8}

Ry[nl= > > hihjRxIn+i - j].

i=—00 j=—00
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(b) Yy and X, are jointly wide sense stationary with input-output cross-correlation

(c) The output autocorrelation is related to the input-output cross-correlation by

Rynl= ) h-iRxy[n—il.

i=—00

Example 11.5 A wide sense stationary random sequence X with ux = 1 and autocorrelation func-
tion Ry [n] is the input to the order M — 1 discrete-time moving-average filter h , where

4 n=0,
hp={ M n=0...M=1 "y remi=] 2 n=x1, (11.26)
0 otherwise,
0 |n|>2.

For the case M = 2, find the following properties of the output random sequence Y p:
the expected value 1y, the autocorrelation Ry[n], and the variance Var[Yn].

For this filter with M = 2, we have from Theorem 11.5,

uy = uxho+hy) =ux =1. (11.27)

By Theorem 11.5(a), the autocorrelation of the filter output is

1 1
Ry[nl=) "> (0.25Rx[n+i — j] (11.28)
i=0j=0
= (0.5)Rx[n] + (0.25)Rx [n — 1] + (0.25)Rx[n + 1]. (11.29)

Substituting Ry [n] from the problem statement, we obtain

3 n=0,
]2 In=1,
Ry[nl=1 45 nl=2. (11.30)

0 otherwise.

To obtain Var[Yp], we recall from Definition 10.16 that E[Yﬁ] = Ry[0] = 3. Therefore,
Var[Yn] = E[YZ] — uZ = 2.

Note in Example 11.5 that the filter output is the average of the most recent input
sample and the previous input sample. Consequently, we could also use Theorem 6.1 and
Theorem 6.2 to find the expected value and variance of the output process.

Theorem 11.5 presents the important properties of discrete-time filters in a general way.
In designing and analyzing practical filters, electrical and computer engineers usually con-
fine their attention t@ausalfilters with the property that,, = 0 forn < 0. They consider
filters in two categories:
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e Finite impulse response (FIRiters withh, = 0 forn > M, whereM is a positive
integer. Note thai — 1 is called therder of the filter. The input-output convolution
is

M-1
Yo=Y hiXni. (11.31)
i=0

¢ Infinite impulse response (IIRiters such that for any positive integdt, h,, # 0
for at least one value af > N. The practical realization of an IIR filter is recursive.
Each filter output is a linear combination of a finite number of input samples and a
finite number of previous output samples:

00 M—1 N
Yo=Y hiXni=) aXni+y bjYnj. (11.32)
i=0 i=0 j=1
In this formula, theag, ap, ..., ay_1 are the coefficients of thivrward sectionof
the filter andbq, by, . . ., by are the coefficients of thieedback section.

Example 11.6 ~ Why does the index i in the forward section of an IIR filter start ati = 0 whereas the
index j in the feedback section starts at 1?

In the forward section, the output Y depends on the current input X, as well as past
inputs. However, in the feedback section, the filter at sample n has access only to
previous outputs Yp_1, Yq_2, ... in producing Yp.

Example 11.7 A wide sense stationary random sequence X with expected value ©x = 0 and au-
tocorrelation function Rx[n] = o28p is passed through the order M — 1 discrete-time
moving-average filter

1I/M 0<n<M-1,
hn = { 0 otherwise. (11.33)

Find the output autocorrelation Ry [n].

In Example 11.5, we found the output autocorrelation directly from Theorem 11.5(a)
because the averaging filter was a simple first-order filter. For a filter of arbitrary order
M — 1, we first find the input-output cross-correlation Ry y[k] and then use Theo-
rem 11.5(c) to find Ry[k]. From Theorem 11.5(b), the input-output cross-correlation

is
_o° ) o9/M k=0,1,...,.M -1,
RxvIkl = g i _{ 0 otherwise. (11.34)
From Theorem 11.5(c), the output autocorrelation is
00 1 0
Ry[n]zz_E: h,iRXyU1—|]::RZ' > RxyIn—il. (11.35)
i=—00 i=—(M-1)

To express Rxy[n —i] as a function of i, we use Equation (11.34) by replacing k in
Rx y[K] with n — i, yielding

62/M i=n—M+1n—M+2, ....n,

Rxyln =11 = { 0 otherwise. (11.36)
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Thus, ifn < —(M —1)orn— M +1 > 0, then Rxy[n —i] = 0 over the interval
- M- <i<M-1.For—-(M-1)<n<0,

1 n o2 02(M +n)
Rynl=—= Y —=—1T5—. (11.37)
M = M-1) M M
ForO<n<M -1,
1 20: o2 O‘Z(M —n)
Ry[n] = — —_—=—— (11.38)
M i=n—(M-1) M M

Combining these cases, the output autocorrelation is the triangular function

Ry[n] = (11.39)

o?(M —|nh/M?2 —M-1)<n<M-1,
0 otherwise.
A first-order discrete-time integrator with wide sense stationary input sequence X p
has output
Yn = Xn + 0.8Yy_1. (11.40)

What is the filter impulse response hp?

We find the impulse response by repeatedly substituting for Yy on the right side of
Equation (11.40). To begin, we replace Y,_1 with the expression in parentheses in
the following formula

Yn = Xn + 0.8(Xn_1 + 0.8Yn_2) = Xn + 0.8Xn_1 + 0.82Y_». (11.41)

We can continue this procedure, replacing successive values of Yy. For the third step,
replacing Y,_» yields

Yn = Xn + 0.8Xp_1 4+ 0.8°Xp_2 + 0.8%Yy_3. (11.42)
After k steps of this process, we obtain
Yn = Xn + 0.8Xn_1 + 0.82Xn_o + - - - + 0.8Xp_i + 0.8V, 1. (11.43)

Continuing the process indefinitely, we infer that Yn = ZE‘;OOBKXn_k. Comparing
this formula with Equation (11.25), we obtain

n —
hn={ 08" n=0,1,2,... (11.44)

0 otherwise.

Continuing Example 11.8, suppose the wide sense stationary input X  with expected
value ux = 0 and autocorrelation function

1 n=0,
Rx[nl=14 05 |n|=1, (11.45)
0 In>=2,

is the input to the first-order integrator hp. Find the second moment, E[Yﬁ], of the
output.
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We start by expanding the square of Equation (11.40):

E [Y,%] —E [xr% +2(0.8)Xn Y 1 + 0.82Y§_1] (11.46)
= E[X3] +208)E [XnYn 1] + 082E [ Y2 ,]. (11.47)
Because Yy, is wide sense stationary, E[er_l] = E[Yﬁ]. Moreover, since E[XnXp_1—i]1 =
Rx[i +1],
E[XnYn_1] = E [xn(xn_l +0.8Xp_2+0.82X,_3.. .)] (11.48)
m .
=Y 08 Ryli + 1] = Rx[1] = 05. (11.49)
i=0

Except for the first term (i = 0), all terms in the sum are zero because Rx[n] = O for
n > 1. Therefore, from Equation (11.47),

E [Yﬁ] —E [xﬁ] +2(0.8)(05) + 0.82E [Yﬁ] . (11.50)

With E[X3] = Rx[0] =1, E[Y?] = 1.8/(1 — 0.8%) = 2.8125.

Quiz11.2 The input to a first-order discrete-time differentiatoy s X,, a wide sense stationary
Gaussian random sequence wijtly = 0.5 and autocorrelation function R[k]. Given
1 k=0, 1 n=0,
Rx[kl=3 05 |k =1, and hh={ -1 n=1, (11.51)
0 otherwise, 0 otherwise,

find the following properties of the output random sequengethte expected valuey, the
autocorrelation R [n], the variancevar[Yn].

11.3 Discrete-Time Linear Filtering: Vectors and Matrices

In many applications, it is convenient to think of a digital filter in terms of the filter impulse
responsé, and the convolution sum of Equation (11.25). However, in this section, we
will observe that we can also represent discrete-time signals as vectors and discrete-time
filters as matrices. This can offer some advantages. The vector/matrix notation is generally
more concise than convolutional sums. Second, vector notation allows us to understand the
properties of discrete-time linear filters in terms of results for random vectors derived in
Chapter 5. Lastly, vector notation is the first step to implementing LTI filtedd ATLAB.

We can represent a discrete-time input sequeXgéeyy the L-dimensional vector of
sampleX = [Xo --- XL,l]/. From Equation (11.31), the output at tim@f an order
M — 1 FIR filter depends on thil-dimensional vector

Xn=[Xn-ms1 - Xn], (11.52)
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which holds theM most recent samples &,. The subscriph of the vectorX, denotes

that the most recent observation of the procégss at timen. For bothX andX,, we order

the vectors’ elements in increasing time index. In the following, we describe properties of
Xn, while noting thaiX, = X whenn =L — 1 andM = L.

If X, is awide sense stationary process with expected yaked autocorrelation function
Rx [K], then the vectoKn has correlation matriRyx, and expected value[K ] given by

Rx[0] Rx[1] -+ Rx[M-1]
Rx[1]  Rx[0] : EXo] = 1

: Rx[1] 1
Rx[M —-1] .- Rx[1] Rx[0]

n

The matrixRx, has a special structure. There are ollydifferent numbers among the
M? elements of the matrix and each diagonaRof, consists of identical elements. This
matrix is in a category referred to dseplitz forms The Toeplitz structure simplifies the
computation of the inversR; *.

Example 11.10 The wide sense stationary sequence X has autocorrelation Ry [n] as given in Exam-

ple 11.5. Find the correlation matrix of X 33 = [X30 Xaz1 X3z Xag].

Rx[0] Rx[1] Rx[2] RxI[3] 4 2 00
_ | Rx[1l Rx[O] Rx[1] Rx[2]| |2 4 2 O
RXas = | Ry[2] Rx[1] Rx[0] Rx[1l|~|0 2 4 2 (11.53)
Rx[3] Rx[2] Rx[1] RxI[O] 0 0 2 4
We represent an ordéft — 1 LTI FIR filter hy, by the vectoh = [ho -~ hy_1]".

With input X, the outputy,, at timen, as given by the input-output convolution of Equa-
tion (11.31), can be expressed conveniently in vector notation as

Yo = h'Xn. (11.54)

whereh is the vectorh = [hm-1 --- ho]/. Because of the equivalence of the fillgy

and the vectan, itis common terminology to refer to a filter vectoas simply an FIR filter.

As we did for the signal vectof ,, we represent the FIR filtérwith elements in increasing
time index. However, as we observe in Equation (11.54), discrete-time convolution with
the filterh, employs the filter vectdn with its elements in time-reversed order. In this case,

we put a left arrow oveh, as in F, for the time-reversed version bf

Example 11.11 The order M — 1 averaging filter hn given in Example 11.7 can be represented by the

M element vector 1
/

h==[1 1 ... 1]. (11.55)
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Theorem 11.7

For an FIR filterh, it is often desirable to process a block of inputs represented by the
vectorX = [Xo e X|__1]’. The output vectoY is the discrete convolution df and

X. Thenth element o¥ is Yy, given by the discrete-time convolution of Equation (11.31) or,
equivalently, Equation (11.54). In the implementation of discrete convolution of vectors, it
is customary to assumeéis padded with zeros such thét = Ofori < Oandfori > N —1.

In this case, the discrete convolution (11.54) yields

Yo = hoXo, (11.56)
Y1 = h1Xo + hgXq, (12.57)

and so on. The output vectyris related toX by Y = HX where

Yo 7 [ ho 10 Xo 7
Ym-1 hm—1 --- hg XM-1
_ B - | (11.58)
Yi-1 hm—1 -+ ho XL-M
L YL+M—2] B hm-1] L Xr-1
—_———
Y H X

Just as for continuous-time processes, it is generally difficult to determine the PMF or PDF
of either an isolated filter outpof, or the vector outpuY. Just as for continuous-time
systems, the special case of a Gaussian input process is a notable exception.

Letthe inputto an FIRfilten = [ho --- hy_1] bethevectoK =[Xo --- Xcr-1],
consisting of samples from a stationary Gaussian processvith expected valug and
autocorrelation function R[k]. The outputy = HX as given by Equation (11.58) is a
Gaussian random vector with expected value and covariance matrix given by

py =Hpyx and Cvy =H(Rx — pxpsx)H’
whereRx anduy are given byRx, and E[Xn] in Theorem 11.6 with M= L.

Proof Theorem 5.12 verifies that has covariance matri@x = Ry — ux ;L;(. The present theorem
then follows immediately from Theorem 5.16.

In Equation (11.58), we observe that the middle range outpptss, ..., YL—1 represent

a steady-state response. Mdr— 1 < i < L — 1, eachy; is of the formY; = ﬁ/xi
whereh’ = [hm—1 -+ ho] andXi = [Xi—m+1  Xi—ms2 --- Xi]. Onthe other
hand, the initial output¥o, ..., Ym—_2 represent a transient response resulting from the
assumption thak; = 0 fori < 0. Similarly,Y, ..., YL1m—2 are transient outputs that
depend orX; = O fori > n. These transient outputs are simply the result of using a finite-
length input for practical computations. Theorem 11.7 is a general result that accounts for
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the transient components in in the calculation of the expected &¥¢ and covariance
matrix Cy through the structure of the matitik

However, a stationary Gaussian processis defined for all time instancas In this
case, in passing through an FIR filteho, ..., hy_1, each outpuY} is given by Equa-
tion (11.54), which we repeat her¥;, = F/Xn. That is, eachY, combines theM most
recent inputs in precisely the same way. Whénis a stationary process, the vectrs
are statistically identical for every. This observation leads to the following theorem.

Theorem11.8  Ifthe input to a discrete-time linear filterhis a stationary Gaussian random sequengg X
the output ¥ is a stationary Gaussian random sequence with expected value and autocor-
relation given by Theorem 11.5.

Proof Since X, is wide sense stationary, Theorem 11.5 implies Mats a wide sense station-
ary sequence. Thus it is sufficient to show thgtis a Gaussian random sequence, since The-
orem 10.15 will then ensure that, is stationary. We prove this claim only for an FIR filter

h = [ho hM_l]/. That is, for every set of time instancag < ny < --- < ng, we will
show thatY = [Ynl Yn, - Ynk]/ is a Gaussian random vector. To start, we definguch
thatngk = n1 + L — 1. Next, we define the vector = [an—M+l Xni—M42 - Xnk]/ and
Y = HX where
hm—1 - ho
A= . (11.59)
hv_1 - ho

isanL x (L + M — 1) Toeplitz matrix. We note thafy = Yn,. Y2 = Yn,41. - ... YL = Yn,. Thus
the elements o are a subset of the elementsYofand we can define la x L selection matrixB
such thaty = BY. Note thatBj; = 1if nj = n1 + j — 1; otherwiseBjj = 0. ThusY = BHX and
it follows from Theorem 5.16 that is a Gaussian random vector.

Quiz11.3 The stationary Gaussian random sequencg Xi, ... with expected value [X,] = 0
and covariance function n] = 6, is the input to a the moving-averaditer h =
(1/#[1 1 1 1] Theoutputis ¥. Find the PDF ofY = [Ys3s Yas Yas|'.

11.4 Discrete-Time Linear Estimation and Prediction Filters

Most cellular telephones contain digital signal processing microprocessors that perform
linear prediction as part of a speech compression algorithm. In a linear predictor, a speech
waveform is considered to be a sample function of wide sense stationary stochastic process
X(t). The waveform is sampled evefyseconds (usually = 1/8000 seconds) to produce

the random sequencé, = X(nT). The prediction problem is to estimate a future speech
sample Xn1+k usingN previous speech sampl&$,—m+1, Xn—m4+2, ..., Xn. The need to
minimize the cost, complexity, and power consumption of the predictor makes a DSP-based
linear filter an attractive choice.
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In the terminology of Theorem 9.7, we wish to form a linear estimate of the random
variableX = Xpik using the random observation vectorMs= [Xn_M+1 e Xn]/.
The general solution to this problem was given in Section 9.4 in the form of Theorems 9.7
and 9.8. When the random variat{das zero expected value, we learned from Theorem 9.7
that the minimum mean square error linear estimatof gfiven an observation vectdris

X, (Y) =aY (11.60)

where
a=Ry’Ryx. (11.61)

We emphasize that this is a general solution for random vardlasled observation vector

Y. Inthe context of a random sequen¥g, Equations (11.60) and (11.61) can solve a wide
variety of estimation and prediction problems based on an observation ecterived

from the procesX,,. WhenX is a future value of the proces§,, the solution is a linear
predictor. WherX = X, andY is a collection of noisy observations, the solutionis a linear
estimator. In the following, we describe some basic examples of prediction and estimation.
These examples share the common feature that the linear predictor or estimator can be
implemented as a discrete-time linear filter.

Linear Prediction Filters

At time n, a linear prediction filter uses the available observations
Y =Xn=[Xn-m+1 -+ Xn] (11.62)

to estimate a future sampk = X, k. We wish to construct an LTI FIR filteln, with
input X, such that the desired filter output at timgis the linear minimum mean square
error estimate

X, (Xn) = &Xn (11.63)

wherea = R;lRyx. Following the notation of Equation (11.54), the filter output at time
n will be .
X, Xn) = h'%n. (11.64)

Comparing Equations (11.61) and (11.64), we see that the predictor can be implemented in
the form the filteth by choosing(h_/ =a, or,

h=a. (11.65)

That is, the optimal filter vectdr = [hg - - hM_l]’ is simply the time-reverseal To
complete the derivation of the optimal prediction filter, we observeYhat X ,, and that
Ry = Rx,, as given by Theorem 11.6. The cross-correlation mé&trpx is

Xn-M+1 Rx[M + k — 1]

(11.66)

Ryx = Rxyxnx = E : Xn+k :
e Xo1 | Rx[k + 1]

Xn Rx[K]
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We summarize this conclusion in the next theorem. An example then follows.

Theorem11.9 Let X, be a wide sense stationary random process with expected vdMg]E 0 and
autocorrelation function R[k]. The minimum mean square error linear filter of order
M — 1 for predicting X,k at time n is the filteh such that

-1
b= Ry RXnXnsk:

whereRy, is given by Theorem 11.6 aftk, x,,, IS given by Equation (11.66).

Example 11.12

Example 11.13

Examples 11.12 and 11.13 are a special case of the following property of random se-

Xn is a wide sense stationary random sequence with E[X 1] = 0 and autocorrelation
function Ry [kl = (—0.9)K. For M = 2 samples, find h = [hg h;]’, the coefficients
of the optimum linear predictor of X = Xp41, given Y = [Xp_1 Xn]/. What is the
optimum linear predictor of X1 given Xp_1 and Xp?

The optimal filteris h = & where ais given by Equation (11.61). For M = 2, the vector
a=[ag a1] mustsatisfy Rya=Ryx. From Theorem 11.6 and Equation (11.66),

Rx[0]  Rx[1l| ao| _ | RxI2] 1 —09][a] [081
[Rx[l] Rx[O]] [al]_[Rx[l]] or [—0.9 1 :||:a1i|_|:_0.gj|' (11.67)

The solution to these equations is ag = 0 and a; = —0.9. Therefore, the optimum
linear prediction filter is
h=[ho hi] =[a1 a] =[-09 0. (11.68)

The optimum linear predictor of X,4.1 given X,_1 and Xp is
Rni1= N'Y = —0.9Xn. (11.69)

Continuing Example 11.12, what is the mean square error of the optimal predictor?

Since the optimal predictor is Xn+1 = —0.9Xy, the mean square error is
e = E [(xnﬂ - Xn+1)2] —E [(an n o.9xn)2] . (11.70)

By expanding the square and expresing the result in terms of the autocorrelation
function Ry[k], we obtain

e, = Rx[0] +2(0.9)Rx[1] + (0.9)%Rx[0] = 1 — (0.9)2 = 0.109. (11.71)

quencesX,, with autocorrelation function of the forRx[n] = bl Rx[0].

Theorem 11.10 If the random sequencehas autocorrelation function in] = bl Ry [0], the optimum
linear predictor of X,k given the M previous samples,Xvi+1, Xn—M=+2, ..., Xp IS

>A(n+k = bkxn
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and the minimum mean square error is & Rx[0](1 — b2k).

Proof SinceRx[n] = b", we observe from Equation (11.66) that

Ryx = b*[RxIM —1] --- Rx[1] Rxlo0]] . (11.72)
From Theorem 11.6, we see thay x is theMth column ofRy scaled bybk. Thus the solution to
Rya=Ryx isthevectom=[0 ... 0 bk]/. The mean square error is
e =E [(xn+k - kan)Z] — Ry[0] — 28Ry [K] + 2Ry [0] (11.73)
= Ryx[0] — 202KRy [0] + bZ¥Ry [0] (11.74)
= Ry[0](1 — b%K). (11.75)

WhenbK is close to 1,Xn,k and X, are highly correlated. In this case, the sequence
varies slowly and the estimab¥ X, will be close toX,, and also close tXnik. AS bk
gets smallerXn;k andX, become less correlated. Consequently, the random sequence has
much greater variation. The predictor is unable to track this variation and the predicted value
approache&[Xnik] = 0. That is, when the observation tells us little about the future, the
predictor must rely on a priori knowledge of the random sequence. In addition, we observe
for a fixed value ob that increasinds reduce$¥, and estimates are less accurate. That is,
predictions further into the future are less accurate.

Furthermore, Theorem 11.10 states that for random sequences with autocorrelation func-
tions of the formRx[k] = bKIRx[0], X,, is the only random variable that contributes to
the optimum linear prediction ok4+1. Another way of stating this is that at tinme+ 1,
all of the information about the past history of the sequence is summarized in the value
of Xn. Discrete-valued random sequences with this property are referred to as discrete-
time Markov chains. Section 12.1 analyzes the probability models of discrete-time Markov
chains.

Linear Estimation Filters

In the estimation problem, we estimaXe = X,, based on the noisy observatiovis =
Xn 4+ Wh. In particular, we use the vect¥r=Ypn = [Yn-m41 -+ Yn-1 Yn]/ of the
M most recent observations. Our estimates will be the output resulting from passing the
sequenc¥, throughthe LTI FIR filteh,. We assume tha{, andW, are independentwide
sense stationary sequences with expected v&i¥s] = E[W,] = 0 and autocorrelation
functionsRx[n] and Rw/[n].

We know that the linear minimum mean square error estimakegiven the observation
Ynis X_(Yn) = &Yy wherea = R;anynx. The optimal estimation filter is = &, the
time reversal of. All that remains is to identifiRy, andRy,x. In vector form,
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where
Xn=[Xn-ms1 - Xn-1 Xn], Wn=[Whmpr - Whor Wa]'. (11.77)
This implies

Ry, = E[YnY'n] = E[(Xn + Wn)(X'n + Wp)] (11.78)

== E [an/n + XnW/n + an/n + WnW/n] . (1179)

BecauseX,, and W,, are independentE[X \W'n] = E[Xn]E[W’h] = 0. Similarly,
E[WnprX's] = 0. This implies

Ry, = E[XnX'n] + E[WaW'n] = Rx, + Rw,. (11.80)
The cross-correlation matrix is
Ry,x = E[(Xn+Wn)X,] = E[XnXn] + E[WnXn] = E[XnXn] (11.81)

sinceE[WnpXn] = E[WRr]E[Xn] = 0. Thus, by Equation (11.77),

Xn-M+1 Rx[M — 1]
Ry,x = Rx,x, = E : Xn| = : (11.82)
Xn-1 Rx[1]
Xn Rx[0]

These facts are summarized in the following theorem. An example then follows.

Theorem11.11 Let X, and W, be independent wide sense stationary random processes with expected values
E[Xnh] = E[W,s] = 0and autocorrelation functions IJk] and Ry[k]. Let Yy = X, +Wh.
The minimum mean square error linear estimation filter ¢f of order M — 1 given the
input Y, is given byh such that

h= [hm-1 --ho] = (Rx, + Rwy) " *Rxyx,

whereRx, x, is given by Equation (11.82).

Example 11.14 The independent random sequences X and Wy have zero expected value and au-
tocorrelation functions Ry [k] = (—0.9)/K and Ry[k] = (0.2)5. Use M = 2 samples
of the noisy observation sequence Y, = Xpn + Wh to estimate Xn. Find the linear
minimum mean square error prediction filter h = [ho hl]’.

Based on the observation Y = [Y,_; Yn]’, the linear MMSE estimate of X = Xp
is &Y where a = R;lRYX. From Equation (11.82), Ryx = [Rx[1] RX[O]]/ =
[-0.9 1]'. From Equation (11.80),

1 —09] [02 O 12 -09
RY:R><n+RWn:[—o.9 1}*[0 0.2}:[—0.9 1.2} (11.83)
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Quiz11.4

This implies

—0.2857} (11.84)

_RoIRyy —
a=Ry™Ryx = [ 0.6190

The optimal filterish = & = [0.6190 —0.2857".

In Example 11.14, the estimation filter combines the observations to get the dual benefit
of averaging the noise samples as well as exploiting the correlatigtyof and X,. A
general version of Example 11.14 is examined in Problem 11.4.4.

Xp is a wide sense stationary random sequence witX# = 0 and autocorrelation
function
09" +01 n=0

(0.9 otherwise. (11.85)

Rx[n] = {

For M = 2 samples, finch = [ho hl]/, the optimum linear prediction filter of 41,
given X,—1 and X,. What is the mean square error of the optimum linear predictor?

11.5 Power Spectral Density of a Continuous-Time Process

Definition 11.1

The autocorrelation function of a continuous-time stochastic process conveys information
about the time structure of the processXIft) is stationary anR x () decreases rapidly
with increasingr, it is likely that a sample function of (t) will change abruptly in a short
time. Conversely, if the decline iRx (t) with increasingr is gradual, it is likely that a
sample function oK (t) will be slowly time-varying. Fourier transforms offer another view
of the variability of functions of time. A rapidly varying function of time has a Fourier
transform with high magnitudes at high frequencies, and a slowly varying function has a
Fourier transform with low magnitudes at high frequencies.

Inthe study of stochastic processes jgbw/er spectral density functioBy ( f), provides
a frequency-domain representation of the time structuné ©f. By definition,Sx (f) is
the expected value of the squared magnitude of the Fourier transform of a sample function
of X(t). To present the definition formally, we first establish our notation for the Fourier
transform as a function of the frequency varialbléiz.

Fourier Transform
Functions dgt) and G(f) are aFourier transform pair if

G(f) = / g(t)e*jZJTft dt, g(t) — / G(f)ejZJ'[ft df.

Table 11.1 provides a list of Fourier transform pairs. Students who have already studied
signals and systems may recall that not all functions of time have Fourier transforms. For
many functions that extend over infinite time, the time integral in Definition 11.1 does not
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Time function Fourier Transform
8(1) 1
1 8(f)
8(t — 10) g-i2nfwo
u(o) Loty 4
(r 2 2t
el 2rfor 8(f — fo)
1 1
cos 2nfot E(S(f — fo) + E(S(f + fo)
1 1
in 2rf —8(f — fg) — =—=8(f + f
sin 2nfot 2] 8( 0) 2] (f + fo)
a
—art
aeu(m) a+ 27
2a
—a|T| -
ae a2 1 (271)2
ae—ﬂazrz e—nfz/a2
rect(z/T) Tsinc(fT)
1 f
inC(W 1 al
sinc(2Wr) W reCt(ZW)
g(t — 70) G(f)e-i2ri
g(r)el #rfor G(f — fo)
g9(—7) G*(f)
dg(x) j27fG(f)
dr G(f) G
T
— 4+ —25(f
[ 9(v) dv T2 + > 5(f)
2, h(w)g(r —v) dv G(fYH(f)
g(Hh(t) [T HENG(f — /) df’
Note thata is a positive constant and that the rectangle and sinc functions are defined as
)1 Ixl<1/2, . . sin(mx)
rectx) _{ 0 otherwise sincX) = vt

Table 11.1 Fourier transform pairs and properties.
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exist. Sample functiong(t) of a stationary stochastic proceXst) are usually of this
nature. To work with these functions in the frequency domain, we beginxtt), a
truncated version af(t). Itis identical tox(t) for —T <t < T and O elsewhere. We use
the notationXt ( f) for the Fourier transform of this function.

T .
Xr(f) = / x(t)e 127t gt (11.86)
-T

| X1 ()|2, the squared magnitude &t ( f), appears in the definition @x (). If x(t) is
an electrical signal measured in volts or ampef¥s;( f)|? has units of energy. Its time
average|Xt(f)|2/2T, has units of powerSx( f) is the limit as the time window goes to
infinity of the expected value of this function:

Definition 11.2 Power Spectral Density
The power spectral density function of the wide sense stationary stochastic pratgss X

J

We refer toSx () as a density function because it can be interpreted as the amount of
power inX (t) in the infinitesimal range of frequenciel f + df]. Physically,Sx (f) has
units of watts/Hz= Joules. As stated in Theorem 11.13(b), the average powétofs the
integral of Sk ( f) over all frequenciesir-co < f < oco. Both the autocorrelation function
and the power spectral density function convey information about the time strucii¢e) of
The Wiener-Khintchine theorem shows that they convey the same information:

1
Sx(f) = Ilm EE[IXT(f)IZ]— lim _EU/ X (t)e 127t gt

Theorem 11.12 Wiener-Khintchine
If X(t) is a wide sense stationary stochastic procesg(®® and S (f) are the Fourier
transform pair

o . 00 .
Sx(f) =/ Rx(t)e 12717 dr, Rx (7) :/ Sx(f)elzfr g,
—00

—00

Proof Sincex(t) is real-valued X (f) =T T x®)el 2Tt dt. Since| Xt ()12 = X1 (F)XE(f),

T _ T L
E [|xT(f)|2] —E [(/ X(tyei2rit dt) (/T x(t/)el 27 ft dt/>i| (11.87)

f / [Xt)X(t)]e 127 T gt gy (11.88)
=/ / Ry (t —t")e 127f -t gt gt (11.89)
-TJ-T

In Equation (11.89), we are integrating the deterministic funaidn-t') = Ry (t —t")e~127f(t=t)
over a square box. Making the variable substitution t —t’ and reversing the order of integration,
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we can show that

T T 2T 7|
/ / gt —tydtdt = 2Tf g(t) (1— —) dr (11.90)
. VA —2T 2T

With g(t) = R (r)e~ 1277 it follows from Equations (11.89) and (11.90) that

iE[|x (f)|2]—f2T Ry(r) (1— 12 emi2nfr g (11.91)
o1 LT = X 2T t '

We define the function

ht(r) =

1—1z]/@2T) |z| = 2T,
{ 0 (11.92)

otherwise,

and we observe that lifn., o, h1(r) = 1 for all finite z. It follows from Equation (11.91) that

. 1 21 . o —j2nft
Jim E[lXT(f)l ]_Tnlnmf_oo ht (t)Ry (7)€ de (11.93)

- foo ( lim hT(r)> Ry (1)e 12717 g7 — Sy (1) (11.94)
T—o0

—00

The following theorem states three important propertieS;off ):

For a wide sense stationary random proces@)Xthe power spectral densityx%f) is a
real-valued function with the following properties:

(@) Sx(f)=>Oforall f

®) [ st = B = Rec©)

(€) Sx(=f)=Sx(f)
Proof The first property follows from Definition 11.2, in whicBx (f) is the expected value of
the time average of a nonnegative quantity. The second property follows by substitutn®

in Theorem 11.12 and referring to Definition 11.1. To prove the third property, we observe that
Rx (1) = Ry (—1) implies

(e.¢] .
Sx(f) = / Ry (—7t)e 127f7 gr. (11.95)
—00
Making the substitution” = —t yields

00 . ,
Sx(f):/ Ry (t)e 127Dt g/ — sy (— ). (11.96)

—00

Example 11.15 A wide sense stationary process X(t) has autocorrelation function R x(t) = Aeblel

where b > 0. Derive the power spectral density function Sx(f) and calculate the
average power E[X2(t)].
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1 1
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Random processéé(t) and W(t) with autocorrelation functionRy (r) = e %57 and
Rw(r) = e~2I"l are examples of the proceXst) in Example 11.15. These graphs show

Rv () and Rw(7), the power spectral density functioSg (f) and Sy (f), and sample
paths ofV (t) andW(t).

Figure 11.1 Two examples of the proce3§(t) in Example 11.15.

To find Sy (f), we use Table 11.1 since Rx (z) is of the form ae—al7!.

2Ab

The average power is
00 2Ab
E[X%t)| =R O=A_b|0|=/ T _df=A. 11.98
[X*®] = Rx(©) = ae o 2712+ 12 (11.98)

Figure 11.1 displays three graphs for each of two stochastic processes in the family
studied in Example 11.15V (t) with Ry () = e %57l andW(t) with Rw () = e 2,
For each process, the three graphs are the autocorrelation function, the power spectral
density function, and one sample function. For both processes, the average paweldis
watt. NoteW(t) has a narrower autocorrelation (less dependence between two values of
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the process with a given time separation) and a wider power spectral density (more power
at higher frequencies) thani(t). The sample functiom(t) fluctuates more rapidly with
time thanu(t).

Example 11.16 For the output random process Y (t) of Example 11.2, find the power spectral density

Sy(f).

From Definition 11.2 and the triangular autocorrelation function Ry (z) given in Equa-
tion (11.17), we can write

0 . T .
Ry (1) = % (/ T(T + e 2t gy +/0 (T —r)ei2nfr dr) . (11.99)

With the substitution =’ = —t in the left integral, we obtain

T o T .
Ry (1) = % (/0 (T —tHel?m it gy’ +/0 (T —r)ei2rfr dr) (11.100)
2 T
- igf (T — ) cos(2xf 1) dr. (11.101)
T Jo

Using integration by parts (Appendix B, Math Fact B.10), u = T — ¢ and dv =
cos@rfr)dr, yields

2o [ (T —1)sin@rfr) T T sin@rfr)
Ry(7) = ? (T o +/(; T dr (11102)
_ 2no(1 — cos@nfT)) (11.103)
2nfT)?
Quiz115 The power spectral density of(¥ is
5 f 5/W —-W<f<W,

(1) What is the averaggower of Xt)?
(2) Write a formula for the autocorrelation function of(i.
(3) Draw graphs of &(f) and R(r) for W = 1 kHz and W= 10Hz.

11.6 Power Spectral Density of a Random Sequence

The spectral analysis of a random sequence parallels the analysis of a continuous-time
process. A sample function of a random sequence is an ordered list of numbers. Each
number in the list is a sample value of a random variable. diserete-time Fourier
transform (DTFT)is a spectral representation of an ordered set of numbers.
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Discrete Time function Discrete Time Fourier Transform
8[n] = én 1
1 5(¢)
8[N — Nol = n—n, e—i2m¢no
un] Tl,]m + 320 80 +K)
el 7o YR oo 8¢ — g0 —K)
COS 2N %3(05 —¢o) + %5@5 + ¢0)
sin 2 ¢pn 2—1j5(¢ — ¢o) — 2—1jf3(¢ + ¢o0)

n 1
a'u[n] T ae 27
SN 1-a?

1+ a2 —2acos2r¢

On—ng G(p)e1279No
gnel 270N G(¢ — o)
O-n G*(¢)
D ke oo NkOn—k G(9)H(¢)

Note thats[n] is the discrete impuls@y|n] is the discrete unit step, aads a constant with
magnituddal < 1.

Table 11.2 Discrete-Time Fourier transform pairs and properties.

Definition 11.3 Discrete-time Fourier Transform (DTFT)
The sequencé. .., X_2, X_1, Xo, X1, X2, ...} and the function X¢) are a discrete-time
Fourier transform (DTFT) pair if

e . 1/2 )
X@)= 3 xpeizron, o= [ Xigrelndy.
n=—o00 -1/2

Table 11.2 provides a table of common discrete-time Fourier transforms. Note that
is a dimensionless normalized frequency, with rarge/2 < ¢ < 1/2, andX(¢) is
periodic with unit period. This property reflects the fact that a list of numbers in itself
has no inherent time scale. When the random sequ¥pnce- X(nTs) consists of time
samples of a continuous-time process sampled at frequieneyl/Ts Hz, the normalized
frequencyy corresponds to the frequendy= ¢ fs Hz. The normalized frequency range
—1/2 < ¢ < 1/2 reflects the requirement of the Nyquist sampling theorem that sampling
a signal at ratefs allows the sampled signal to describe frequency components in the range
—fs/2< f < fg/2.
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Example 11.17 Calculate the DTFT H (¢) of the order M — 1 moving-average filter h , of Example 11.5.

Definition 11.4

Theorem 11.14

Sincehp =1/Mforn=0,1,..., M —1 and is otherwise zero, we apply Definition 11.3

to write
00 ) 1 M-1
Hi@)= Y hpe 12700 = v > erizmin, (11.105)
n=-—o00 n=0
Using Math Fact B.4 with o = e I279 andn=M — 1, we obtain

1— —j27¢pM
© . (11.106)

1
H(p) = ™ (71—e1'2”¢

We noted earlier that many time functions do not have Fourier transforms. Similarly, the
sum in Definition 11.3 does not converge for sample functions of many random sequences.
To work with these sample functions, our analysis is similar to that of continuous-time
processes. We define a truncated sample function that is identixalfto —L < n < L

and 0 elsewhere. We use the notation(¢) for the discrete-time Fourier transform of this
sequence:

L
XL(@) = Y xpe 127n, (11.107)

n=—L

The power spectral density function of the random sequetiges the expected value
IXL(@)I?/(2N +1).

Power Spectral Density of a Random Sequence
The power spectral density function of the wide sense stationary random sequgisce X
2

L

1 .

S = lim E E Xpe~12men
X(¢) Lo 2L +1 ‘n—L n

The Wiener-Khintchine Theorem also holds for random sequences.

Discrete-Time Wiener-Khintchine

If X, is a wide sense stationary stochastic procesg[kRand S (¢) are a discrete-time
Fourier transform pair:

> . 12 .
(@) = ) Rxlkle 2%, Rx[k]:/ |, K@y,

k=—o00

The properties of the power spectral density function of a random sequence are similar
to the properties of the power spectral density function of a continuous-time stochastic

process. The following theorem corresponds to Theorem 11.13 and, in addition, describes
the periodicity ofSx (¢) for a random sequence.
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Theorem 11.15 For a wide sense stationary random sequencgg e power spectral densityx$p) has
the following properties:

(@) Sx(¢) > Oforall f,
1/2
(b) / " Sx(¢) dp = E[X2] = Rx[0],

(€) Sx(—¢) = Sx(¢),
(d) for any integer n, ®(¢ + n) = Sx(¢).

Example 11.18

Example 11.19

The wide sense stationary random sequence X, has zero expected value and auto-
correlation function

2
_ ) oc2—-Inph/4 n=-1,0,1,
R[k] = { 0 otherwise. (11.108)
Derive the power spectral density function of X,.
Applying Theorem 11.14 and Definition 11.3, we have
1 .
Sx(¢) = Y Rxnje 2™ (11.109)
n=-1
2[@C=1) jorng 2 2=D _jong
= —_— -t — 11.11
o [ ez 2 22 e (11.110)
0'2 02
=7 + - cog2n ). (11.111)

The wide sense stationary random sequence X has zero expected value and power
spectral density

1 1
Sx(¢) = 55(¢ —¢o) + 55(¢> + ¢0) (11.112)
where 0 < ¢g < 1/2. What is the autocorrelation Ry [k]?

From Theorem 11.14, we have

1/2 .
R [kl = / 1, 6 =000+ +90) &7 . (11.113)

By the sifting property of the continuous-time delta function,

1. 1
Rx[k] = Ze! 2mpok 4 Ee—12”<f’0k = CoS27 pok). (11.114)

Quiz11.6 The random sequence,Xas power spectral density functiog &) = 10. Derive R[K],
the autocorrelation function of X
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11.7 Cross Spectral Density

Definition 11.5

When two processes are jointly wide sense stationary, we can study the cross-correlation
in the frequency domain.

Cross Spectral Density

For jointly wide sense stationary random processes)and Y(t), the Fourier transform
of the cross-correlation yields theoss spectral density

w .
Sxy(f) = / R)(Y(‘E)e_JZHfr dr.

—00

For jointly wide sense stationary random sequencgsaid Y,, the discrete-time Fourier
transform of the cross-correlation yields the cross spectral density

Sxv(@) = Y Rxvlkle 177,

k=—o00

We encounter cross-correlations in experiments that involve noisy observations of a wide
sense stationary random proce&d).

Example 11.20 In Example 10.24, we were interested in X(t) but we could observe only Y(t) =

X(t) + N(t) where N(t) is a wide sense stationary noise process with x = 0. In this
case, when X(t) and N(t) are jointly wide sense stationary, we found that

Ry (t) = Rx (1) + Rxn(7) + Ryx(7) + Rn (D). (11.115)
Find the power spectral density of the output Y (t).

By taking a Fourier transform of both sides, we obtain the power spectral density of
the observation Y (t).

Sy(f) = Sx(f) + Sxn(f) + Sux(f) + Sn(f). (11.116)

Example 11.21 Continuing Example 11.20, suppose N(t) and X(t) are independent. Find the auto-

correlation and power spectral density of the observation Y (t).

In this case,
RxN(T) = E[X()N(t + 7)] = E[X(®)] E[N(t + 7)] = 0. (11.117)
Similarly, Ry x(t) = 0. This implies
Ry (1) = Ry (1) + Ry (1), (11.118)

and

Sy(f) = Sx(f)+ Sy(f). (11.119)
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Quiz11.7

Random process (Y) = X(t — to) is a time delayed version of the wide sense stationary
process Xt). Find the cross spectral density $(t).

11.8 Frequency Domain Filter Relationships

Theorem 11.16

Electrical and computer engineers are well acquainted with frequency domain representa-
tions of filtering operations. If a linear filter has impulse respdn$g H (f), the Fourier
transform ofh(t), is referred to as thequency responsef the filter. The Fourier trans-
form of the filter outpuW( f) is related to the transform of the input( f) and the filter
frequency responsd (f) by

W(f)=H(f)V(F). (11.120)

Equation (11.120) is the frequency domain representation of the fundamental input-output
property of a continuous-time filter. For discrete-time sigivdlsandV,, and the discrete-
time filter with impulse respond®,, the corresponding relationship is

W(¢) = H(¢)V(¢) (11.121)

where the three functions of frequency are discrete-time Fourier transforms defined in
Definition 11.3. When the discrete-time filter contains forward and feedback sections as
in Equation (11.32), the transfer functionts(¢) = A(¢)/(1 — B(¢)), whereA(¢) and
B(¢) are the discrete-time Fourier transforms of the forward section and feedback section,
respectively.

In studying stochastic processes, our principal frequency domain representation of the
continuous-time procesX(t) is the power spectral density functi®y (f) in Defini-
tion 11.2, and our principal representation of the random sequéRds Sx (¢) in Defini-
tion 11.4. WhenX(t) or Xj is the input to a linear filter with transfer functidt () or
H (¢), the following theorem presents the relationship of the power spectral density function
of the output of the filter to the corresponding function of the input process.

When a wide sense stationary stochastic process iXthe input to a linear time-invariant
filter with transfer function H f ), the power spectral density of the output)is

Sr(f) = [H(f)ZSx(f).

When a wide sense stationary random sequengé Xhe input to a linear time-invariant
filter with transfer function He), the power spectral density of the outputi¥

Sr(#) = [H(#)I* Sx ().

Proof We refer to Theorem 11.12 to recall i ( f) is the Fourier transform dRy (7). We then
substitute Theorem 11.2(a) in the definition of the Fourier transform to obtain

S«(f)=foo (/Oo foo h(u)h(v)Rx(r+v—u)dudv> e i2rfr ge, (11.122)
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H(f)
B
:I_I |_|=f
7 Jo

Figure 11.2 The ideal bandpass filtét ( f) with center frequencyfg and bandwidttB Hz.

Substitutingt’ = t + v — u yields

o] . 00 . o] . ,
S{(f):f h(u)e’Jznf“duf h(v)eJZ’Tf”dvf Ry (the 12717 g/ (11.123)

—0o0 —0o0 —0o0

H(f) H*(f) Sx(f)
ThusSy () = H(f)H*(f)Sx(f) = |H(f)[2Sx(f). The proof is similar for random sequences.

Now we are ready to justify the interpretation®f ( f) as a density function. As shown
in Figure 11.2, suppogd ( f) is a narrow, ideal bandpass filter of bandwidtlcentered at
frequencyfo. That is,

1 |f+ fol < B/2,

0 otherwise (11.124)

H(f)Z{

In this case, passing the random proc¥ss) through the filterH ( f) always produces an
output waveform (t) that is in the passband of the filte¥(f). As we have shown, the
power spectral density of the filter output is

Sr(f) = [H(f)ZSx(f). (11.125)

Moreover, Theorem 11.13(b) implies that the average pow¥I(Dfis

00 —fo+B/2 fo+B/2
E[Yz(t)]zf Sy(f)df =/ Sx(f)df+/ Sk(f)df. (11.126)
—0 —fo—B/2 fo—B/2
SinceSx (f) = Sx(— f), whenB is very small, we have
E [Yz(t)] ~ 2B S¢( fo). (11.127)

We see that the average power of the filter output is approximately the power spectral
density of the input at the center frequency of the filter times the bandwidth of the filter.
The approximation becomes exact as the bandwidth approaches zero. Th&gfdi®,

is the power per unit frequency (the definition of a density functior§ @ at frequencies

near fo.

Example 11.22 A wide sense stationary process X(t) with autocorrelation function R x (7) = ebltl s
the input to an RC filter with impulse response

—t/RC
(()1/ RCe t>0, (11.128)

otherwise.

h(t) = {
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Example 11.23

Assuming b > 0 and b # 1/RC, find Sy(f) and Ry(z), the power spectral density
and autocorrelation of the filter output Y (t). What is the average power of the output
stochastic process?

For convenience, let a = 1/RC. Since the impulse response has the form h(t) =
aealy(t) and Ry (t) = e PI7l, Table 11.1 tells us that

2b
H(f)= ———, Sx(f) = ———. 11.129
(D = e i2nt x(D = o2 2 ( )
Therefore,
2 a?
H(F)2 = _ 11.130
[H(P)] 221 a2 ( )

and, by Theorem 11.16, Sy(f) = |H(f)|2Sx(f). We use the method of partial frac-
tions to write

2bd?
(= [(@rf)2 +a%][(2nf)2 + b?] e
) 2 _ A2
_ 202/ —a®)  2b/(? —a) (11.132)

(27f)2 + a2 (27 f)2 4+ b?
Recognizing that for any constant ¢ > 0, e~°I*l and 2c/((27f)2 + ¢2) are Fourier

transform pairs, we obtain the output autocorrelation

2
—alr| _ & —blz|
02— a2e oz aze . (11.133)

From Theorem 11.13, we obtain the average power

Ry (7) =

2
E [Yz(t)] — Ry(0) = % - (bfaa). (11.134)
The random sequence X has power spectral density
Sx(¢) = 2+ 2cosRr ). (11.135)
This sequence is the input to the filter in Quiz 11.2 with impulse response
1 n=0,
hh={ -1 n=-1,1, (11.136)

0 otherwise.

Derive Sy (¢), the power spectral density function of the output sequence Y. What is
E[Y2]?

The discrete Fourier transform of hy, is

H(p) =1—el27® _ e 127¢ — 1_ 2coq2r¢). (11.137)
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We next consider the cross power spectral density function of the input and output of a
linear filter. Theorem 11.2(b) can be interpreted as follows: If a deterministic waveform
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Therefore, from Theorem 11.16 we have

Sy(®) = [H($)|? Sx(¢) = [1— 2 cog27$)I[2+ 2 cos27¢)] (11.138)
= 2—6c0927$) + 8C0S (21 ). (11.139)

Applying the identity cos3(x) = 0.75 cosK) + 0.25 cog3x), we can simplify this formula
to obtain
Sy(¢) =2+ 2cos6re). (11.140)

We obtain the mean square value from Theorem 11.15(b):

172
E[¥?] = / [2+ 2 cos6m¢)]do = 2. (11.141)
1/2

We recall that in Example 11.7 that the wide sense stationary random sequence X p
with expected value nwx = 0 and autocorrelation function Rx[n] = 28 is passed
through the order M — 1 discrete-time moving-average filter

{1/M 0o<n<M -1,
hp =

0 otherwise. (11.142)

Find the power spectral density Sy (¢) for the discrete-time moving-average filter output
Yh.

By using Theorem 11.16, Sy(¢) = |H(¢)|2Sx(#). We note that Sx(¢) = o2. In
Example 11.17, we found that

1— e—j 27 M
. (11.143)

1
H() = ™ (71—?1'2”‘1’

Since |H(¢)|2 = H(¢)H*(¢), it follows that

2 1— —j 21 oM 1— j2r M
SY(¢):H(¢)H*(¢)SX(¢):U—2( ° )( ° ) (11.144)

M 1—ei2n¢ 1—ei2n¢
2 /1
_9o° (1 70032”“/'"’)) , (11.145)
M 1—co92n¢)

Rx (7) is the inputto a filter with impulse responisg), the outputis the waveforiR xy (7).
Similarly, Theorem 11.2(c) states that if the wavefdRry () is the input to a filter with
impulse responske(—t), the output is the waveformRy (t). The upper half of Figure 11.3
illustrates the relationships betweBg (1), Rxvy(t), andRy(t), as well as the correspond-

ing relationships for discrete-time systems. The lower half of the figure demonstrates the
same relationships in the frequency domain. It uses the fact that the Fourier transform of

h(—t), the time-reversed impulse responsé{i& f), the complex conjugate of the Fourier
transform ofh(t). The following theorem states these relationships mathematically.
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Rx (1) ht) Rxy(r) | h(-t) Ry (1)
_ > —_—
Rx[K] hn Rxv(K] h_n Ry [k]

Time Domain

Sx(f) H(E) | Sxy(f) [ H*(F) Sy(f)
—_— > —_—
Sx(¢) H(@) | Sxy(@) | H*(¢) Sy (¢)

Frequency Domain

Figure 11.3 Input-Output Correlation and Spectral Density Functions

Theorem 11.17 If the wide sense stationary processtXis the input to a linear time-invariant filter with
transfer function H f), and Y(t) is the filter output, the input-output cross power spectral
density function and the output power spectral density function are

Sxy(f) = H(f)Sx(f), Sy(f) = H*(f)Sxy(f).

If the wide sense stationary random sequengeis<the input to a linear time-invariant
filter with transfer function He), and Y; is the filter output, the input-output cross power
spectral density function and the output power spectral density function are

Sxy(¢) = H(¢)Sx(9). Sr(¢) = H*(#)Sxv(9).

Quiz11.8 A wide sense stationary stochastic process)Xvith expected valugex = 0 and au-
tocorrelation function R(r) = e °990fl js the input to an RC filter with time constant
RC = 100us. The filter output is the stochastic process$)Y

(1) Derive &y (f), the cross power spectral density function at )Xand Y(t).
(2) Derive §(f), the power spectral density function oftY.
(3) Whatis HY?(t)], the averag@ower of the filter output?

11.9 Linear Estimation of Continuous-Time Stochastic Processes

In this section, we observe a sample function of a wide sense stationary continuous-time
stochastic procesé(t) and design a linear filter to estimate a sample function of another
wide sense stationary processt). The linear filter that minimizes the mean square error

is referred to as ®iener filter The properties of a Wiener filter are best represented in the
frequency domain.
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Theorem11.18 X(t) and Y(t) are wide sense stationary stochastic processes with power spectral density

functions X (f) and S (), and cross spectral density functiog g f). X(t) is the output
of a linear filter with input Y(t) and transfeAr function Kf). The transfer function that
minimizes the mean square errof (X (t) — X(t))?] is

Sxy(f)
o f
Hh=1 s D=0
0 otherwise.

The minimum mean square error is

. o0 |Sxy ()2
- S(f) — XU g,
& /oo<x“ /() )

We omit the proof of this theorem.

In practice, one of the most common estimation procedures is separating a signal from
additive noise. In this application, the observed stochastic progégs= X(t) + N(t),
is the sum of the signal of interest and an extraneous stochastic pfd¢eseferred to
as additive noise. Usuall} (t) andN(t) are independent stochastic processes. It follows
that the power spectral function®{t) is Sy (f) = Sx(f) + Sy (f), and the cross spectral
density function isSxy(f) = Sx(f). By Theorem 11.18, the transfer function of the
optimum estimation filter is

Sx(f)
Sx(f) + Su(f)’

and the minimum mean square error is

% 1Sx ()2 % Sx(f)Sn(f)
o — Sx(f) = ————————— | df = — - _df. 11.147
% /oo<x” sx<f>+sN<f>> o Sah s ot

H(f) = (11.146)

Example 11.25 X(t) is a wide sense stationary stochastic process with 1 x = 0 and autocorrelation

function .
sin(2750007)

R =
x(1) = = 5000+
Observe Y(t) = X(t)+N(t), where N(t) is a wide sense stationary process with power
spectral density function Sy (f) = 1075, X(t) and N(t) are mutually independent.

(11.148)

(a) What s the transfer function of the optimum linear filter for estimating X (t) given
Y(t)?
(b) What is the mean square error of the optimum estimation filter?

(&) From Table 11.1, we deduce the power spectral density function of X(t) is

1074 || < 5000,

0 otherwise. (11.149)

Rx (1) = 10 4 rect(f/10%) = {
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Quiz11.9

(b) From Equation (11.146) we obtain H(f) = 1/1.1, | f| < 5000, H(f) = 0 other-
wise. The mean square error in Equation (11.147) is

. 5000 10—510—4
eL -

In this example, the optimum estimation filter is an ideal lowpass filter with an impulse
response that has nonzero values for #lom —oo to co. This filter cannot be implemented

in practical hardware. The design of filters that minimize the mean square estimation error
under practical constraints is covered in more advanced texts. Equation (11.147) is a lower
bound on the estimation error of any practical filter.

In a spread spectrum communications systertt) ¥ an information signal modeled as
wide sense stationary stochastic process wigh= 0 and autocorrelation function

Rx () = sin(2750007)/@750007). (11.151)

A radio receiver obtains ¥) = X(t) + N(t), where the interference (¥) is a wide sense
stationary process withy = OandVar[N] = 1 watt. The power spectral density function
of N(t) is Sy(f) = Ng for |[f| < Band §(f) = Ofor |[f| > B. X(t) and N(t) are
independent.

(1) What is the relationship between the noise power spectral dengigntl the inter-
ference bandwidth B?

(2) What is the transfer function of the optimum estimation filter that procesggsny
order to estimate Xt)?

(3) What is the minimum value of the interference bandwidth B Hz that results in a
minimum mean square errof e< 0.05?

11.10 MATLAB

We have seen in prior chapters thedtaTL.AB makes vector and matrix processing sim-
ple. In the context of random signals, efficient useMATLAB requires discrete-time
random sequences. These may be the result either of a discrete-time process or of sam-
pling a continuous-time process at a rate not less than the Nyquist sampling rate. In addi-
tion, MATLAB processes only finite-length vectors corrresponding to either finite-duration
discrete-time signals or to length blocks of an infinite-duration signal. In either case,
we assume our objective is to process a discrete-time signal, a lemgtidom sequence,
represented by the vector

x=[xo - x-1]. (11.152)

Note thaix may be deterministic or random. For the moment, we drop our usual convention
of denoting random quanitities by uppercase letters sindd ATLAB code, we will use
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Figure 11.4 Sample paths of the inpi¢y and outputy, of the orderM — 1 moving-average filter
of Example 11.26.

uppercase letters for vectors in frequency domain. The vedwoften called thelataso
as to distinguish it from discrete-time filters that are also represented by vectors.

Time-Domain Processing for Finite-Length Data

time-domain methods, such as the linear filtering for a random sequence introduced in
Section 11.2, can be implemented directly usMg@TrLAB matrix and vector processing
techniques. IMIATLAB, block processing is especially common.

Example 11.26 For the order M — 1 moving-average filter h, and random processes Xn and Yp of
Example 11.5, write the MaTLAB function snoot hfilter (L, M that generates

a length L sample path X = [XO XL_l]/ under the assumption that Xp is
a Gaussian process. In addition, generate the length L + M — 1 output process
Y=[Yo - Yiim-2].

function y=snoothfilter(L, M; The function snoot hfilter gener-
rx=[4 2 zeros(1,L-2)]; ates the vectors X and Y. The vec-
cx=rx-ones(size(rx)); tor rx is the vector of autocorrela-
x=gaussvector (1, cx, 1); tions padded with zeros so that all
h= ones(1,M/M needed autocorrelationterms are spec-
y=conv(h, x); ified. Implementing Cx[k] = Rx[k] —
plot(1:L,x,2:L,y(1:L), :"); ui,the vector cx is the corresponding
xlabel ("\it n"); autocovariance function.
legend(’\it X n',’\it Y_n);

Next, the vector x of samples Xo, ..., X__1 is generated by gaussvector.
We recall from Chapter 10 that we extended gaussvect or such that if the second
argumentis an N x 1 vector, then gaussvect or internally generates the symmetric
Toeplitz covariance matrix. Finally, conv implements the discrete convolution of X
and the filter hp.

For a single sample path Xp, Figure 11.4 shows Xp and the output of the smoothing
filter for M = 2 and M = 10. For M = 2, the sharpest peaks of X are attenuated in
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the output sequence Yn. However, the difference between input and output is small
because the first-order filter is not very effective. For M = 10, much more of the
high-frequency content of the signal is removed.

Given an autocorrelation functid®x [k] and filterh,, MATLAB can also use convolution
and Theorem 11.5 to calculate the output autocorreld®ipfk] and the input-output cross-
correlationRy y[K].

Example 11.27 For random process Xn and smoothing filter hn from Example 11.5, use MATLAB to
calculate Ry [k] and Rxy[K].

The solution, given by snoot hcorr el ati on. m and corresponding output are:

%snoot hcorrel ati on. m » snoot hcorrel ation

rx=[2 4 2]; rxy =

h=[0.5 0.5]; 1.00 3.00 3.00 1.00
rxy=conv(h, rx) ry =

ry=conv(fliplr(h),rxy) 0.50 2.00 3.00 2.00 0.50

The functions Rx [k], Rxy[k], and Ry[k] are represented by the vectors r x, rxy,
and ry. By Theorem 11.5(c), the output autocorrelation rvy is the convolution of
Rxy[k] with the time-reversed filter h_n. In MaTLaAB, fliplr(h) time reverses,
or flips, the row vector h. Note that the vectors rx, rxy, and ry do not record
the starting time of the corresponding functions. Because rx and ry describe
autocorrelation functions, we can infer that those functions are centered around the
origin. However, without knowledge of the filter h , and autocorrelation Ry [k], there is
no way to deduce that rxy(1) = Rxy[—1].

MATLAB makes it easy to implement linear estimation and prediction filters. In the
following example, we generalize the solution of Example 11.12 to find the dtdievear
predictor forX,y1 given M prior samples.

Example 11.28 For the stationary random sequence X with expected value i x = 0, write a MATLAB
program | nsepr edi ct or . mto calculate the order M — 1 LMSE predictor filter h for
X = Xn41 given the observation Xn = [Xp_m+1 -~ Xn]"

From Theorem 11.9, the filter vector h expressed in time-reversed form, is h =
Rianxnx,Hl- In this solution, Rx , is given in Theorem 11.6 and Rx,,x,,,, appears in
Equation (11.66) with k = 1. The solution requires that we know {R x (0), ..., Rx(M)}.
There are several ways to implement a MATLAB solution. One way would be for
| meepr edi ct or to require as an argument a handle for a MATLAB function that
calculates Ry (k). We choose a simpler approach and pass a vector rx equal to

[Rx(0) -+ Rx(m-— 1)]/. If M > m, then we pad r x with zeros.

function h=l nsepredictor(r,M; MATLAB provides the toeplitz

mel engt h(r); function to generate the matrix Ry,

rx=[r(:);zeros(Mml, 1)]; (denoted by RY in the code). Fi-
%append zeros if needed nally, we find a such that Rx,a =

RY=toeplitz(r(1:M); RXnXns1- The outputis h = a, the

RYX=r (Mt1:-1:2); time-reversed a.

a=RY\ RYX;

h=a(M-1:1);
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The function | nsepr edi ct or. massumeRx (k) = 0 fork > m. If Rx(k) has an
infinite-length tail Rx (k) = (0.9) for example) then the user must make surertat M;
otherwise, the results will be innaccurate. This is examined in Problem 11.10.5.

Frequency Domain Processing of Finite-Length Data

Ourfrequency domain analysis of random sequences has employed the discrete-time Fourier
transform (DTFT). However,the DTFT is a continuous function of the normalized frequency
variableg. For frequency domain methods MaTLAB, we employ the Discrete Fourier

Transform (DFT).
Definition 11.6 Discrete Fourier Transform (DFT)
For a finite-duration signal represented by the vectoe [xo xL,l]/, the Npoint
DFT is the length N vectoX = [Xo --- Xn_1], where
L—1 _
Xn=Y xce 12m/Nk n=0,1,...,N —1.

=
Il

0

By comparing Definition 11.6 for the DFT and Definition 11.3 forthe DTFT, we see that for
a finite-length signat, the DFT evaluates the DTFEX(¢) atN equally spaced frequencies,

n

N "=0l..N-1 (11.153)

¢n =

over the full range of normalized frequencies @ < 1. Recallthatthe DTFT is symmetric
around¢ = 0 and periodic with period 1. It is customary to observe the DTFT over
the interval—-1/2 < ¢ < 1/2. By contrastMATLAB produces values of the DFT over
0 < ¢ < 1. When L=N, the two transforms coincide ovex0¢ < 1/2 while the image
of the DFT over 1/2< ¢ < 1 corresponds to samples of the DTFT ovelr/2 < ¢ < 0.
Thatis,Xn/2 = X(—=1/2), Xnj2+1 = X(—1/2+ 1/N), and so on.

Because of the special structure of the DFT transformation, the DFT can be implemented
with great efficiency as the “Fast Fourier Transform” or FFTMATLAB, if X is a length
L vector, thenX=f f t (x) produces thé. point DFT of x. In addition, X=f ft ( X, N)
produces theN point DFT of x. In this case, iL < N, thenMATLAB pads the vectox
with N — L zeros. However, it > N, thenMATLAB returns the DFT of the truncation
of x toits firstN elements. Note that this is inconsistent with Definition 11.6 of the DFT.
In general, we assunle = N when we refer to amN point DFT without reference to the
data length_. In the form of the FFT, the DFT is both efficient and useful in representing
a random process in the frequency domain.

Example 11.29 Let hp denote the order M — 1 smoothing filter of Example 11.5. For M = 2 and
M = 10, compute the N = 32 point DFT. For each M, plot the magnitude of each DFT
and the magnitude of the corresponding DTFT |H (¢)|.
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104

0 01 02 03 04 05 06 07 08 09 1
M =2: snoot hdft (2, 32)

10 T T T T T T T T T

05F i

0 01 02 03 04 05 06 07 08 09 1
M = 10: snoot hdft (10, 32)

Figure 11.5 The magnitude ofthe DTFT and the 32-point DFT for the ofder 1 moving-average
filter hn of Example 11.29.

For each M, we calculate the DFT of the M-element vector h = [1/M --- 1/M]’.
In Example 11.17, we found that the DTFT of h, is
1 (1-e127eM
H(¢) = v (W) . (11.154)
function smoot hdft (M N); The program snoot hdft. m
phi =0. 01: 0. 01: 1; calculates H(¢) and the N point
hdtft=(1-exp(-j*2*pi *phi*M )./ ... DFT and generates the graphs
(M (1-exp(-j*2*pi*phi))); shown in Figure 11.5. The mag-
h=ones(1, M/ M nitude |H (¢)| appears in the fig-
hdft=fft (h, N); ure as the solid curve. The
n=(0: (N-1))/N; DFT magnitude is displayed as
stem(n, abs(hdft)); a stem plot for normalized fre-
hol d on; quencies n/N to show the cor-
pl ot (phi, abs(hdtft)); respondence with |H (¢)| at fre-
hol d of f; quencies ¢ = n/N.

InFigures 11.5,11.7, and 11.8, we see the mirror image symmetry of both the DTFT and
the DFT around frequenay = 1/2. This is a general property of the DFT for real-valued
signals. We explain this property for the smoothing filer of Example 11.29. When
the elements o, are real,H (—¢) = H*(¢). Thus|H (—¢)| = |H(¢)|, corresponding
to mirror image symmetry for the magnitude spectrum algoset 0. Moreover, because
the DTFT H (¢) is periodic with unit periodH (¢) = H(¢ — 1). ThusH (¢) over the
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interval 1/2< ¢ < 1 is identical toH (¢) over the interval-1/2 < ¢ < 0. Thatis, in a
graph of either the DTFT or DFT, the right side of the graph corresponding to normalized
frequencies 1/% ¢ < listhe same as the image for negative frequenele® < ¢ < 1.
Combining this observation with the mirror image symmetryHaip) about¢ = 0 yields
mirror image symmetry aroungl= 1/2. Thus, when interpreting a DTFT or DFT graph,
low frequencies are represented by the points near the left edge and right edge of the graph.
High-frequency components are described by points near the middle of the graph.

WhenL = N, we can express the DFT as tNex N matrix transformation

X = DFT(x) = Fx (11.155)

where the DFT matri¥ hasn, k element

Fox = e 127(/Nk _ [e—iZH/N]nk. (11.156)
Becausé is anN x N square matrix with a special structure, its inverse exists and is given
by
-1 1 %
Fr=SF (11.157)

whergf:* is obtained by taking the complex conjugate of each entrly.oThus, given the
DFT X = Fx, we can recover the original signaby the inverse DFT

- 1~
x = IDFT(X) = <F*X. (11.158)

Example 11.30 Write a function F=df t nat (N) that returns the N-point DFT matrix. Find the DFT
matrix F for N = 4 and show numerically that F 1= (L/N)F*.

function F = dftmat (N); The function ditmat. m is a
n=(0:N-1)"; direct implementation of Equa-
F=exp((-1.0j)*2*pi *(n*(n’))/N); tion (11.156). In the code, n is the

column vector [0 1 -.-N-1]

and n*(n’) produces the N x N
matrix with n, k element equal to nk.

As shown in Figure 11.6, executing F=df t mat (4) produces the 4 x 4 DFT matrix
1 1 1 1
1 —j -1 |

1 -1 1 -1
1 j -1 —j

F= (11.159)

In the figure, we also verify that F 1 = (1/4)F*.

As a consequence, the structurefofallows us to show in the next theorem that an
algorithm for the DFT can also be used as an algorithm for the IDFT.
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Theorem 11.19

» F=df t mat (4)

F =
1.00 1.00 1.00 1.00
1.00 0.00 - 1.00i -1.00 - 0.00i -0.00 + 1.00i
1.00 -1.00 - 0.00i 1.00 + 0.00i -1.00 - 0.00i
1.00 -0.00 + 1.00i -1.00 - 0.00i 0.00 - 1.00i

» (1/4)*F*(conj (F))

ans =
1.00 -0.00 + 0.00i 0.00 + 0.00i 0.00 + 0.00i

-0.00 - 0.00i 1.00 -0.00 0.00 + 0.00i

0.00 - 0.00i -0.00 - 0.00i 1.00 + 0.00i -0.00 + 0.00i
0.00 - 0.00i 0.00 - 0.00i -0.00 - 0.00i 1.00

»

Figure 11.6 The 4-point DFT matrix for Example 11.30 as generateddfy mat . m

IDFT(X) = % (DFT()Z*))*.

Proof By taking complex conjugates of Equation (11.158), we obtain

1., 1 y
X* = X" = SDFT(XY). (11.160)

By conjugating once again, we obtain
1 Rt
x= (DFT(X )) . (11.161)

Observing thak = IDFT(X) completes the proof.

Thus, ifx is a lengthL data vector withL > N, then theN-point DFT produces a vector
X = DFT(x)oflengthN. ForMAaTLAB, X=f f t (X, N) producesthe DFT of the truncation
of x toits firstN values. In either case, the IDFT defined by thex N matrix F~1, or
equivalently i f ft, also returns a lengtN output. IfL > N, the IDFT output cannot
be the same as the lendthoriginal input x. In the case oMaTLAB, i fft returnsthe
truncated version of the original signal.Uf< N, then the inverse DFT returns the original
inputx padded with zeros to lengtd.

The DFT for the Power Spectral Density

The DFT can also be used to transform the discrete autocorreRi¢n] into the power
spectral densitysx (¢). We assume thaRy[n] is the length 2 — 1 signal given by the
vector

r=[Rx[-(L-1] Rx[-L+2] --- Rx[L-1]]". (11.162)
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The corresponding PSD is

L-1

Z Rx[Kk]e 127k,
k=—(L-1)

Sx(¢) = (11.163)

Given a vector, we would like to generate the vecter= [S SN,l]/ such that
S = Sx(n/N). A complication is that the PSD given by Equation (11.163) is a double-
sided transform while the DFT in the form of Definition 11.6, or ffleTrLAB function
f ft,isasingle-sided transform. For single-sided signals, the two transforms are the same.
However, for a double-sided autocorrelation funct®gr[n], the difference matters.

Although the vector represents an autocorrelation function, it can be viewed as simply a
sequence of numbers, the same as any other discrete-time signal. Viewed thisyvay,B
can usef f t to calculate the DFR = DFT(r) where

2L-2

Ri= > Rxll —(L- 1)je 127 /N (11.164)
1=0
We make the substitutioh= | — (L — 1) to write
L—1 . '
Ri= Y Rxlkle 1ZmWNHL=D - gmi21/N(E=Dg, (n/N). (11.165)
k=—(L—1)
Equivalently, we can write

S = Sx(n/N) = Rpel27/N(L-1) (11.166)

Thus the difference between the one-sided DFT and the double-sided DTFT results in the
elements oR being linearly phase shifted from the valuesSgf(n/N) that we wished for.

If all we are interested in is the magnitude of the frequency response, this phase can be
ignored becausgR,| = |Sx(n/N)|. However, in many instances, the correct phase of the
PSD is needed.

function S=fftc(varargin);
9YOFT for a signal r

%entered at the origin
%sage:

% fftc(r,N: N point DFT of r
% fftc(r): length(r) DFT of r
r=varargi n{1};

In this case, the progamf ft c. m pro-
vides a DFT for signalsr that arecen-
teredat the origin. Given the simple task
of fftc, the code may seem unusually
long. In fact, the actual phase shift correc-
tion occurs only in the very last line line

L=1+f 1 oor (1 ength(r)/2)
if (nargin>1)
N=varargi n{2} (1)
el se
N=(2*L)-1
end
R=fft(r,N);
n=r eshape(0: (N-1), si ze(R));
phase=2*pi *(n/ N) *(L-1);
S=R. *exp( (1. 0j)*phase);

of the program. The additional code em-
ploys MATLAB’S var ar gi n function to
support the same variable argument calling
conventions asfft; fftc(r) returns
the n-point DFT wheren is the length of
r,while fftc(r, N) returns theN-point
DFT.
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Circular Convolution

Given a discrete-time signak, as the input to a filteh,, we know that the outpuy, is
the convolution ofx, andh,. Equivalently, convolution in the time domain yields the
multiplicationY (¢) = H (¢) X(¢) in the frequency domain.

Whenx; is a lengthL input given by the vectox = [xo --- x_-1], andhy is the
orderM — 1 causal filteth = [ho - hM_l]/, the corresponding outpythas length
L+ M —1. IfwechooseN > L + M — 1, then theN-point DFTs ofh, x, andy have the
property that

Ye=Y(k/N), Hx=Hk/n), Xg=Xk/N). (11.167)
It follows that at frequenciek/N, we have thaty, = HcXx. Moreover, IDFTY) will
recover the time-domain output signgl.

Infinite-duration Random Sequences

We have observed that for finite-duration signals and finite-order filters, the DFT can be
used almost as a substitute for the DTFT. The only noticeable differences are phase shifts
that result from thef f t function assuming that all signal vectarare indexed to start at
timen = 0. For sequences of length< N, the DFT provides both an invertible frequency
domaintransformation as well as providing samples of the DTFT at frequengiesn/N.

On the other hand, there are many applications involving infinite duration random se-
guences for which we would like to obtain a frequency domain characterization. In this case,
we can only apply the DFT to a finite-length data sampte [xi  Xit1 - xi+|__1]/.

In this case, the DFT should be used with some care as an approximation or substitute for
the DTFT. First, as we see in the following example, the DFT frequency samples may not
exactly match the peak frequencieste).

Example 11.31 Calculate the N = 20 point and N = 64 point DFT of the length L = N sequence

Xk = co927(0.15)k). Plot the magnitude of the DFT as a function of the normalized

frequency.

function X=fftexanplel(L, N) The program fftexanpl el. m gener-
k=0:L- 1, ates and plots the magnitude of the N-
x=cos(2*pi *(0. 15) *k) ; point DFT. The plots for N = 20 and
X=fft(x,N); N = 64 appear in Figure 11.7. We see
phi=(0:N-1)/N; that the DFT does not precisely describe
stem( phi, abs(X)); the DTFT unless the sinusoid X is at fre-

quency n/N for an integer n.

Even if N is chosen to be large, the DFT is likely to be a poor approximation to the
DTFT if the data length_ is chosen too small. To understand this, we vieas a vector
representation of the signeafw_[k] wherew [K] is a windowing function satisfying

1 k=0,...,L -1,

0 otherwise (11.168)

w [K] :{

From Equation (11.168), we see that[Kk] is just a scaled version of the orddr—1 moving-
average filtehp in Example 11.26. In particular, favl = L, w [K] = Lhx and the DTFT
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Figure 11.7 20 point and 64 point DFTs ofx = cog2x(0.15)k)

of w[K]isWL(¢) = LH(¢). Thus, forL = M = 10, W (¢) will resembleH (¢) in the

lower graph of Figure 11.5. The DTFT of the time domain multiplicatiqm_ [K] results

in the frequency domain convolution &f(¢) andW (¢). Thus the windowing introduces
spurious high-frequency components associated with the sharp transitions of the function
w [K]. In particular, if X(¢) has sinusoidal components at frequendgiesand ¢, those
signal components will not be distinguishablégf — ¢2| < 1/L, no matter how large we
chooseN.

Example 11.32 Consider the discrete-time function
X = €027 (0.20)k) + cos@m (0.25)k), k=0,1,...,L - 1. (11.169)

For L = 10and L = 20, plot the magnitude of the N = 20 point DFT.

function X=fftexanple2(L, N The program f f t exanpl e2. mplots the
k=0:L- 1, magnitude of the N-point DFT. Results for
x=cos(2*pi *(0.20)*k) ... L = 10,20 appear in Figure 11.8. The

+cos(2*pi *(0. 25) *k); graph for L = 10 shows how the short
X=fft(x,N; data length introduce spurious frequency
stem((0: N-1)/ N, abs(X)); components even thoughthe N = 20point

DFT should be sufficient to identify the two
sinusoidal components. For data length
L = 20, we are able to precisely identify
the two signal components.

We have observed that we can specify the number of frequency pdimdthe DFT
separately from the data length However, ifx, is an infinite-length signal, then the
ability of the DFT to resolve frequency components is limited by the data ldngirhus,

if we are going to apply al point DFT to a lengthL sequence extracted from an infinite-
duration data signal, there is little reason to extract fewer thaamples.

Onthe other hand, if > N, we can generate a lengthwrapped signaith the same
DFT. In particular, ifx has length. > N, we expresx as the concatenation of length
segments

X =[X1 X2 -+ Xi]. (11.170)

where the last segmert may be padded with zeroes to have lenbjthIn this case, we
define the lengttN wrapped signal a& = x1 + X2 + - - - + xj. Because 127(/N)K hag
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Figure 11.8 TheN = 20 point DFT ofxx = cos@n (0.20)k) 4+ cog2 (0.25)k) for data lengthL.

periodN, it can be shown thatandX have the same DFT. K = DFT(x) = DFT(X), then
IDFT(X) will return the wrapped sign&. Thus, to preserve the invertibility of the DFT, it
is desirable to use data record of lengtlequal toN, the number of points in the DFT.

The wide sense stationary process o Example 11.5 is passed through the order-M
moving-averagdilter. The output is ¥. Use a 32 point DFT to plot the power spectral
density functions

(1) Sx(¢), (2) Sy(¢) forM =2,

(3) Sr(¢) for M = 10.
Use these graphs to interpret the results of Example 11.26.

Chapter Summary

This chapter addresses two practical applications of random vectors and stochastic pro-
cesses: linear filtering and estimation. The two applications converge in linear estimates of
random sequences and linear estimates of continuous-time stochastic processes.

e The output of a linear time-invariant filtes a wide sense stationary stochastic process
if the input is a wide sense stationary process.

e The autocorrelation function of the filter outpsitelated to the autocorrelation function
of the input process and the filter impulse response. The relationship is expressed in a
double convolution integral.

e The cross-correlation functioof the filter input and the filter output is the convolution
of the filter impulse response and the autocorrelation function of the filter input.

e The optimum linear predictor of a random sequeitxthe solution to a set of linear
equations in which the coefficients are values of the autocorrelation function of the
random sequence.

e The power spectral density functiar the filter output is the product of the power
spectral density function of the input and the squared magnitude of the filter transfer
function.
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e The transfer function of the optimum linear estimator of a continuous-time stochastic
processs the ratio of the cross spectral density function of the observed and estimated
process and the power spectral density function of the observed process.

¢ Further ReadingProbability theory, stochastic processes, and digital signal processing
(DSP) intersect in the study of random signal processing. [MSY98] and [Orf96] are
accessible entry points to the study of DSP with the helplafrLaB. [BH92] covers
the theory of random signal processing in depth and concludes with a chapter devoted
to the Global Positioning System. [Hay96] presents basic principles of random signal
processing in the context of a few important practical applications.

Problems
Difficulty: Easy Moderate Difficult Experts Only
11.1.1 Let X(t) denote a wide sense stationary procedsl.2.1 The random sequencé, is the input to a discrete-
with ux = 0 and autocorrelatioRy (7). Let time filter. The output is
Y(t) = 24+ X(t). WhatisRy (t, t)? IsY(t) wide
sense stationary? Yo = Xni1+ é” +Xn1
11.1.2 X(t), the input to a linear time-invariant filter is a (@) What is the impulse responkg?
wide sense stationary random process with expected b) Find th lati f th h
valuepy = —3 volts. The impulse response of the ( )F'n_ the gutocorre atlor_1 of the outpy when
filter is Xn is a wide sense stationary random sequence

with ux = 0 and autocorrelation
1-10°t2 0<t <10 3sec,
hO=1 o otherwise Rein— 1 1 n=0
x[nl = 0 otherwise
What is the expected value of the output process ) ) ) )
Y()? 11.2.2 X(t) is a wide sense stationary process with auto-

correlation function

11.1.3 X (1), the input to a linear time-invariant filter is a Ry (1) = 105in(2000ﬂt) + sin(10007t)
wide sense stationary stochastic process with ex- 20007t ’
pected valugrx = 4 volts. The filter outpul (t) The proces (t) is sampled at rate T = 4,000
is a wide sense stationary stochastic process with Hz, yielding the discrete-time proceXs. What is

expecteduy = 1 volt. The filterimpulse response the autocorrelation functioRy [k] of Xn?
is

—t/a
€ t>0,
h(t) = { 0 otherwise

What is the value of the time constaaf?

11.2.3 The outputYy of the smoothing filter in Exam-
ple 11.5 hagty = 1 and autocorrelation function

3 n=0,
. . o . 2 |nj=1,
11.1.4 Awhite Gaussian noise signdl(t) with autocorre- Ry[n] = 05 |nj=2

lation functionRy (t) = nod(t) is passed through
an LTI filter h(t). Prove that the outpuY (t) has

average power Yn is the input to another smoothing filter with im-

X o pulse response
E[Y (t)] - no/ h2(u) du.
—00

0 otherwise.

L1 n=01,
"~ 1 0 otherwise.
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The output of this second smoothing filteMg,.

(a) What isuyy, the expected value of the output of
the second filter?

(b) What is the autocorrelation function bf,?
(c) What is the variance oi,?
(d) Wh is a linear function of the original input pro-
cessXp in Example 11.5:
M—1
Wh = Z i Xn—i-
i=0
What s the impulse responggof the combined
filter?

11.2.4 Let the random sequendg in Problem 11.2.3 be
the inputto the differentiator with impulse response,

1 n=0,
hp = -1 n=1,
0 otherwise

The output is the random sequengge

(a) What is the expected value of the outpyt?

(b) What is the autocorrelation function of the out-
put Ry [n]?

(c) What is the variance of the output Ver]?

(d) Vi is a linear function of the original input pro-
cessXp in Example 11.5:

M-1
Vo= Y fiXn.
i=0

What is the impulse responggof the combined
filter?

11.2.5 Example 11.5 describes a discrete-time smoothi
filter with impulse response

ho_ |1 n=01,
"=1 0 otherwise.

For a particular wide sense stationary input process
Xn, the output proces¥, is a wide sense stationary
random sequence, withy = 0 and autocorrelation
function

11.2.6 The input ..

11.2.7 Zg, Z3, . ..

11.2.8 The iid random sequenc¥p, X1, ..

., X_1, X0, X1, ... and output
... Y_1,Yp, Y1, ... of adigital filter obey

1
Yn = E (Xn + Yn,]_) .
Let the inputs be a sequence of iid random variables
with E[Xj] = ux, = 0 and VafX;] = o2. Find
the following properties of the output sequence:
E[Yi], VarYil, CovYi 1, Yil, andpy, , ;-

is an iid random sequence with
E[Zn] = 0 and Vargn] = 2. The random se-
quenceXgp, X1, ... 0beys the recursive equation

Xn:Canl'i—anl, n:l,2,...,

wherec is a constant satisfyings| < 1. Find4?2
such thatXg, X1, ... is a random sequence with
E[Xn] = 0 such thatfon > 0 andn + k > 0,

Rx[n, k] = o2clkl,

. of standard
normal random variables is the input to a digital fil-
ter. For a constama satisfyingla] < 1, the filter
output is the random sequen¥g Y1, ... such that
Yo = 0 and forn > 1,

Yh = a(Xn + Yn,]_) .

Find E[Y;] and the autocorrelatioRy [m, k] of the
output sequence. Is the random sequeviceide
sense stationary?

11.3.1 Xp is a stationary Gaussian sequence with ex-

pected valueE[ Xp] = 0 and autocorrelation func-
tion Rx(k) = 27, Find the PDF ofX =
[Xl X2 Xg]/.

.32 Xn is a sequence of independent random vari-

ables such thaiX, = 0 for n < 0 while for
n > 0, eachXp is a Gaussian0, 1) random var-
iable. The sequec¥y is passed through the filter
h=[1 -1 1] Findthe PDFs of:

/

@Xz=[x1 x x3]
O)X2 =[x1 x]-

11.3.3 The stationary Gaussian process with expected

2 n=0,
Ry[n]=7 1 [n=1,
0 otherwise.

What is the autocorrelatioRy [n] of the inputXy?

value E[Xn] = 0 and autocorrelation function

Ry (k) = 27 |k| is passed through the linear filter
given by the filter vectoh = [1 —1 1]". Find

the PDFofX = [X3 X4 Xs].



11.3.4 The stationary Gaussian process with expected
value E[Xn] = 0 and autocorrelation function
Rx (k) = 27|k| is passed through the a inear fil-
ter given by the filter vectoh = [1 -1 1]’
Find the PDF oiX = [X3 X4 Xs].

11.4.1 Xy isawide sense stationary random sequence with
nx = 0 and autocorrelation function

1—-0.25/k]|

R“”:{o Ikl < 4,

otherwise

For M = 2 samples, finch = [hg h;]’, the
coefficients of the optimum linear prediction filter
of Xnt1, given Xp_1 and Xp. What is the mean
square error of the optimum linear predictor?
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satisfying|c| < 1. In addition, for convenience, we
assumeE[Xg] = 0 and VarXg] = 02/(1 — c2).
We make the following noisy measurement

Yn—1=0dXn-1+ Wh_1,

whereWq, Wo, . .. is an iid measurement noise se-
quence WithE[Wh] = 0 and VafWh] = 2 that is
independent oXn and Zp.

(a) Find the optimal linear predictoXn(Yn_l), of
Xn using the noisy observatioty_1.

(b) Find the mean square estimation error

e =E [(Xn - >A<n<Yn71))2] :

11.4.2 X, is awide sense stationary random sequence with.5.1 X(t) is a wide sense stationary process with auto-

nx = 0 and autocorrelation function

1.1 k=0,
Ry [K] = 1-025/kl 1<kl <4,
0 otherwise

For M = 2 samples, findh = [hg h;]’, the co-
efficients of the optimum linear predictor &, 1,
given X,_1 and Xpn. What is the mean square error
of the optimum linear predictor?

11.4.3 Let X be awide sense stationary random sequen
with expected valu&[ X ] = 0 and autocorrelation
function

Rx [Kl = E [XnXnsk] = c¥,
where|c| < 1. We observe the random sequence
Yn = Xn + Zn,

whereZy is an iid noise sequence, independent of
Xn, with E[Zn] = 0 and Vargn] = 52. Find the
LMSE estimate ofXp given Y, and the minimum
mean square estimaton error.

11.4.4 Continuing Problem 11.4.3, find the optimal filter
h = [hg h;] based oM = 2 samples offp.
What value ot minimizes the mean square estima-
tion error?

11.4.5 SupposeXy, is a random sequence satisfying
Xn =C¢Xn—1+ Zn-1,

whereZ,, Zy, ... is an iid random sequence with
E[Zn] = 0 and VarZn] = o2 andc is a constant

correlation function

sin(2000xt) + sin(1000xt)

Ry (7) = 1
x(v) =10 20007t

What is the power spectral density X{t)?

11.5.2 X(t)isawide sense stationary process with = O

andY(t) = X(at) wherea is a nonzero constant.
Find Ry (7) in terms of Ry (7). IS Y (t) wide sense
stationary? If so, find the power spectral density

Sy (f).

Y61 Xn is a wide sense stationary discrete-time random

sequence with autocorrelation function

k=0,1,...,

_ [ s+ K
Rkl = { 0 otherwise.

Find the power spectral densigx ().

11.7.1 Forjointly wide sense stationary proces¥&s) and

Y (t), prove that the cross spectral density satisfies

Sy x(f) = Sxy(—f) = [Sxy(F)I*.

11.8.1 A wide sense stationary proceXst) with autocor-

relation functionRy (r) = 100e 190l s the input
to an RC filter with impulse response

—t/RC
h(t):{ (e)

The filter output process has average power
E[Y2(t)] = 100.

(a) Find the output autocorrelatid®y (7).
(b) What is the value oRC?

t>0,
otherwise
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11.8.2 Let W(t) denote a wide sense stationary Gaussian

noise process withyy = 0 and power spectral den-
sity Sy (f) = 1.
(a) What isRy (t), the autocorrelation oV (t)?

(c) What isSy x(f)?
(d) What isSy (f)?
(e) What isE[Y2(t)]?

11.8.6 A wide sense stationary stochastic procesd)

(b) W(t) is the input to a linear time-invariant filter
with impulse response

1 [fl<B/2

H(f):{ 0 otherwise

The filter outputisy (t). Whatis the power spec-
tral density function of (t)?

(c) What is the average power ¥{t)?
(d) What is the expected value of the filter output?

11.8.3 The wide sense stationary procesé) with auto-
correlation functiorRy (7) and power spectral den-
sity Sx () is the input to a tapped delay line filter

H ( f) — a]_eij 27‘[ft1 + azefj 27'[“2.
Find the output power spectral densBy(f) and
the output autocorrelatioRy (7).
11.8.4 A wide sense stationary proceXst) with autocor-
relation function
2
Ry (r) = e 477",
is the input to a filter with transfer function

1 0=(fl=2

H(D = { 0 otherwise

Find

(a) The average power of the inpX(t)

(b) The output power spectral densBy (f)
(c) The average power of the outpigt)

11.8.5 A wide sense stationary procexst) with power
spectral density

[ 10% |f| <100,
Sx(f) = { 0 otherwise,

is the input to an RC filter with frequency response
Hf) = —————.
(" 1007 + j2rf
The filter output is the stochastic procesd).
(a) What isE[ XZ(t)]?
(b) What isSyy(f)?

with autocorrelation functiorRy (r) = e 4/l is
the input to a linear time-invariant filter with im-
pulse response

—7t
e t>0,

h(t) = { 0 otherwise.

The filter output isy (t).

(a) Find the cross spectral densyy ().

(b) Find cross-correlatioRy y (7).

11.8.7 A white Gaussian noise procedt) with power

spectral density of T0° W/Hz is the input to the

lowpass filterH (f) = 108~ 1%I Tl Find the fol-
lowing properties of the outpf(t):

(a) The expected valyey

(b) The power spectral densigy ( f)
(c) The average poweE[Y2(t)]

(d) P[Y(t) > 0.01]

11.8.8 In Problem 10.12.1, we found that passing a station-

ary white noise process through an integrator pro-
duced anonstationaryoutput proces¥ (t). Does
this example violate Theorem 11.2?

11.8.9 Let M(t) be a wide sense stationary random pro-

cess with average pow&[M2(t)] = q and power
spectral densityy (). The Hilbert transform of
M(t) is I\7I(t), a signal obtained by passing (t)
through a linear time-invariant filter with frequency
response

- [ -] f=o0
H(H=—jsgn(h =1 . Z¢

(a) Find the power spectral densig, (f) and the
average powe] = E[M2(t)].
(b) Inasingle sideband communications system, the
upper sideband signal is
U(t) = M(t) cos@rfct + ®)
— M) sin@rfct + ©),
where® has a uniform PDF ovd0, 27), inde-

pendent ofM (t) andM (t). What is the average
power E[U2(t)]?
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11.8.10As depicted below, a white noise Gaussian proce$4.10.1For the digital filter of Problem 11.2.6, generate 100

W(t) with power spectral densitgy(f) = 10715
W/Hz is passed through a random phase modulator
to produceV (t). The proces¥ (t) is then low-pass
filtered (L(f) is an ideal unity gain low-pass filter
of bandwidthB) to createyY (t).

sample path¥y, ..., Ygggassuming thex; are iid
Gaussian(0, 1) random variables an¥(0) = 0.
Estimate the expected value and variancpfor
n =5,n =50 andn = 500.

40 11.10.2n the programf f t c. m the vectorn simply holds

W) L(f)—> Y0

cos(2Cft +00)

The random phase is assumed to be independent
of W(t) and to have a uniform distribution over
[0, 27].

(a) What is the autocorrelatioRy, (t)?
(b) What isE[V (1)]?

(c) What is the autocorrelatioRy (7)? Simplify as
much as possible.

(d)IsY(t) a wide sense stationary process?
(e) What is the average power 6ft)?

the elements @, ..., N — 1. Why is it defined as
n=r eshape(0: (N-1), si ze(R)) rather than
just n=0: N- 1?

11.10.3The stationary Gaussian random sequente

has expected valu&[Xp] = 0 and autocor-
relation function Rx[k] = c090.047k). Use
gaussvect or to generate and plot 10 sample
paths of the fornXg, . .., Xgg9. What do you appear
to observe? Confirm your suspicions by calculating
the 100 point DFT on each sample path.

11.10.4The LMSE predictor ia = R;lRyx, However,

the next to last line ofl msepr edi ct or. misn't
a=i nv( RY) * RYX. Why?

11.9.1 X(t) is a wide sense stationary stochastic proce;;.lo.SXn is awide sense stationary random sequence with

with ux = 0 and autocorrelation function
Rx (t) = sin@aWrt)/(27Wr).

ObserveY (t) = X(t) + N(t), whereN(t) is a wide
sense stationary process with power spectral density
function Sy (f) = 1075 such thatX(t) and N(t)
are mutually independent.

(a) Whatis the transfer function of the optimum lin-
ear filter for estimating< (t) givenY (t)?

(b) What is the maximum signal bandwidil Hz
that produces leads to a minimum mean square
errore’li < 0.04?

11.9.2 X(t) is a wide sense stationary stochastic process
with ux = 0 and autocorrelation function

expected valugtxy = 0 and autocorrelation func-
tion Ry [k] = (—0.9)/Kl. Suppose
rx=(-0.9).7(0:5)
For what values oN does
a=l msepredi ctor(rx, N
produce the correct coefficient vectst

11.10.6-or the discrete-time proceXs in Problem 11.2.2,

calculate an approximation to the power spectral
density by finding the DFT of the truncated auto-
correlation function

r = [Rx[-100] Rx[-99] Rx[100]]".

Compare your DFT output against the DTFT
Sx ().

11.10.7or the random sequenc¥, defined in Prob-

RX(T) — —SOOQT‘ .

ObserveY (t) = X(t) + N(t), whereN(t) is a wide
sense stationary process with power spectral den-
sity function Sy (f) = 1075, X(t) and N(t) are
mutually independent.

(a) Whatis the transfer function of the optimum lin-
ear filter for estimating< (t) givenY (t)?

(b) What is the mean square error of the optimum
estimation filter?

lem 11.4.1, find the filteh = [hg hm-1]’
of the optimum linear predictor oKpy1, given
Xn—M+1:---» Xp=1,..., Xp for M € {2,4,8}.
What is the mean square errgf (N) of the M-
tap optimum linear predictor? Gragmi (M) as a
function forM forM = 1,2, ..., 10.

11.10.8-or a wide sense stationary sequedgewith zero

expected value, extendnsepr edi ct or . mto a
function
function h = kpredictor(rx, M k)
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which produces the filter vectdr of the optimalk
step linear predictor oK,k given the observation

Yn=[xn—M+1 o Xp-a Xn]/-

11.10.%Continuing Problem 11.4.5 of the noisy predic-
tor, generate sample paths ¥f andYn for n =
0,1,...,50 with the following parameters:

(@dc=09,d=10

(b)c=09,d=1
(c)c=09,d=01
(dc=06,d=10
(e)c=06,d=1
(fc=06,d=0.1

In each experiment, use= ¢ = 1. Use the anal-
ysis of Problem 11.4.5 to interpret your results.
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Markov Chains

12.1 Discrete-Time Markov Chains

Definition 12.1

Theorem 12.1

In Chapter 10, we introduced discrete-time random processes and we emphasized iid random
sequences. Now we will consider a discrete-value random seq{¥n¢e=10,1,2, ...}

that isnotan iid random sequence. In particular, we will examine systems, ddiéekov

chains, in whichXn11 depends orX,, but not on the earlier valuesy, ..., Xn_1 of the
random sequence. To keep things reasonably simple, we restrict our attention to the case
where eachX,, is a discrete random variable with ran§e = {0,1,2,...}. In this case,

we make the following definition.

Discrete-Time Markov Chain

Adiscrete-time Markov chain {X,|n = 0,1, ...} is a discrete-time, discrete-value random
sequence such that givernp X . ., X, the next random variable {1 depends only on X
through the transition probability

P[Xn+1= j|xn=i,Xn—1=in—1,---,X0=i0] = P[Xn+l= j|xn=i] = Fj.
The value ofX,, summarizes all of the past history of the system needed to predict the next
variableX,11 in the random sequence. We cl}, the stateof the system at time, and
the sample space of,, is called theset of state®r state space. In short, there is a fixed

transition probability F} that the next state will b¢ given that the current stateiisThese
facts are reflected in the next theorem.

The transition probabilities f of a Markov chain satisfy
(o8}

Pj >0, > P =1
j=0

We can represent a Markov chain by a graph with nodes representing the sample space of
445
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Xn and directed arc§, j) for all pairs of statesi, j) such thatPjj > 0.

Example 12.1

Example 12.2

Example 12.3

Example 12.4

The two-state Markov chain can be used to model a wide variety of systems that
alternate between ON and OFF states. After each unit of time in the OFF state, the
system turns ON with probability p. After each unit of time in the ON state, the system
turns OFF with probability g. Using 0 and 1 to denote the OFF and ON states, what
is the Markov chain for the system?

The Markov chain for this system is
I-p I-q

The transition probabilities are Pog=1—p, Pp1 = p, Plo=9,and Pj1 =1—q.

A packet voice communications system transmits digitized speech only during “talk-
spurts” when the speaker is talking. In every 10-ms interval (referred to as a timeslot)
the system decides whether the speaker is talking or silent. When the speaker is talk-
ing, a speech packet is generated; otherwise no packet is generated. If the speaker
is silentin a slot, then the speaker is talking in the next slot with probability p = 1/140.
If the speaker is talking in a slot, the speaker is silent in the next slot with probability
g = 1/100. If states 0 and 1 represent silent and talking, sketch the Markov chain for
this packet voice system.

For this system, the two-state Markov chain is
139/140 99/100

. 1/140 .

A computer disk drive can be in one of three possible states: 0 (IDLE), 1 (READ) , or
2 (WRITE). When a unit of time is required to read or write a sector on the disk, the
Markov chain is

1/100

The values of the transition probabilities will depend on factors such as the number of
sectors in a read or a write operation and the length of the idle periods.

In a discrete random walk, a person’s position is marked by an integer on the real
line. Each unit of time, the person randomly moves one step, either to the right (with
probability p) or to the left. Sketch the Markov chain.

The Markov chain has state space {..., —1,0,1, ...} and transition probabilities

Pi+1=p Ri-1=1-p. (12.1)
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The Markov chain is

LW 0 @.0

Another name for this Markov chain is the “Drunken Sailor.”

The graphical representation of Markov chains encourages the use of special terminology.
We will often call the transition probabiliti;; abranch probabilitypbecause it equals the
probability of following the branch from stateo statej. When we examine Theorem 12.1,
we see that it says the sum of the branch probabilities leaving anyi staist sum to 1.

A state transition is also calledhop because a transition fromto j can be viewed as
hopping fromi to j on the Markov chain. In addition, the state sequence resulting from a
sequence of hops in the Markov chain will frequently be callpdta For example, a state
sequence, j, k corresponding to a sequence of statgs= i, Xp11 = j, andXp42 = K

is a two-hop path from to k. Note that the state sequericg, k is a path in the Markov
chain only if each corresponding state transition has nonzero probability.

The random walk of Example 12.4 shows that a Markov chain can have a countably
infinite set of states. We will see in Section 12.7 that countably infinite Markov chains
introduce complexities that initially get in the way of understanding and using Markov
chains. Hence, until Section 12.7, we focus on Markov chains with a finite set of states
{0,1,...,K}. Inthis case, we represent the one-step transition probabilities by the matrix

Poo Por -+ Pok

p_|Pwo Pu (12.2)

Pko --- Pk k

By Theorem 12.1P has nonnegative elements and each row sums to 1. A nonnegative
matrix P with rows that sum to 1 is calledstate transition matrijor astochastic matrix

Example 12.5  The two-state ON/OFF Markov chain of Example 12.1 has state transition matrix

Quiz12.1

_|1-p p
P_[ q 1—q]' (12.3)

A wireless packet communications channel suffers from clustered errors. That is, whenever
a packet has an error, the next packet will have an error with probalfli®y Whenever a
packet is error-free, the next packet is error-free with probabDi§9. Let X, = 1if the

nth packet has an error; otherwise,,%= 0. Model the random proce$Xp|n > 0} using

a Markov chain. Sketch the chain and find the transition probability mé&trix
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12.2 Discrete-Time Markov Chain Dynamics

Definition 12.2

Theorem 12.2

In an electric circuit or any physical system described by differential equations, the system
dynamics describe the short-term response to a set of initial conditions. For a Markov
chain, we use the wordynamicsto describe the variation of the state over a short time
interval starting from a given initial state. The initial state of the chain represents the initial
condition of the system. Unlike a circuit, the evolution of a Markov chain is a random
process and so we cannot say exactly what sequence of states will follow the initial state.
However, there are many applications in which it is desirable or necessary to predict the
future states given the current sta{g,. A prediction of the future stat¥n+m given the
current stateX, usually requires knowledge of the conditional PMPXofm given Xp,.

This information is contained in thestep transition probabilities.

n-step transition probabilities
For a finite Markov chain, the n-step transition probabilities are given by the mBigin
which has | jth element

Pj(n) = P[Xn+m=j|xm=i]~

Thei, jth element oP(n) tells us the probability of going from staitéo statej in exactly

n steps. Fon = 1, P(1) = P, the state transition matrix. Keep in mind thj (n) must
account for the probability of everystep path from stafeto statej. As aresult, itis easier

to define than to calculate threstep transition probabilities. The Chapman-Kolmogorov
equations give a recursive procedure for calculatingntseep transition probabilities. The
equations are based on the observation that goingifiton in n + m steps requires being

in some staté aftern steps. We state this result, and others, in two equivalent forms: as a
sum of probabilities, and in matrix/vector notation.

Chapman-Kolmogorov equations
For a finite Markov chain, the n-step transition probabilities satisfy

K
Ry (N +m) =) P(n) Py (m), P(n+m) = P(P(m).
k=0

Proof By the definition of then-step transition probability,

K
Rj(+m =Y P[Xntm=j. Xn=KkXo=1i] (12.4)
k=0
K
:ZP[Xn=k|X0:i]P[Xn+m:j|xn:k,X0:i] (12.5)
k=0

By the Markov propertyP[Xn+m = j[Xn =K, Xg = i] = P[Xntm = ][ Xn = K] = Pgj(m). With
the additional observation thitijZO P[Xn = K|Xg =i] = Pk (n), we see that Equation (12.5) is
the same as the statement of the theorem.
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For a finite Markov chain wittK states, the Chapman-Kolmogorov equations can be
expressed in terms of matrix multiplication of the transition maix Form = 1, the
matrix form of the Chapman-Kolmogorov equations yielgh+ 1) = P(n)P. This implies
our next result.

Theorem 12.3  For a finite Markov chain with transition matriR, the n-step transition matrix is

P(n) =P".

Example 12.6  For the two-state Markov chain described in Example 12.1, find the n-step transition
matrix P". Given the system is OFF at time 0, what is the probability the system is
OFF at time n = 33?

The state transition matrix is

_[1-p p
P_[ ] 1—q] (12.6)

The eigenvaluesof Pare 1.1 = 1and A = 1—(p+q). Since p and g are probabilities,
[A2] < 1. We can express P in the diagonalized form

1 =L, o171 -2
P—slps— pga || A1 pPta  PHa |, 12.7
e O B A

Note that s;, the ith row S, is the left eigenvector of P corresponding to . That is,
s P = Aj5. Some straightforward algebra will verify that the n-step transition matrix is

PooM)  PoaM] o g pl, * [P —p
pn _ [ Poo 01 ] _s1phg_ [ ] 2 [ ] 12.8
[Plo(n) Pr1(n) p+qgld P * p+qgql-9 4 (12.8)

Given the system is OFF at time 0, the conditional probability the system is OFF at
time n = 33is simply

a , 2% _a+i-(ptraiP

Poo(33) = _
00 P+d  p+q pP+q

(12.9)

Then-step transition matrix is a complete description of the evolution of probabilities in
a Markov chain. Given that the system is in stgtese learn the probability the system is
in statej n steps later just by looking &jj (n). On the other hand, calculating thestep
transition matrix is nontrivial. Even for the two-state chain, it was desirable to identify the
eigenvalues and diagonaliBebefore computind? (n).

Often, then-step transition matrix provides more information than we need. When
working with a Markov chair{ Xp|n > 0}, we may need to know only the state probabil-
ities P[X, =i]. Since eachX, is a random variable, we could express this set of state
probabilities in terms of the PMPx,, (i ). This representation can be alittle misleading since
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Definition 12.3

Theorem 12.4

the states (1, 2, ... may not correspond to sample values of a random variable but rather
labels for the states of a system. In the two-state chain of Example 12.1, the states 0 and 1
corresponded to OFF and ON states of a system and have no numerical significance. Con-
sequently, we represent the state probabilities at tilgthe se{p;(n)|j =0,1,...,K}
wherepj(n) = P[Xn = j]. An equivalent representation of the state probabilities at time

nis the vectop(n) = [po(n) --- Pk (n)]/.

State Probability Vector
Avectorp = [po --- pk] is astate probability vector if Zﬁ(:o p; = 1, and each
element p is nonnegative.

Starting at timen = 0 with the a priori state probabilitigg (0)}, or, equivalently, the
vectorp(0), of the Markov chain, the following theorem shows how to calculate the state
probability vectoip(n) for any timen in the future. We state this theorem, as well as others,
in terms of summations over states in parallel with the equivalent matrix/vector form. Inthis
text, we assume the state ve@bdn) is a column vectors. In the analysis of Markov chains,
itis a common convention to usg; rather tharPj; for the probability of a transitiofrom
i to j. The combined effect is that our matrix calculations will involve left multiplication
by the row vectop’(n — 1).

The state probabilities jn) at time n can be found by either one iteration with the n-step
transition probabilities:

K
pi(M = pi(O)R; (), p'(n) = p' (0P,

i=0

or n iterations with the one-step transition probabilities:

K
pi(M =>_pi(n—1DP;, p'(n) = p'(n— 1)P.
i=0

Proof From Definition 12.2,

K K
pjM=P[Xn=jl=) P[Xn=jXo=i]P[Xo=i]=) Pjmp©0). (12.10)
i=0 i=0

From the definition of the transition probabilities,

K K

Pi() =P[Xn=i1=Y P[Xn=ilXn_1=i]P[Xp_1=i]= Y Pyp(n—1. (12.11)
i=0 i=0

Example 12.7  For the two-state Markov chain described in Example 12.1 with initial state probabili-

ties p(0) = [po  p1]. find the state probability vector p(n).
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By Theorem 12.4, p’(n) = p/(0)P". From P(n) found in Equation (12.8) of Exam-
ple 12.6, we can write the state probabilities at time n as

P =[pom ] =[plg hq|+ B[ 2Bl =RpA] (12.12)

where 2o =1— (p+ Q).

Stock traders pay close attention to the “ticks” of a stock. A stock can trade on an uptick,
even tick, or downtick, if the trade price is higher, the same, or lower than the previous
trade price. For a particular stock, traders have observed that the ticks are accurately
modeled by a Markov chain. Following an even tick, the next trade is an even tick with
probability 0.6, an uptick with probabilityd.2, or a downtick with probabilityd.2. After

a downtick, another downtick has probabilily4, while an even tick has probability6.

After an uptick, another uptick occurs with probabili@y}, while an even tick occurs with
probability 0.6. Using state$, 1, 2 to denote the previous trade being a downtick, an even
tick, or an uptick, sketch the Markov chain, and find the state transition m@taind the
n-step transition matri@".

12.3 Limiting State Probabilities for a Finite Markov Chain

Definition 12.4

An important task in analyzing Markov chains is to examine the state probability vector
p(n) asn becomes very large.

Limiting State Probabilities
For a finite Markov chain with initial state probability vectp0), thelimiting state prob-
abilities, when they exist, are defined to be the veatet limp_. o p(n).

Thejthelementrj, of & is the probability the system will be in stajén the distant future.

Example 12.8  For the two-state packet voice system of Example 12.2, what is the limiting state

probability vector g 71]" = limn— 0c p(M)?

For initial state probabilities p’(0) = [po pl]/, the state probabilities at time n are
given in Equation (12.12) with p = 1/140 and g = 1/100. Note that the second
eigenvalueis 1 = 1 — (p+ ) = 344/350. Thus

p'(n) = [112 %]Jrkg[l%po—llzpl 1—3p0+112p1]. (12.13)
Since |12| < 1, the limiting state probabilities are
; / _ |7 5
lim_p/(n) = [1_2 1_2] . (12.14)

For this system, the limiting state probabilities are the same regardless of how we
choose the initial state probabilities.
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The two-state packet voice system is an example of a well-behaved system in which
the limiting state probabilities exist and are independent of the initial state of the system
p(0). In generalr; may or may not exist and if it exists, it may or may not depend on the
initial state probability vectgp(0). As we see in the nexttheorem, limiting state probability
vectors must satisfy certain constraints.

Theorem12.5 If a finite Markov chain with transition matri® and initial state probabilityp(0) has
limiting state probability vectorr = limp_  p(n), then

x’ =na'P.

Proof By Theorem 12.4p’(n + 1) = p’(n)P. In the limit of largen,
: / _ ; ’
i p/(n+1) = (nleoo p (n)) P. (12.15)
Given that the limiting state probabilities exiat, = ='P.

Closely related to the limiting state probabilities atationary probabilities

Definition 12.5 Stationary Probability Vector
For a finite Markov chain with transition matri®, a state probability vector is stationary
if ' = n'P.

If the system is initialized with a stationary probability vector, then the state probabilities
are stationary; i.e., they never changgn) = = for all n. We can also prove a much
stronger result that the Markov cha¥ty, is a stationary process.

Theorem 12.6  If afinite Markov chain >4 with transition matrixP is initialized with stationary probability
vectorp(0) = &, thenp(n) = = for all n and the stochastic process,Xs stationary.

Proof First, we show by induction that(n) = = for all n. Sincep(0) = &, assume(n — 1) = .
By Theorem 12.4p’(n) = p’(n — 1)P = n’P = n’. Now we can show stationarity of the process
Xn. By Definition 10.14, we must show that for any set of time instamges. . , nm and time offset
k that
Pxnl bbbbb Xngm (XLs -+ -5 Xm) = PXn1+ks~~~anm+k (X1, -+ Xm) - (12.16)

Because the system is a Markov chain &&ql (X1) = mx,, we observe that
Pxny s Xnm XL+ -5 Xm) = Py (X1) P xn, (}21X1) -+ P ix ) (R2lxe) - (12.17)
= g Pxyxo (N2 — N1) - -+ Py 13 (Nm — Nm—1). (12.18)

By the first part of this theorem?xnﬁk(xl) = mx,. Once again, because the system is a Markov
chain,

Pan+k\an,l+k (Xj |Xj,l) = Px;_1x;(Nj +k—(Nj_1+K) = Py _;x;(nj —nj_1). (12.19)
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It follows that

Pan+k,...,Xnm+k (X, ..., Xm) = 7x; Pxyxo (N2 — N1) -+ Pxy ¢ (Nm — Nm—1) (12.20)
= Pxnl ,,,,, Xom (X1, .-, Xm) . (12.21)

A Markov chain in which the state probabilities are stationary is often said to $tedwaly-

state. When the limiting state probabilities exist and are unique, we can assume the system
has reached steady-state by simply letting the system run for a long time. The following
example presents common terminology associated with Markov chains in steady-state.

Example 12.9 A queueing system is described by a Markov chain in which the state X  is the number
of customers in the queue at time n. The Markov chain has a unique stationary
distribution . The following questions are all equivalent.

e What is the steady-state probability of at least 10 customers in the system?

If we inspect the queue in the distant future, what is the probability of at least 10
customers in the system?

e What is the stationary probability of at least 10 customers in the system?
e What is the limiting probability of at least 10 customers in the queue?

For each statement of the question, the answer is just } ;- 1o7j.

Although we have seen that we can calculate limiting state probabilities, the significance
of these probabilities may not be so apparent. For a system described by a “well-behaved
Markov chain, the key idea is thatj, the probability the system is in stajeafter a very
long time, should depend only on the fraction of time the system spends injstdte
particular, after a very long time, the effect of an initial condition should have worn off and
mj shouldnotdepend on the system having started in statetimen = 0.

Thisintuition may seem reasonable but, in fact, it depends critically on a precise definition
of a “well-behaved” chain. In particular, for a finite Markov chain, there are three distinct
possibilities:

e limy_ o p(n) exists, independent of the initial state probability veqt(),
e limp_ o p(n) exists, but depends @0),
e limp_ ~ p(n) does not exist.

We will see that the “well-behaved”first case corresponds to a Markov Ehwitih a unique
stationary probability vectott. The latter two cases are considered “ill-behaved.” The
second case occurs when the Markov chain has multiple stationary probability vectors; the
third case occurs when there is no stationary probability vector. In the following example,
we use the two-state Markov chain to demonstrate these possibilities.

Example 12.10 Consider the two-state Markov chain of Example 12.1 and Example 12.6. For what
values of p and q does limn_ s p(N)
(a) exist, independent of the initial state probability vector p(0);
(b) exist, but depend on p(0);
(c) or not exist?
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Quiz12.3

In Equation (12.8) of Example 12.6, we found that the n-step transition matrix P " could
be expressed in terms of the eigenvalue .o =1— (p+q) as

) _
o1 [q p]+—2 [_p p]. (12.22)
p+qld P p+q[—d d

We see that whether a limiting state distribution exists depends on the value of the
eigenvalue 1». There are three basic cases described here and shown in Figure 12.1.

@ O0<p+g<2
This case is described in Example 12.6. In this case, [A5| < 1 and

lm PN+ |9 P (12.23)
n—oo p+qla p|° ’

No matter how the initial state probability vector p’(0) = [po pl] is chosen,
after a long time we are in state 0 with probability q/(p + q), or we are in state 1
with probability p/(p + q) independent of the initial state distribution p ’(0).

(b) p=0=0
In this case, 1> = 1 and

1 0
pn:[0 1] (12.24)

When we start in state i, we stay in state i forever since no state changing tran-
sitions are possible. Consequently, p(n) = p(0) for all n and the initial conditions
completely dictate the limiting state probabilities.

() p+g=2
In this instance, Ao = —1 so that
114 (=D 1— (=1
n —_——
P'=2 [1— D" 14 (-1 (12.25)

We observe that
on_ |1 O ont1_ |01
Pt = [0 1], P = [1 ol (12.26)

In this case, limn_, o P" doesn’t exist. Physically, if we start in state i attime 0,
then we are in state i at every time 2n. In short, the sequence of states has a
periodic behavior with a period of two steps. Mathematically, we have the state
probabilities p(2n) = [pg p1] and p(2n+ 1) = [p1 pol- This periodic behavior
does not permit the existence of limiting state probabilities.

The characteristics of these three cases should be apparent from Figure 12.1.

In the next section, we will see that the ways in which the two-state chain can fail to have
unique limiting state probabilities are typical of Markov chains with many more states.

A microchip fabrication plant works properly most of the time. After a day in which the
plant is working, the plant is working the next day with probabilif§. Otherwise, a day of
repair followed by a day of testing is required to restore the plant to working status. Sketch
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I-p I-q 1 1
DEROBRONNO
1

(@) O<p+q=<2 (b) p+q=0 () ptq=2

q

Figure 12.1 Three possibilities for the two-state Markov chain

a Markov chain for the plant states (0) working, (1) repairing, and (2) testing. Given an
initial state distributionp(0), find the limiting state probabilities = limp_ ~ p(n).

12.4 State Classification

Definition 12.6

Definition 12.7

Definition 12.8

In Example 12.10, we saw that the chain does not have unique limiting state probabilities
when either the chain disconnects into two separate chains or when the chain causes periodic
behavior in the state transitions. We will see that these two ways in which the two-state
chain fails to have unique limiting state probabilities are typical of Markov chains with
many more states. In particular, we will see that for Markov chains with certain structural
properties, the state probabilities will converge to a unique stationary probability vector
independent of the initial distributigm(0). In this section, we describe the structure of a
Markov chain by classifying the states.

Accessibility
State j isaccessible from state i, written i— j, if Pjj (n) > 0for some n> 0.

When j is not accessible fror we writei 4 . In the Markov chain graph, — | if
there is a path fromto j.

Communicating States
States i and communicate, written i < j,ifi — jand j — i.

We adopt the convention that statalways communicates with itself since the system can
reachi fromi in zero steps. Hence for any statéhere is a set of states that communicate
with i. Moreover, if bothj andk communicate with, thenj andk must communicate. To
verify this, we observe that we can go frono i to k or we can go fronk toi to j. Thus
associated with any staitéhere is asetor aclassof states that all communicate with each
other.

Communicating Class
A communicating class is a nonempty subset of states C such thagfC, then je C if
andonly if i < j.
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A communicating class includes all possible states that communicate with a member of the
communicating class. That is, a set of stafes not a communicating class if there is a
statej ¢ C that communicates with a state C.

Example 12.11 Inthe following Markov chain, we draw the branches corresponding to transition prob-

Definition 12.9

Theorem 12.7

abilities Pjj > 0 without labeling the actual transition probabilities. For this chain,
identify the communicating classes.

This chain has three communicating classes. First, we note that states 0, 1, and 2
communicate and form a class C1 = {0, 1, 2}. Second, we observe that C, = {4,5, 6}
is a communicating class since every pair of states in C, communicates. The state 3
communicates only with itself and C3 = {3}.

In Example 12.10, we observed that we could not calculate the limiting state probabilities
when the sequence of states had a periodic behavior. The periodicity is defifrgd oy
the probability that the system is in statat timen given that the system is in staiteat
time 0.

Periodic and Aperiodic States
State i hasperiod d if d is the largest integer such thatjPn) = 0 whenever n is not
divisible by d. If d= 1, then state i is calledperiodic.

The following theorem says that all states in a communicating class have the same period.
Communicating states have the same period.

Proof Letd(i) andd(j) denote the periods of stateand j. For somem andn, there is am-hop
path fromj toi and anm-hop path fromi to j. HencePjj;(n+m) > 0 and the system can go
from j to j in n + m hops. This impliesi(j) dividesn + m. For anyk such thatR; (k) > 0, the
system can go fronj toi in n hops, fromi back toi in k hops, and fron to j in m hops. This
implies Pjj (n +k+m) > 0 and sod(j) must dividen + k + m. Sinced(j) dividesn + m and
alson + k + m, d(j) must dividek. Since this must hold for arly divisible by d(i), we must have
d(j) < d(i). Reversing the labels afand j in this argument will show thad(i) < d(j). Hence
they must be equal.

Example 12.12 Consider the five-position discrete random walk with Markov chain

OEROEROWRONSO
1-p 1-p I-p 1
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What is the period of each state i ?

In this discrete random walk, we can return to state i only after an even number of
transitions because each transition away from state i requires a transition back toward
state i. Consequently, P;jj (n) = 0 whenever n is not divisible by 2 and every state i
has period 2.

Example 12.13 Example 12.11 presented the following Markov chain:

Definition 12.10

Theorem 12.8

Find the periodicity of each communicating class.

By inspection of the Markov chain, states 0, 1, and 2 in communicating class C 1 have
period d = 3. States 4, 5, and 6 in communicating class C» are aperiodic.

To analyze the long-term behavior of a Markov chain, it is important to distinguish
between thosescurrentstates that may be visited repeatedly &aghsientstates that are
visited perhaps only a small number of times.

Transient and Recurrent States
In a finite Markov chain, a state i isansient if there exists a state j such that+ | but
j /> i; otherwise, if no such state | exists, then stateriesurrent.

As in the case of periodicity, such properties will be coupled to the communicating classes.
The next theorem verifies that if two states communicate, then both must be either recurrent
or transient.

Ifi is recurrentand i< j, then j is recurrent.

Proof For any staté, we must showj — k impliesk — j. Sincei < j, andj — k, there is a
path fromi tok via j. Thusi — k. Sincei is recurrent, we must hake— i. Sincei < |, thereis
a path fromj toi and then tc.

The implication of Theorem 12.8 is that if any state in a communicating class is recurrent,
then all states in the communicating class must be recurrent. Similarly, if any state in a
communicating class is transient, then all states in the class must be transient. That is,
recurrence and transience are properties of the communicating class. When the states of a
communicating class are recurrent, we say we haeewarrent class

Example 12.14  In the following Markov chain, the branches indicate transition probabilities Pj; > 0.

Gl T ol () Lo
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Theorem 12.9

Theorem 12.10

Identify each communicating class and indicate whether it is transient or recurrent.

By inspection of the Markov chain, the communicating classes are Cq1 = {0,1, 2},
Cy = {3}, and C3 = {4,5}. Classes Cq and C3 are recurrent while C5 is transient.

In the next theorem, we verify that the expected number of visits to a transient state must
be finite since the system will eventually enter a state from which the transient state is no
longer reachable.

If state i is transient, then Nl the number of visits to state i over all time, has expected
value BEN;j] < cc.

Proof Given an initial state distribution, l&f; denote the event that the system eventually goes
to statei. Obviously P[Vi] < 1. If V; does not occur, thef; = 0, implying E[N; |V,°] = 0.
Otherwise, there exists a tinmwhen the system first enters statdn this case, given that the state
isi, letVjj denote the event that the system eventually returns to istétbus\/if is the event that
the system never returns to stateSincei is transient, there exists stajesuch that for some,

Rj (n) > 0 buti is not accessible from. Thus if we enter statg at timen, the event\/i‘i’ will occur.
Since this is one possible way thé}f can occur,P[Vif] > Bjj (n) > 0. After each return to, there

isa probabilityP[Viic] > 0 that state will never be reentered. Hence, giveh the expected number

of visits toi is geometric with conditional expected valEgN; |Vi] = 1/P[Viic]' Finally,

E[Ni]=E[NiIVE]P[VE] + E[NiVi]P[Vi] = E[Ni[Vi] P[Vi] < 0. (12.27)

Consequently, in &nite stateMarkov chain, not all states can be transient; otherwise, we
would run out of states to visit. Thus a finite Markov chain must always have a set of
recurrent states.

A finite-state Markov chain always has a recurrent communicating class.

This implies we can partition the set of states into a set of transient Stadesl a set of

r recurrent communicating classfss, Cy, ..., C;}. In particular, in the proof of Theo-

rem 12.9, we observed that each transient state is either never visited, or if it is visited once,
then it is visited a geometric number of times. Eventually, one of the recurrent communi-
cating classes is entered and the system remains forever in that communicating class. In
terms of the evolution of the system state, we have the following possibilities.

e If the system starts in a recurrent cl&3s the system stays forever@.

o If the system starts in a transient state, the system passes through transient states for
a finite period of time until the system randomly lands in a recurrent €assThe
system then stays in the claSgforever.

Example 12.15 Consider again the Markov chain of Example 12.14:

DSOS oWomoEo
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We can make the following observations.

e If the system starts in state j € C1 = {0, 1, 2}, the system never leaves C1.

e Similarly, if the system starts in communicating class C3 = {4, 5}, the system
never leaves Cs.

¢ If the system starts in the transient state 3, then in the first step there is arandom
transition to either state 2 or to state 4 and the system then remains forever in
the corresponding communicating class.

One can view the different recurrent classes as individual component systems. The only
connection between these component systems is the initial transient phase that results in
a random selection of one of these systems. For a Markov chain with multiple recurrent
classes, it behooves us to treat the recurrent classes as individual systems and to examine
them separately. When we focus on the behavior of an individual communicating class,
this communicating class might just as well be the whole Markov chain. Thus we define a
chain with just one communicating class.

Definition 12.11 Irreducible Markov Chain
A Markov chain isrreducibleif there is only one communicating class.
In the following section, we focus on the properties of a single recurrent class.

Quiz12.4 In this Markov chain, all transitions with nonzero probability are shown.

(1) What are the communicating classes?
(2) For each communicating class, identify whether the states are periodic or aperiodic.
(3) For each communicating class, identify whether the states are transient or recurrent.

12.5 Limit Theorems For Irreducible Finite Markov Chains

In Section 12.3, we introduced limiting state probabilities for discrete-time Markov chains.
For Markov chains with multiple recurrent classes, we have observed that the limiting
state probabilities depend on the initial state distribution. For a complete understanding of
a system with multiple communicating classes, we need to examine each recurrent class
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Theorem 12.11

Theorem 12.12

separately as an irreducible system consisting of just that class. In this section, we focus
on irreducible, aperiodic chains and their limiting state probabilities.

For an irreducible, aperiodic, finite Markov chain with statfk 1, ..., K}, the limiting
n-step transition matrix is

) mo WML -+ WK
lim P"=1x" =
n—o00
o 1 TTK
wherel is the column vectofl --- 1] andm = [0 --- 7k] is the unique vector
satisfying
= ]r/P, x'l=1.

Proof The steps of a proof are outlined in Problem 12.5.9.

When the set of possible states of the Markov chaf@,i4, . . ., K}, the system of equations

' = n’PhasK +1 equations anK +1 unknowns. NormallyK 41 equations are sufficient

to determineK + 1 uniquely. However, the particular set of equations= =’P, does not

not have a unique solution. #’ = x’P, then for any constamt x = cx is also a solution
sincex’P = cx’P = ¢’ = X'. In this case, there is a redundant equation. To obtain a
unique solution we use the fact thatis a state probability vector by explicitly including
the equatiom’1 = Zj j = 1. Specifically, to find the stationary probability vecigrwe
must replace one of the equations in the system of equatiors =’P with the equation
x'l=1.

Note that the result of Theorem 12.11 is precisely what we observed for the two-state
Markov chain in Example 12.6 wheiz| < 1 and the two-state chain is irreducible and
aperiodic. Moreover, Theorem 12.11 implies convergence of the limiting state probabilities
to the probability vectorr, independent of the initial state probability vecpdD).

For an irreducible, aperiodic, finite Markov chain with transition matfband initial state
probability vectomp(0), limp_. .o p(n) = .

Proof Recall thatp’(n) = p/(0)P". Sincep’(0)1 = 1, Theorem 12.11 implies

im_p/(n) = p'(0) (nimc><> P(n)) —pO)ln = 7', (12.28)

Example 12.16 For the packet voice communications system of Example 12.8, use Theorem 12.12 to

calculate the stationary probabilities [7g 71].
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From the Markov chain depicted in Example 12.8, Theorem 12.12 yields the following
three equations:

139 1
= o= 4 Ty 12.29
70 = 70726 M50 (12.29)
1 99
L= 707260 T M 00 (12.39)
l=mno+m. (12.31)

We observe that Equations (12.29) and (12.30) are dependent in that each equation
can be simplified to 71 = (100/140)m. Applying g + 71 = 1 yields
100

o+ =7mg + 1—407'[0 =1 (12.32)

Thus o = 140,240 = 7/12 and 71 = 5/12.

A digital mobile phone transmits one packet in every 20-ms time slot over a wireless
connection. With probability p = 0.1, a packet is received in error, independent of
any other packet. To avoid wasting transmitter power when the link quality is poor, the
transmitter enters a timeout state whenever five consecutive packets are received in
error. During a timeout, the mobile terminal performs an independent Bernoulli trial
with success probability g = 0.01 in every slot. When a success occurs, the mobile
terminal starts transmitting in the next slot as though no packets had been in error.
Construct a Markov chain for this system. What are the limiting state probabilities?

For the Markov chain, we use the 20-ms slot as the unit of time. For the state of
the system, we can use the number of consecutive packets in error. The state corre-
sponding to five consecutive corrupted packets is also the timeout state. The Markov
chain is

1-p 1-q

The limiting state probabilities satisfy

Th = PTn_1, n=12234, (12.33)
w5 = prg + (1 — q)7s. (12.34)

These equations imply that forn = 1,2,3,4, mp = p"ng and 75 = prs/(1— Q). Since
Zﬁ:l = 1, we have

n0+...+n5:n0[1+ p+p2+pd+pie p5/(1—q)] —1. (12.35)

Since 1+ p+ p2+ p3+ pt= 1 - p/1- p),

_ 1 _ 1-9d-p
1-p>)/AL-p+p°/L-—q 1-—q+qp —pb

7o (12.36)
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Theorem 12.13

Figure 12.2 The vertical bar indicates a partition of the Markov chain state space into disjoint
subsetsS= {0,1,2}andS = {3,4,5, .. }.

and the limiting state probabilities are

A-d-pp" n=0,1,2 3,4,

1-g+ap°-p°
T = (1-pp _ (12.37)
Tqrap—p° >
0 otherwise,
9x 100D n=01,23,4,
~ 1 909%x10% n=5, (12.38)
0 otherwise.

In Example 12.16, we were fortunate in that the stationary probabiltiesuld be
found directly from Theorem 12.11 by solving' = =’P. It is more often the case that
Theorem 12.11 leads to a lot of messy equations that cannot be solved by hand. On the other
hand, there are some Markov chains where a little creativity can yield simple closed-form
solutions forz that may not be obvious from the direct method of Theorem 12.11.

We now develop a simple but useful technique for calculating the stationary probabilities.
The idea is that we partition the state space of an irreducible, aperiodic, finite Markov chain
into disjoint subset§ andS', as depicted in Figure 12.2. We will count crossings back and
forth across thes — S’ boundary. The key observation is that the cumulative number of
S — S crossings an® — Scrossings cannot differ by more than 1 because we cannot
make twoS — S crossings without al® — S crossing in between. It follows that the
expected crossing rates must be the same. This observation is summarized in the following
theorem, with the details of this argument appearing in the proof.

Consider an irreducible, aperiodic, finite Markov chain with transition probabilifieg }
and stationary probabilitie$r; }. For any partition of the state space into disjoint subsets

Sand §
j{:ji::wipq =:§E:j£:7q'Pﬁ.

ieSjes jeS ieS
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Proof To track the occurrence of é— S crossing at timen, we define the indicatdig g(m) = 1
if Xm € SandXp,,1 € S; otherwisel gg(m) = 0. The expected value of the indicator is

Ellssm]=P[lsgm=1=">" p(mPp;. (12.39)
ieSjes

The cumulative number o — S crossings by time is Ngg(n) = an;lo Isg(m), which has
expected value

n—-1 n—-1
E[Nssm]= Y E[lssm]=>">">" pi(mPp;. (12.40)
m=0 m=0ieSjeS
Dividing by n and changing the order of summation, we obtain

E[Nsgm] =) > Rj= Z pi (m). (12.41)

ieSjes

Note thatp; (m) — 7j implies thatl Zm —o Pi (M) — xj. This implies
1
Jim = E [NssM]=>_> =iR;j. (12.42)
ieSjes
By the same logic, the number 8f — ScrossingsNgs(n), satisfies
1
Jim —E[Ngsm] = > @i P (12.43)
jeSieS
Since we cannot make tw®— S crossings without a8 — Scrossing in between,
Ns/s(n) -1 < Nss(n) < Ns/S(n) + 1. (1244)

Taking expected values, and dividing bywe have

Flssm] =1 ElNss]  ElNssm]+1 (12.45)

Asn — oo, we have lim— o E[Ngg(n)]/n = limpn— s E[Ngg(n)]/n. The theorem then follows
from Equations (12.42) and (12.43).

Example 12.18 In each time slot, a router can either store an arriving data packet in its buffer or
forward a stored packet (and remove that packet from its buffer). In each time slot, a
new packet arrives with probability p, independent of arrivals in all other slots. This
packet is stored as long as the router is storing fewer than c packets. If c packets are
already buffered, then the new packet is discarded by the router. If no new packet
arrives and n > 0 packets are buffered by the router, then the router will forward one
buffered packet. That packet is then removed from the buffer. Let X denote the
number of buffered packets at time n. Sketch the Markov chain for X, and find the
stationary probabilities.
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Quiz125

I-p

Figure 12.3 The Markov chain for the packet buffer of Example 12.18. Also shown iStheS
partition we use to calculate the stationary probabilities.

From the description of the system, the buffer occupancy is given by the Markov chain
in Figure 12.3. The figure shows the S— S’ boundary where we apply Theorem 12.13,
yielding

p
Since Equation (12.46) holds fori = 0,1, ..., ¢ — 1, we have that i = rroai where
o = p/1— p. Requiring the state probabilities to sum to 1, we have

c c 1— ottt
Y omi=m) o =mo——— =1 (12.47)
: / l-«
i=0 i=0
The complete state probabilities are
S e Y I PP 12.48
ﬂ|—m0{, I1=0,1,2,...,C. ( . )
Let N be ainteger-valued positive random variable with rangeS{1, ..., K + 1}. We

use N to generate a Markov chain in the following way. When the system is i) stege
generate a sample value of random variable N. £\, the system transitions from state
0 to state n— 1. In any state ie {1, ..., K}, the next system state is-nl. Sketch the
Markov chain and find the stationary probability vector.

12.6 Periodic States and Multiple Communicating Classes

In Section 12.5, we analyzed the limiting state probabilities of irreducible, aperiodic, finite
Markov chains. In this section, we consider problematic finite chains with periodic states
and multiple communicating classes.

We start with irreducible Markov chains with periodic states. The following theorem
for periodic chains is equivalent to Theorem 12.11 for aperiodic chains.
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For an irreducible, recurrent, periodic, finite Markov chain with transition probability
matrix P, the stationary probability vector is the unique nonnegative solution of

][/:][/P’ 7[/1:1

Example 12.19

Theorem 12.15

1 1
Findthe stationary probabilities for the Markov chain e 0 a
shown to the right.

We observe that each state has period 3. Applying Theorem 12.14, the stationary
probabilities satisfy

1 = 10, Ty = 71, mo 4+ 7o = 1. (12.49)

The stationary probabilities are [rg 71 m2]=[1/3 1/3 1/3]. Although the sys-
tem does not have limiting state probabilities, the stationary probabilities reflect the
fact that the fraction of time spent in each state is 1/3.

Multiple communicating classes are more complicated. For a Markov chain with multi-
ple recurrent classes, we can still use Theorem 12.4 to calculate the state probpfijties
Further, we will observe thai(n) will converge to a stationary distribution. However,
we do need to be careful in our interpretation of these stationary probabilities because they
will depend on the initial state probabilitieg0).

Suppose a finite Markov chain has a set of transient states and a set of recurrent commu-
nicating classe€;, ..., Cm. In this case, each communicating cl&sacts like a mode
for the system. That s, if the system starts at time 0 in a recurrentClgsben the system
stays in clas€Cx and an observer of the process sees only stat€ inEffectively, the
observer sees only the mode of operation for the system associated witlC glatfsthe
system starts in a transient state, then the initial random transitions eventually lead to a state
belonging to a recurrent communicating class. The subsequent state transitions reflect the
mode of operation associated with that recurrent class.

When the system starts in a recurrent communicating €lasthere is a set of limiting
state probabilitiesr ¥ such thatr ® = 0 for j & Ck. Starting in a transient statethe
limiting probabilities reflect the likelihood of ending up in each possible communicating
class.

For a Markov chain with recurrent communicating classesg, C ., Cn, let x® denote
the limiting state probabilities associated with clasg. Given that the system starts in a
transient state i, the limiting probability of state j is

Jim By (n) = 7P [Bi) + -+ 7™ P[Bim]

where HBik] is the conditional probability that the system enters clags C
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Proof The events3j, Bj», ..., Bjm are an event space. For each positive recurrent gtéte law
of total probability says that

P[Xn=jlXo=i]=P[Xn=jlBi1] P[Bi1] +---+ P[Xn=jIBim] P[Bim]. (12.50)

Given Bjy, the system ends up in communicating cless\d limh—. o P[Xn = j|Bik] = nj(k). This
implies

lim P [Xn = jIXo=i] = 7P [Big] + -+ 7™ P[Bim]. (12.51)

Theorem 12.15 says that if the system starts in transieni stiagdimiting state probabilities

will be a weighted combination of limiting state probabilities associated with each commu-
nicating class where the weights represent the likelihood of ending up in the corresponding
class. These conclusions are best demonstrated by a simple example.

Example 12.20 For each possible starting statei € {0, 1, ..., 4}, find the limiting state probabilities for
the following Markov chain.

We could solve this problem by forming the 5 x 5 state transition matrix P and eval-
uating P" as we did in Example 12.6, but a simpler approach is to recognize the
communicating classes C; = {0,1} and C, = {3, 4}. Starting in state i € C4, the sys-
tem operates like a two-state chain with transition probabilities p = 3/4 and q = 1/4.
Let nj(l) = limph— oo P[Xn = j|Xg € C1] denote the limiting state probabilities. From
Example 12.6, the limiting state probabilities for this embedded two-state chain are

(=Y «P]=la/@+p p/a+p]=[1/4 34]. (12552)
Since this two-state chain is within the five-state chain, the limiting state probability
vector is
/7
n<1)=[n51> 2D D W nfll)] —[1/4 34 0 0 (. (1253

When the system starts in state 3 or 4, Ietnj(z) = limn— oo P[Xn = j|Xp € Cy] denote
the limiting state probabilities. In this case, the system cannot leave class C». The
limiting state probabilities are the same as if states 3 and 4 were a two-state chain
with p = 1/2 and q = 1/4. Starting in class Co, the limiting state probabilities are

[néz) n‘(lz)] =[1/3 2/3]. The limiting state probability vector is

/
n<2>:[n(<)2> 2 2P 2P ﬂf)] =[0 0 0 y3 23]. (12.54)

Starting in state 2, we see that the limiting state behavior depends on the first transition
we make out of state 2. Let event Byk denote the event that our first transition is to a
state in class Cg. Given Bjj, the system enters state 1 and the limiting probabilities
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are given by 7). Given By, the system enters state 3 and the limiting probabilities
are given by =@, Since P[By1] = P[Byy] = 1/2, Theorem 12.15 says that the limiting
probabilities are

. . 1/ a 2
Jim P [Xn=jiXo=2] =3 (rrJ( ! )) : (12.55)

In terms of vectors, the limiting state probabilities are

1 1
n:En(l)JrEn(Z):[l/s 38 0 y6 1/3]. (12.56)

In Section 10.10, we introduced the concept of an ergodic wide sense stationary process
in which the time average (as timhgoes to infinity) of the process always equa|sX (t)],
the process ensemble average. A Markov chain with multiple recurrent communicating
classes is an example nbnergodicprocess. Each time we observe such a system, the
system eventually lands in a recurrent communicating class and any long-term time averages
that we calculate would reflect that particular mode of operation. On the other hand, an
ensemble average, much like the limiting state probabilities we calculated in Example 12.20,
is a weighted average over all the modes (recurrent classes) of the system.

For an irreducible finite Markov chain, the stationary probabitity of staten does in
fact tell us the fraction of time the system will spend in staté-or a chain with multiple
recurrent communicating classes, does tell us the probability that the system will be in
staten in the distant future, butn, is not the long-term fraction of time the system will be
in staten. In that sense, when a Markov chain has multiple recurrent classes, the stationary
probabilities lose much of their significance.

Consider the Markov chain shown on the right.

(1) Whatis the period d of sta®
(2) What are the stationary probabilitiesy, 71, 72, andz3?

Y
(3) Giventhe system is in stddat time0, what is the probability
the system is in statgéat time nd in the limit as r> co0?

12.7 Countably Infinite Chains: State Classification

Until now, we have focused on finite-state Markov chains. In this section, we begin to
examine Markov chains with a countably infinite set of stdtgd, 2, ...}. We will see
that a single communicating class is sufficient to describe the complications offered by an
infinite number of states and we ignore the possibility of multiple communicating classes.
As in the case of finite chains, multiple communicating classes represent distinct system
modes that are coupled only through an initial transient phase that results in the system
landing in one of the communicating classes.

An example of countably infinite Markov chain is the discrete random walk of Exam-
ple 12.4. Many other simple yet practical examples are forms of queueing systems in which
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customerswaitinline (Queue) for service. These queueing systems have a countably infinite
state space because the number of waiting customers can be arbitrarily large.

Example 12.21 Suppose that the router in Example 12.18 has unlimited buffer space. In each time
slot, a router can either store an arriving data packet in its buffer or forward a stored
packet (and remove that packet from its buffer). In each time slot, a new packet is
stored with probability p, independent of arrivals in all other slots. If no new packet
arrives, then one packet will be removed from the buffer and forwarded. Sketch the
Markov chain for Xy, the number of buffered packets at time n.

For the general countably infinite Markov chain, we will assume the state space is the set
{0,1,2,...}. Unchanged from Definition 12.2, tmestep transition probabilities are given
by Pjj (n). The state probabilities at timeare specified by the s¢pj(n)|j =0,1,..}.
The Chapman-Kolmogorov equations and the iterative methods of calculating the state
probabilitiespj (n) in Theorem 12.4 also extend directly to countably infinite chains. We
summarize these results here.

Theorem 12.16 Chapman-Kolmogorov equations
The n-step transition probabilities satisfy

Rj (N+m) =) P (n) Py (m).
k=0

Theorem 12.17 The state probabilities jn) at time n can be found by either one iteration with the n-step
transition probabilities

pi(M = > pi(O)P; (M)

i=0

or n iterations with the one-step transition probabilities

pi(m =) pin—1)P;.
i=0
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Just as for finite chains, a primary issue is the existence of limiting state probabilities
mj = limp_ o pj(n). In Example 12.21, we will see that the existence of a limiting state
distribution depends on the paramegteMVhenp is near zero, we would expect the system
to have very few customers and the distribution of the number of customers to be well
defined. On the other hand, jifis close to 1, we would expect the number of customers
to grow steadily because most slots would have an arrival and very few slots would have
departures. In the most extreme caseot 1, there will be an arrival each unit of time
and never any departures. When the system is such that the number of customers grows
steadily, stationary probabilities do not exist.

We will see that the existence of a stationary distribution depends on the recurrence
properties of the chain; however, the recurrence or transience of the system states is some-
what more complicated. For the finite chain, it was sufficient to look simply at the nonzero
transition probabilities and verify that a stateommunicated with every stajethat was
accessible from. For the infinite Markov chain, this is not enough. For example, in the
infinite buffer of Example 12.21, the chain has a single communicating class and state 0
communicates with every state; however, whether state 0 is recurrent will depend on the
parameteip.

In this section, we develop a new definition for transient states and we define two types
of recurrent states. For purposes of discussion, we make the following definitions:

Visitation, First Return Time, and Number of Returns
Given that the system is in state i at an arbitary time,

(a) Vi is the event that the system eventually returns to visit state i,
(b) T is the time (number of transitions) until the system first returns to i,

(c) N is the number of times (in the future) that the system returns to state i.

Given that the system starts in stat¢he evendj; occurs as long as the return tirig is
finite, i.e.,
P[Viil]=P[Ti < o] = nlim Fr, (n). (12.57)
— 00

Using the definitions oV, Tii, andN;;, we can define transient and recurrent states for
countably infinite chains.

Transient and Recurrent States for a Countably I nfinite Chain

For a countably infinite Markov chain, state ifiscurrent if P[V;j] = 1; otherwise state i
is transient.

Definition 12.13 can be applied to both finite and countably infinite Markov chains. In both
cases, the idea is that a state is recurrent if the system is certain to return to the state. The
difference is that for a finite chain it is easy to test recurrence for stayechecking that

statel communicates with every stajehat is accessible from For the countably infinite

chain, the verification tha®[V;ij ] = 1 is a far more complicated test.

Example 12.22 A system with states {0, 1, 2, ...} has Markov chain
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1

12 2/3 3/4 4/5
L 173

1/4
1/5

Note that for any statei > 0, Pjo = 1/(+1)and P j;1 =i/(i+1). Is state O transient,
or recurrent?

Assume the system starts in state O at time 0. Note that Tog > n if the system reaches
state n before returning to state 0, which occurs with probability

1 2 11
P[T00>n]:1><§><§><---><nn == (12.58)

Thus the CDF of Tgg satisfies Fr,,(n) = 1 — P[Tgg > n] = 1 —1/n. To determine
whether state 0 is recurrent, we calculate

. . 1
P [Voo] = Jim  Frop () = lim 1— = =1. (12.59)
Thus state 0 is recurrent.
If statei is recurrent and the system is certain to returh, thhen over an infinite time,
the expected number of returi§ Nj; ] must be infinite. On the other hand, if statés

transient, Theorem 12.9 showed that the number of visits to isiaténite. Combining
these observations, we have the following theorem.

Theorem 12.18 State i is recurrent if and only if ENjj ] = oo.

Theorem 12.18 is useful because we can calcltite;; ] from then-step transition prob-
abilities.

Theorem 12.19 The expected number of visits to state i over all time is
o
E[Ni]=)_ PRi.
n=1
Proof Given that the starting statéy = i, we define the Bernoulli indicator random varialjign)

such thatljj (n) = 1 if Xy = i; otherwisel;j (n) = 0. Over the lifetime of the system, we count
whether an arrival occured at each time gtep find the number of returns to state

Nij = Z lij (n). (12.60)
n=1

Sinceljj (n) is a Bernoulli indicatorE[ljj (N)] = P[Xn = i|Xg =] = B;j (n). Taking the expecta-
tion of Equation (12.60), we havg[N;; ] = >"5° 1 E[lii ()] = Y521 Rij (n).

Determining whether the infinite sum in Theorem 12.19 converges or diverges is another
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way to determine whether stdtés recurrent.

Example 12.23 Thediscreterandomwalk introducedin Example 12.4 has state space{..., —1,0,1, ...}
and Markov chain

p 4 )4 4 4
LEROWEROERONRO NN
\_/
1-p I-p 1-p 1-p 1-p

Is state O recurrent?

To apply Theorem 12.19, we need to determine the n-step transition probability P gg(n).
From inspection of the Markov chain, it should be apparent that the system can return
to state 0 only during steps n = 2,4, 6, .. .. In particular, the system returns to state 0
at step 2n if there were exactly n steps to the right and n steps to the left. Regarding
steps to the right as successes, the probability that we return to state 0 at step 2n has
the binomial probability

2n
Poo(2n) = (n ) p"1— p)" (12.61)
To go further, we employ Stirling’s approximation n! ~ ~/2nzn"e™" to write
2n\ (2n)! 220
<n>_mwﬁ' (12.62)
It follows that )
2" [4p(1— p)]"
Pna(2n) A N1—p" = . 12.63
00(2N) ﬁp 1-p N ( )
Defining « = 4p(1 — p), we have
s 1 & o
E [Noo| = Poo(2n) ~ — —_—. 12.64
[Noo] nX::1 00(2N) ﬁg«/ﬁ (12.64)

Note that if « < 1, equivalently p # 1/2, the sum (12.64) converges. In this case,
E[Ngol < oo and state 0 is transient. When p < 1/2, the random walk marches off to
—oo; for p > 1/2, the random walk proceeds to +oo. On the other hand, if p = 1/2,
then « = 1, and the sum (12.64) diverges. In this case, state O is recurrent and the
system is certain to eventually return to state O.

Note that we treated Stirling’s approximation as an equality in our analysis. Some
additional analysis can justify the use of the approximation.

Curiously, a countably infinite chain permits two kinds of recurrent states.

Definition 12.14 Positive Recurrence and Null Recurrence
A recurrent state i ipositiverecurrent if E[Tjj ] < oo; otherwise, state i isull recurrent.

Both positive recurrent and null recurrent states are cadledrrent. The distinguishing
property of a recurrent states that when the system leaves staté is certain to return
eventually ta ; however, ifi is null recurrent, then the expected time to re-visitinfinite.
This difference is demonstrated in the following example.
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Example 12.24 In Example 12.22, we found that state O is recurrent. Is state O positive recurrent or
null recurrent?

In Example 12.22, we found forn = 1,2, ... that P[Tgg > n] = 1/n. For n > 1, the
PMF of Tpg satisfies

1

Proo (M =P[Too>n—1] - P[Tpo>n].= ——— n=2.3,... (12.65)
(n—1)n
The expected time to return to state 0 is
o0 o0 1
E[Too] = Y nPrpym=>" — =0 (12.66)
n=2 n=2

From Definition 12.14, we can conclude that state O is null recurrent.

It is possible to show that positive recurrence, null recurrence, and transience are class
properties.

Theorem 12.20 For a communicating class of a Markov chain, one of the following must be true:
(a) All states are transient.
(b) All states are null recurrent.
(c) All states are positive recurrent.

Example 12.25 In the Markov chain of Examples 12.22 and 12.24, is state 33 positive recurrent, null
recurrent, or transient?

Since Example 12.24 showed that 0 is null recurrent, Theorem 12.20 implies that state
33, as well as every other state, is null recurrent.

From our examples, we can conclude that classifying the states of a countably infinite
Markov chainis decidedly nontrivial. In this section, the examples were carefully chosenin
order to simplify the calculations required for state classification. However, some intuition
was necessary to determine which calculations to perform. For countably infinite Markov
chains, there are no cookbook recipes for state classification.

Quiz12.7 In a variation on the Markov chain for Example 12.22, a system with stétels 2, .. .}
has transition probabilities
1 i=0,j=1,
) i/ 4+ i>0,j=i+1,
Pi=1 1-T(i/i+10 i>0,j=o0, (12.67)
0 otherwise

wherea > 0is an unspecified parameter. Sketch the Markov chain and identify those
values ofa for which the states are positive recurrent, null recurrent, and transient.
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Figure 12.4 A partition for the discrete-time queue of Example 12.26.

12.8 Countably Infinite Chains: Stationary Probabilities

Theorem 12.21

In Section 12.7, we identified methods for classifying the states of a countably infinite chain.
In this section, we examine the stationary probabilities. First, we observe thatthe Chapman-
Kolmogorov equations (Theorem 12.2) as well as Theorem 12.4 apply to both finite and
countably infinite Markov chains. In particular, given the state probabilifiggn)} at time

n, the state probabilities at tinre+ 1 are given by

pin+1)=> piMP;. (12.68)
i=0

Most importantly, Theorem 12.11 can be extended to countably infinite Markov chains.

For an irreducible, aperiodic, positive recurrent Markov chain with staf@sl, .. .}, the
limiting n-step transition probabilities alémn_, o Pjj (N) = 7j where{rj|j =0,1,2,.. }
are the unique state probabilities satisfying

o
Zn’jzl, ﬂJZZT[iP”', j=0,1,....
j i=0

The first part of Theorem 12.21 says that for any starting statee probability that the
system is in statg after a long time istj. That is, because the chain is irreducible,
aperiodic, and positive recurrent, the effect of the initial state wears off. The second part of
Theorem 12.21 provides a direct way to calculate the stationary probabilities of a countably
infinite chain. Sometimes the transition probabilities have a structure that leads to a simple
direct calculation ofrj. For other transition probabilities it is helpful to partition the state
space into disjoint subse®&andS’ and use Theorem 12.13 to simplify the calculation.

Example 12.26 Find the stationary probabilities of the router buffer described in Example 12.21. Make

sure to identify for what values of p that the stationary probabilities exist.

We apply Theorem 12.13 by partitioning the state space between S = {0,1, ..., i}
and S' = {i +1,i +2,...} as shown in Figure 12.4. By Theorem 12.13, for any state
i >0,

Tip=mniy1(1-p). (12.69)
This implies

Mgl = Tpp”i' (12.70)
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Quiz12.8

Since Equation (12.70) holds fori = 0,1, ..., we have that 7; = nga' where a =
p/1 — p. Requiring the state probabilities to sum to 1, we have that for ¢ < 1,
(e.¢] o . 7_[0
i = = —— =1 12.71
;On. nogoa - (12.71)

Thus for « < 1, the complete state probabilities are
mi=0—a)x', i=012... (12.72)

For « > 1 or, equivalently, p > 1/2, the limiting state probabilities do not exist.

In each one-second interval at a convenience store, a new customer arrives with probability
p, independent of the number of customers in the store and also other arrivals at other times.
The clerk gives each arriving customer a friendly “Hello” In each unit of time in which
there is no arrival, the clerk can provide a unit of service to a waiting customer. Given that
a customer has received a unit of service, the customer departs with probability q. When
the store is empty, the clerk sits idle. Sketch a Markov chain for the number of customers in
the store. Under what conditions on p and g do limiting state probabilities exist? Under
those conditions, find the limiting state probabilities.

12.9 Continuous-Time Markov Chains

Definition 12.15

For many systems characterized by state transitions, the transitions naturally occur at dis-
crete time instants. These processes are naturally modeled by discrete-time Markov chains.
In this section, we relax our earlier requirement that transitions can occur exactly once each
unit of time. In particular, we examine a classcohtinuous-time process@swhich state
transitions can occur at any time.

These systems are described by a stochastic préegsst > 0}, where X(t) is the
state of the system at tinte Although state transitions can occur at any time, the model
for state transitions is not completely arbitrary.

Continuous-Time Markov Chain

A continuous-time Markov chaiiX (t)|t > 0} is a continuous-time, discrete-value random
process such that for an infinitesimal time step of &ize

PIX(t+A)=j|X(t)=i] =qjA

PIX(t+A) =i|X{t)=i]=1-) gja
j#

Note that this model assumes that only a single transition can occur in the small time
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addition, we observe that Definition 12.15 implies that

PIX(t+A)#i[X(t)=i]=) gjA (12.73)
j#

In short, in every infinitesimal interval of length, a Bernoulli trial determines whether
the system exits state

The continuous-time Markov chain is closely related to the Poisson process. In Sec-
tion 10.5, we derived a Poisson process of hates the limiting case of a process that for
any small time interval of length,, a Bernoulli trial with success probabiliyA indicated
whether an arrival occurred. We also found in Theorem 10.3 that the time until the next
arrival is an exponentigh) random variable.

In the limit asA approaches zero, we can conclude that for a Markov chain inistate
the time until the next transition will be an exponential random variable with parameter

Vi = Zqij . (12.74)
j#i

We callv; thedeparture rateof statei. Because the exponential random variable is mem-
oryless, we know that no matter how long the system has been in stagetime until the
system departs staités always an exponentiab; ) random variable. In particular, this says
that the time the system has spent in stdtas no influence on the future sample path of
the system. Recall that in Definition 12.1, the key idea of a discrete-time Markov chain was
that at timen, the X, summarized the past history of the system. In the same Xuay,for
a continuous-time Markov chain summarizes the state history prior tattime

We can further interpret the state transitions for a continuous-time Markov chain interms
of the sum of independent Poisson processes. We recall from Theorem 10.7 of Section 10.6
that the sum of independent Poisson procedsgs) + Na(t) could be viewed as a single
Poisson process with rate= A1 + 1. For this combined process starting at time 0, the
system waits a random time with an exponentigl PDF for an arrival. When there is
an arrival, an independent trial determines whether the arrival was from pridgé€ssor
Na(t).

For a continuous-time Markov chain, when the system entersistdtéme 0, we start
a Poisson procedsik (t) of rateqjk for every other statk. If the procesNjj (t) is the first
to have an arrival, then the system transitions to stafEhe process then resets and starts
a Poisson procedsjk (t) for each statdé # j. Effectively, when the system is in state
the time until a transition is an exponent{@|) random variable. Given the evebf that
the system departs stdt@ the time intervalt, t + A], the conditional probability of the
eventDjj that the system went to stajds

P[Dij] aja a

PDilbi] = P[Di]  wA v’

(12.75)

Thus for a continuous-time Markov chain, the system spends an exporenjidime in
state, followed by an independent trial that specifies that the next stateiih probability
Pj = gij /vi. When we ignore the time spent in each state, the transition probabiities
can be viewed as the transition probabilities of a discrete-time Markov chain.
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Definition 12.16

Definition 12.17

Definition 12.18

Definition 12.19

Embedded Discrete-Time Markov Chain

For a continuous-time Markov chain with transition rateg @nd state i departure rates
vi, theembedded discrete-time Markov chain has transition probabilities i = ¢j /vj for
states i withy; > 0and B; = 1 for states i withy; = 0.

For discrete-time chains, we found that the limiting state probabilities depend on the number
of communicating classes. For continuous-time Markov chains, the issue of communicating
classes remains.

Communicating Classes of a Continuous-Time Markov Chain
The communicating classes of a continuous-time Markov chain are given by the communi-
cating classes of its embedded discrete-time Markov chain.

I rreducible Continuous-Time Markov Chain
A continuous-time Markov chainiigeducibleif the embedded discrete-time Markov chain
is irreducible.

At this point, we focus on irreducible continuous-time Markov chains; we will not
consider multiple communicating classes. In a continuous-time chain, multiple communi-
cating classes still result in multiple modes of operation for the system. These modes can
and should be evaluated as separate irreducible systems.

Positive Recurrent Continuous-Time Markov Chain
An irreducible continuous-time Markov chainpesitive recurrent if for all states i, the
time T; to return to state i satisfies [Hjj] < oc.

For continuous-time chains, issues of irreducibility and positive recurrence are essentially
the same as for discrete-time chains. Unlike discrete-time chains, however, in a continuous-
time chain we need not worry about periodicity because the time spent in each state is a
continuous random variable.

Example 12.27 In a continuous-time ON-OFF process, alternating OFF and ON (states 0 and 1)

periods have independent exponential durations. The average ON period lasts 1/u
seconds, while the average OFF period lasts 1/ seconds. Sketch the continuous-
time Markov chain.

0
In the continuous-time chain, we have states 0 (OFF) and 1 (ON). .0
The chain, as shown, has transition rates qg1 = A and g9 = u.

0

Example 12.28 In the summer, an air conditioner is in one of three states: (0) off, (1) low, or (2)

high. While off, transitions to low occur after an exponential time with expected time
3 minutes. While in the low state, transitions to off or high are equally likely and
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transitions out of the low state occur at rate 0.5 per minute. When the system is in the
high state, it makes a transition to the low state with probability 2/3 or to the off state
with probability 1/3. The time spent in the high state is an exponential (1/2) random
variable. Model this air conditioning system using a continuous-time Markov chain.

Each fact provides information about the state transition rates. First, we learn that
fo1 = 1/3 and qg2 = 0. Second, we are told that v = 0.5 and that q109/v1 = Q12/v1 =
1/2. Thusqgig = g12 = 1/4. Next, we see thatgp1/vo = 2/3 and gog/v2 = 1/3 and that
vp = 1/2. Hence gp1 = 1/3 and gog = 1/6. The complete Markov chain is

In these examples, we have seen that a Markov chain is characterized by{tg)seft
transition rates. Self transitions from statenmediately back to stateare trivial simply
because nothing would actually change in a self transition. Hepices O for every state
i. When the continuous-time Markov chain has a finite state sffade..., K}, we can
represent the Markov chain by the state transition m&iwhich had, jth entryq;j. It
follows that the main diagonal @ is always zero.

For our subsequent calculations of probabilities, it will be useful to define a rate matrix
R with i, jth entry

rij ={ y if (12.76)
Recall thati = > i i i is the departure rate from state Off the diagonal, matriceR
andQ are identical; on the diagonajii = 0 whilerjj = —vj.

Just as we did for discrete-time Markov chains, we would like to know how to calculate
the probability that the system is in a stateFor this probability, we will use the notation

pj(t) = P[X() = |]. (12.77)

When the Markov chain has a finite set of stages. .., K}, the state probabilities can
be written as the vectqu(t) = [po(t) -+ Pk (t)]’. We want to computgj(t) both
for a particular time instarit as well as in the limiting case whenapproaches infinity.
Because the continuous-time Markov chain has events occurring in infinitesimal intervals
of length A, transitions in the discrete-time Chapman-Kolmogorov equations are replaced
by continuous-time differential equations that we derive by considering a time step of size
A. For a finite chain, these differential equations can be written as a first-order vector
differential equation fop(t).

In the next two theorems, we write the relevant equations in two forms: on the left using
the notation of individual state probabilities, and on the right in the concise notation of the
state probability vector.
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Theorem 12.22 For a continuous-time Markov chain, the state probabilitiegtp evolve according to the

differential equations

dpjt)
dt

Zrij pit), j=0,1,2,..., orinvectorform, d[;t(t) =p'®R.
i

Proof Given the state probabilitieg; (t) at timet, we can calculate the state probabilities at time
t + A using Definition 12.15:

pjt+24)=[1-(;A)]lpjt)+ E (@ij A)pi (1). (12.78)
i#]
Subtractingpj (t) from both sides, we have

Pj (t+ A) = pj(t) = —(vj A)pj (D) + Y _(Gij A)pi (1). (12.79)
i#]
Dividing through byA and expressing Equation (12.79) in terms of the rgjegelds

pjt+A) — pj(t)

X =—vjpj) + ZQij pi(t) = Zrij pi (1). (12.80)

i1#] i

As A approaches zero, we obtain the desired differential equation.

Students familiar with linear systems theory will recognize that these equations are equiva-
lent to the differential equations that describe the natural response of a dynamic system. For
a system with two states, these equations have the same form as the coupled equations for
the capacitor voltage and inductor current in an RLC circuit. Further, for the finite Markov
chain, it is well known that the solution to the vector differential equatiompfoy is

p'®) = p' O (12.81)
where the matrixeRt, known as the matrix exponential, is defined as

x k
Rt 5 RUT (12.82)

!
s k!

Our primary interest will be systems in which the state probabilities will converge to constant
values, much like circuits or dynamic systems that converge to a steady-state response for a
constant input. By analogy, it is said that the state probabilities convergei¢ady-state.
We caution the reader that this analogy can be misleading. If we observe a circuit, the
state variables such as inductor currents or capacitor voltages will converge to constants.
In a Markov chain, if we inspect the system after a very long time, then the “steady-state”
probabilities describe the likelihood of the states. However, if we observe the Markov chain
system, the actual state of the system typically is always changing even though the state
probabilitiespj (t) may have converged.

The state probabilities converge when the state probabilities stop changing, that is, when
dp;j(t)/dt = O for all j. In this case, we say that the state probabilities have reached a
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limiting state distribution. Just as for discrete-time Markov chains, another name for the
limiting state distribution is thetationary distributiorbecause ifpj (t) = p;j for all states
J, thendpj(t)/dt = 0 andpj (t) never changes.

Theorem 12.23 For anirreducible, positive recurrent continuous-time Markov chain, the state probabilities
satisfy

lim pjt) = pj, or, in vector form, lim p(t) =p
t—o0 t—o0
where the limiting state probabilities are the unigue solution to

Zrij pi =0, or, in vector form, p'R =0,

I
Z pj =1, or, in vector form, p’l=1.
j

Just as for the discrete-time chain, the limiting state probaljilitys the fraction of time
the system spends in stageover the sample path of the process. Singe= —vj, and
rij = gij, Theorem 12.23 has a nice interpretation when we write

Pjvj = ) Pidij. (12.83)
i#]

On the left side, we have the product pf, the fraction of time spent in stafg andvj,
the transition rate out of stafe That is, the left side is the average rate of transitions out
of statej. Similarly, on the right sidep;jqjj is the average rate of transitions from state
i into statej so thatz# i PiGij is the average rate of transitions into stateln short,
the limiting state probabilities balance the average transition rate into jstgainst the
average transition rate out of stgteBecause this is a balance of ratpsdepends on both
the transition probabilitieB;; as well as on the expected time 1 that the system stays in
statei before the transition.

Example 12.29 Calculate the limiting state probabilities for the ON/OFF system of Example 12.27.

The stationary probabilities satisfy pgr = pypp and pg + pp = 1. The solution is

0 A
=— =—" 12.84
Po= p L= p ( )
Increasing A, the departure rate from state 0, decreases the time spent in state 0, and
correspondingly, increases the probability of state 1.

Example 12.30 Find the stationary distribution for the Markov chain describing the air conditioning
system of Example 12.28.

The stationary probabilities satisfy

1 1
—p2 = i pP1- (12.85)

11 .1
P1 = 35Po 3I02, >

2 3

Although we have three equations and three unknowns, these equations do not have
a unique solution. We can conclude only that p; = pg and p2 = pp/2. Finally, the

1 o101
3I00—4|01 6|02,
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Quiz12.9

requirementthat pg+ p1+ p2 = 1yields pg+ po+ Po/2 = 1. Hence, the limiting state
probabilities are
Po = 2/5, p1 = 2/5, p2 =1/5. (12.86)

A processor in a parallel processing computer can work on up to four tasks at once. When
the processor is working on one or more tasks, the task completion rate is three tasks
per millisecond. When there are three or fewer tasks assigned to the processor, tasks are
assigned at the rate of two tasks per millisecond. The processor is unreliable in the sense
that any time the processor is working, it may reboot and discard all of its tasks. In any
state i # 0, reboots occur at a rate @f.01 per millisecond. Sketch the continuous-time
Markov chain and find the stationary probabilities.

12.10 Birth-Death Processes and Queueing Systems

A simple yet important form of continuous-time Markov chain is the birth-death process.

Definition 12.20 Birth-Death Process

A continuous-time Markov chain is larth-death process if the transition rates satisfy
gj =O0for|i —j| > 1.

As depicted in Figure 12.5, a birth-death process in stat@n make transitions only to
states — 1 ori + 1. Birth-death processes earn their name because the state can represent
the number in a population. A transition fronto i 4+ 1 is a birth since the population
increases by one. A transition frontoi — 1 is a death in the population.

Queueing systems are often modeled as birth-death processes in which the population
consists of the customers in the system. A queue can represent any service facility in
which customers arrive, possibly wait, and depart after being served. In a Markov model
of a queue, the state represents the number of customers in the queueing system. For a
Markov chain that represents a queue, we make use of some new terminology and notation.
Specifically, the transition probability; j_1 is denoted by:; and is called theervice rate
in statei since the transition fromtoi — 1 occurs only if a customer completes service
and leaves the system. Similarly, = g i+1 is called thearrival rate in state isince a
transition from staté toi + 1 corresponds to the arrival of a customer.

The continuous-time birth-death process representing a queue always resembles the
chain shown in Figure 12.5. Since any birth-death process can be described in terms of the
transition rateg; andui, we will use this notation in our subsequent development, whether
or not the birth-death process represents a queue. We will also assume thal for all
states that are reachable from state 0. This ensures that we have an irreducible chain. For
birth-death processes, the limiting state probabilities are easy to compute.



Theorem 12.24

Theorem 12.25

12.10 BIRTH-DEATH PROCESSES AND QUEUEING SYSTEMS 481
o I A s
M Mo K My

Figure 12.5 The birth-death model of a queue

For a birth-death queue with arrival rates; and service rateg;, the stationary probabil-
ities p satisfy

oo
Pi-1Ai-1 = Piki, dopi=1
i=0

Proof We prove by induction onthat pi_11j_1 = pjuj. Fori = 1, Theorem 12.23 implies that
Poio = P1i1. Assumingpi_1xi—1 = pjui, we observe that Theorem 12.23 requires

Pi (A + @i) = Pi—1ri—1 + Pit1Mit1- (12.87)

From this equation, the assumption thpt 14;_1 = pj i implies pjAj = pj+14i+1, completing
the induction.

For birth-death processes, Theorem 12.24 can be viewed as analagous to Theorem 12.13
for discrete-time queues in that it says that the average rate of transitions from-state

statei must equal the average rate of transitions from stédestate — 1. It follows from
Theorem 12.24 that the stationary probabilities of the birth-death queue have a particularly
simple form.

For a birth-death queue with arrival ratels; and service rateg.i, let pi = Aj/ui+1. The
limiting state probabilities, if they exist, are

i-1
j=0P]

= k-1 -
1+ o pj

Pi

Whether the stationary probabilities exist depends on the actual arrival and service rates.
Just as in the discrete-time case, the states may be null recurrent or even transient. For the
birth-death process, this depends on whether the $Ujin; ]_[‘j‘j pj converges.

Inthe following sections, we describe several common queue models. Queueing theorists
use a naming convention of the for&y/S/n/m for common types of queues. In this
notation, A describes the arrival procesS,the service timesn the number of servers,
and m the number of customers that can be in the queue. For exampie, M says
that the arrival process Memorylessn that the arrivals are a Poisson process. A second
possibility is thatA = D for aDeterministicarrival process in which the inter-arrival times
are constant. Another possibility is that= G corresponding to &eneralarrival process.

In all cases, a common assumption is that the arrival process is independent of the service
requirements of the customers. SimilaBy= M corresponds to memoryless (exponential)
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Figure 12.6 The Markov chain of atM/M/1 queue.

service timesS = D is for deterministic service times, afd= G denotes ageneral service
time distribution. When the number of customers in the system is less than the number of
serverqn, then an arriving customer is immediately assigned to a server. Wihgfinite,
new arrivals are blocked (i.e., discarded) when the queuenhasstomers. Also, ifnis
unspecified, then it is assumed to be infinite.

Using the birth-death Markov chain, we can model a large variety of queues with mem-
oryless arrival processes and service times.

The M /M /1 Queue

InanM/M/1 queue, the arrivals are a Poisson process ofrdtelependent of the service
requirements of the customers. The service time of a customer is an expoferrsaddom

variable, independent of the system state. Since the queue has only one server, the departure
rate from any state > 0 is uj = u. Thusu is often called the service rate of the system.

The Markov chain for number of customers in ¢ M /1 queue is shown in Figure 12.6.

The simple structure of the queue makes calculation of the limiting state probabilities quite
simple.

Theorem 12.26 The M/M/1 queue with arrival rate. > 0 and service rate:, i > A, has limiting state
probabilities
pp=01-pp". n=01.2...

wherep = A /.

Proof By Theorem 12.24, the limiting state probabilities satigfy 11 = pju, implying p; =
oPi—1. Thusp; = p' pg. Applying chm:o pj = 1yields

po(L+p+p%+ ) =1 (12.88)
If p < 1, we obtainpg = 1 — p and the limiting state probabilities exist.

Note that ifA > u, then new customers arrive faster than customers depart. In this case,
all states of the Markov chain are transient and the queue backlog grows without bound.
We note that it is a typical property of queueing systems that the system is stable (i.e., the
gueue has positive recurrent Markov chain and the limiting state probabilities exist) as long
as the system service rate is greater than the arrival rate when the system is busy.

Example 12.31 Cars arrive at an isolated toll booth as a Poisson process with arrival rate » = 0.6 cars
per minute. The service required by a customer is an exponential random variable
with expected value 1/ = 0.3 minutes. What are the limiting state probabilities for
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Figure 12.7 The Markov chain for théVl/M /oo queue.

N, the number of cars at the toll booth? What is the probability that the toll booth has
zero cars some time in the distant future?

The toll booth is an M/M/1 queue with arrival rate A and service rate u. The offered
load is p = A/ = 0.18, so the limiting state probabilities are

pn = (0.82)(018)", n=0,1,2,.... (12.89)

The probability that the toll booth is idle is pg = 0.82.

The M /M [oo Queue

InanM/M /oo queue, the arrivals are a Poisson process ofatelependent of the state of

the queue. The service time of a customer is an exponential random variable with parameter
u, independent of the system state. These facts are the same asbtithyel queue. The
difference is that with an infinite number of servers, each arriving customer is immediately
served without waiting. Whemcustomers are in the system, mltustomers are in service

and the system departure ratajs. Although we still refer tqu as the service rate of the

M/M /oo queue, we must keep in mind thatis only the service rate of each individual
customer. The Markov chain describing this queue is shown in Figure 12.7.

Theorem 12.27 The M/M/oo queue with arrival rate.. > 0 and service ratex > 0 has limiting state
probabilities

_ | p"e?/nt n=0,1,2,...,
Pn=1 o otherwise,

wherep = A/ .

Proof Theorem 12.24 implies that the limiting state probabilities satisfy= (0/n) ph—1 Where
o = A/u. This impliespy = po(p"/n!). The requirement th@g“;o pn = 1yields

p 3
p0<1+p+§+§+...):p0ep:1, (12.90)

Hence,pg = € * and the theorem follows.
Unlike the M/M/1 queue, the conditioh < w is unnecessary for th®l/M /oo queue.

The reason is that even/if is very small, a sufficiently large backlog nfcustomers will
yield a system service ratg: greater than the arrival rate



484 CHAPTER 12 MARKOV CHAINS

OO SRCOWR0

m th (c-1)m cm

Figure 12.8 The Markov chain for théV/M/c/c queue.

Example 12.32 At a beach in the summer, swimmers venture into the ocean as a Poisson process

of rate 300 swimmers per hour. The time a swimmer spends in the ocean is an
exponential random variable with expected value of 20 minutes. Find the limiting state
probabilities of the number of swimmers in the ocean.

We model the ocean as an M/M /oo queue. The arrival rate is A = 300 swimmers
per hour. Since 20 minutes is 1/3 hour, the expected service time of a customer is
1/mu = 1/3 hours. Thus the ocean is an M/M /oo queue with p = A/u = 100. By
Theorem 12.27, the limiting state probabilities are

{ 100 1%/n1 n=0,1,2,...,
Pn =

0 otherwise. (12.92)

The expected number of swimmers in the ocean at a random time is _° ;npy = 100
swimmers.

The M /M /c/cQueue

Theorem 12.28

TheM/M/c/c queue has servers and a capacity focustomers in the system. Customers
arrive as a Poisson process of rateWhen the system has— 1 or fewer customers in
service, a new arrival immediately goes into service. When there avstomers in the
system, new arrivals are blocked and never enter the system. A customer admitted to the
system has an exponent{al) service time. The Markov chain for thé /M /c/c queue is
essentially the same as that of thle M /oo queue except that the state space is truncated
atc customers. The Markov chain is shown in Figure 12.8.

For the M/M/c/c queue with arrival rate. and service rate:, the limiting state proba-
bilities satisfy
n/n! .
P o1
pPh=1 2Zj=opr!/i!
0 otherwise,

wherep = A/ .

Proof By Theorem 12.24, for & n < ¢, pnNit = pn_1A. This impliespn = (p"/n!)pg. The
requirement thaEﬁzo pn = 1yields

Po (1 Y422 4033 4+ ,oc/c!> —1. (12.92)
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After a very long time, the numbeX in the queue will be modeled by the stationary
probabilitiespn. That is,Py(n) = pn forn = 0,1, .... The probability that a customer
is blocked is the probability that a new arrival finds the queuectmsstomers. Since the
arrival at timet is independent of the current state of the queue, a new arrival is blocked
with probability

pe/c!
ZE:O pK/k!

This result is called th&rlang-B formulaand has many applications.

Py (C) = (12.93)

Example 12.33 A rural telephone switch has 100 circuits available to carry 100 calls. A new call is
blocked if all circuits are busy at the time the call is placed. Calls have exponential
durations with an expected length of 2 minutes. If calls arrive as a Poisson process of
rate 40 calls per minute, what is the probability that a call is blocked?

We can model the switch as an M/M/100/100 queue with arrival rate A = 40, service
rate © = 1/2, and load p = A/ = 80. The probability that a new call is blocked is

8099/100!

Py (100 = ——+——
N (09 = 100 5510

— 0.0040. (12.94)

Example 12.34 One cell in a cellular phone system has 50 radio channels available to carry cellphone
calls. Calls arrive at a Poisson rate of 40 calls per minute and have an exponential
duration lasting 1 minute on average. What is the probability that a call is blocked?

We can model the cell as an M/M/50/50 queue with load p = 40. The probability that
a call is blocked is
40°9/501

Py (50) = —a0 >
N OD= T80 g

=0.0187. (12.95)

More about Queues

In both theM /M /1 andM/M /oo queues, the ratip = A /u of the customer arrival rate to
the service ratge completely characterizes the limiting state probabilities. This is typical
of almost all queues in which customers arrive as a Poisson process/ofrad@ customer

in service is served at raje. Consequentlyy is called the load on the queue. In the case
of the M/M/1 queue, the limiting state probabilities fail to exispit> 1. In this case, the
gueue will grow infinitely long because customers arrive faster than they are served.

For a queue, the limiting state probabilities are significant because they describe the
performance of the service facility. For a queue that has been operating for a very long
time, an arbitrary arrival will see a random numiéof customers already in the system.
Since the queue has been functioning for a long time, the random vaNabés a PMF
that is given by the limiting state probabilities for the queue. ThaPig(n) = p, for
n=0,1,.... Furthermore, we can use the properties of the random varatiealculate
performance measures such as the average time a customer spends in the system.
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Example 12.35 For the M/M/1 queue with offered load p = A/u, find the PMF of N, the number of

Quiz12.10

12.11 MATLAB

customers in the queue. What is the expected number of customers E[N]? What is
the average system time of a customer?

For the M/M/1 queue, the stationary probability of state nis pp = (1 — p)p". Hence
the PMF of N is

| @=pp" n=0,1,2,...,
P (M) = { 0 otherwise. (12.96)
The expected number in the queue is
o0 o0 o 2
EIN] =) n@—pp"=pd nd-pp" = 0= (12.97)
n=0 n=1 p K

When an arrival finds N customers in the system, the arrival must wait for each of
the N queued customers to be served. After that, the new arrival must have its own
service requirement satisfied. Using Y; to denote the service requirement of the ith
queued customer, and Y to denote the service needed by the new arrival, the system
time of the new arrival is

T=Y1+---+YN+Y. (12.98)

We see that T is a random sum of iid random variables. Since the service times are
exponential (1) random variables, E[Y;] = E[Y] = 1/u. From Theorem 6.13,
E[NJ+1 1

E[T] = E[Y]E[N] + E[Y] = —

(12.99)

The M/M/c/oo queue has c servers but infinite waiting room capacity. Arrivals occur as
a Poisson process of ratearrivals per second and service times measured in seconds are
exponential ) random variables. A new arrival waits for service only if all ¢ servers are
busy at the time of arrival. Find the PMF of N, the number of customers in the queue after
a long period of operation.

MATLAB can be applied to Markov chains for calculation of probabilities such as step
transition matrix or the stationary distribution, and also for simulation of systems described
by a Markov chain. In the following two subsections, we consider discrete-time Markov

chains and continuous-time chains separately.

Discrete-Time Markov Chains

We start by calculating an-step transition matrix.

Example 12.36 Suppose in the disk drive of Example 12.3 that an IDLE system stays IDLE with

probability 0.95, goes to READ with probability0.04, or goes to WRITE with probability
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0.01. From READ, the next state is READ with probability 0.9, otherwise the system
is equally likely to go to IDLE OR WRITE. Similarly, from WRITE, the next state is
WRITE with probability 0.9, otherwise the system is equally likely to go to IDLE OR
READ. Write a MATLAB function mar kovdi sk( n) to calculate the n-step transition
matrix. Calculate the 10-step transition matrix P(10).

P= [0.95 0.04 0.01,

function M= markkovdi sk(n)

0.05 0.90 0.05;
0.05 0.05 0.90];
M=P™ n;
» mar kovdi sk( 10)
ans =

0.6743 0.2258 0.0999
0.3257 0.4530 0.2213
0.3257 0.2561 0.4182

From the problem description, the state tran-
sition matrix is

095 004 001
P=]005 090 005]. (12.100)
0.05 005 090

The program nar kovdi sk. m simply em-
beds this matrix and calculates P". Execut-
ing mar kovdi sk(10) produces the output
as shown.

Another natural application dflATLAB is the calculation of the stationary distribution
for a finite Markov chain described by the state transition madrix

function pv = dntstat prob(P)
n=si ze(P, 1);

A=(eye(n)-P);

A(:, 1)=ones(n, 1);

pv=([1 zeros(1l,n-1)]*A(-1))";

From Theorem 12.11, we need to find the
vectorr satisfyingz’ (I —P) = Oandr’l =

1. In dntst at pr ob( P), the matrixA is

| — P, except we replace the first column by
the vectorl. The solution ist’ = €A1
wheree=[1 0--- 0]’

Example 12.37 Find the stationary probabilities for the disk drive of Example 12.36.

» P
P =
0. 9500 0. 0400
0. 0500 0. 9000
0. 0500 0. 0500
» dntstat prob(P)’
ans =
0. 5000 0. 3000

»

0. 2000

As shown, it is a trivial exercise for
MATLAB to find the stationary prob-

0. 0100 abilities of the simple 3-state chain of
0. 0500 the disk drive. It should be apparent
0. 9000 that MATLAB can easily solve far more

complicated systems.

We can also use the state transition mafrito simulate a discrete-time Markov chain.
For ann-step simulation, the output will be the random sequeXeg. . ., X,. Before

proceeding, it will be helpful to clarify some issues related to indexing vectors and matrices.

In MATLAB, we use the matrixP for the transition matriX>. We have chosen to label
the states of the Markov chain D, . .., K because in a variety of systems, most notably
gueues, it is natural to use state 0 for an empty system. On the other hahdlatheB
convention is to usex( 1) for the first element in a vectox. As a result,Pgo, the 0,0th
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function x=sindnt(P, p0o, n)

K=si ze(P, 1)-1; % i ghest no. state

sx=0: K; Y%t ate space

x=zeros(n+1, 1); % nitialization

if (1ength(p0)==1) %onvert integer pO to prob vector
p0O=((0: K) ==p0) ;

end
x(1)=finiterv(sx,p0,1); % (m= state at time m1
for nmrl:n,
x(ml)=finiterv(sx, P(x(m+1,:),1);
end

Figure 12.9 The functionsi ndnt. mfor simulatingn steps of a discrete-time Markov chain with
state transition probability matri¥ and initial state probabilitie0.

element ofP, is represented iMATLAB by P(1, 1). Similarly, [P0 P1 -+ Pi],
theith row of P, holds the conditional probabilitieBy . ,|x,(jli). However, these same
conditional probabilities appear iR(i +1, : ), which is rowi 4+ 1 of P. Despite these
indexing offsets, it is fairly simple to implement a Markov chain simulatioMinTLAB.

The functionx=si ndnc( P, p0, n) simulates steps of a discrete-time Markov chain
with state transition matrif. The starting state is specifiedp®. If pOissimply aninteger
i, then the system starts in statat time O; otherwise, ip0 is a state probability vector for
the chain, then the initial state at time 0 is chosen according to the probabilites dfhe
output x is anN + 1-element vector that holds a sample pAih ..., Xy of the Markov
chain. INMATLAB, it is generally preferable to generate vectors using vector operations.
However, in simulating a Markov chain, we cannot genexate; until X, is known and so
we must proceed sequentially. The primary step occurs in the Userdaft epnf (). We
recall from Section 2.10 thdti ni t er v(sx, px, 1) returns a sample value of a discrete
random variable which takes on valsx (i ) with probability px(i ). In si ndnt. m
P(x(n) +1, :),whichisrowx( n) +1 of P, holds the conditional transition probabilities
for state x(n+1) given that the current state ix(n). Proceeding sequentially, we
generatex( n+1) using the conditional pmf ok ( n+1) given x(n).

Example 12.38 Simulate the router buffer of Example 12.18 for p = 0.48, buffer capacity c = 30
packets, and xg = 20 packets initially buffered. Perform simulation runs for 40 and 400

P(i,i+1)=p; P(i+1,i)=1-p;
end
P(c+1, c+1) =p;
x=si mdnec( P, x0, N) ;

time steps.

function x=sinbuffer(p,c, x0,N) Based on the Markov chain in
P=zeros(c+1, c+1); Figure 12.3, almost all of the
P(1,1)=1-p; si mbuffer. m code is to set up
for i=1:c, the transition matrix P. For starting

state x0 and N steps, the actual sim-
ulation requires only the command
si mdnt (P, x0, N). Figure 12.10
shows two sample paths.
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30 30
25 25
ZOM 20

="~ 15 <" 15
10 10

5 5
0 0
0 10 20 30 40 0 100 200 300 400
n n
x=si mbuf f er (0. 48, 30, 20, 40) x=si mbuf f er (0. 48, 30, 20, 400)

Figure 12.10 Two simulation traces from Example 12.38.

Continuous-Time Chains

function pv = cncprob(Q po,t) For a continuous-time Markov chain,
9%Q has zero di agonal rates cncpr ob. mcalculates the state proba-
%nitial state probabilities p0 bilities p(t) by a direct implementation
K=size(Q 1)-1; %rax no. state of matrix exponential solution of Equa-
%heck for integer pO tion (12.81).

if (length(p0)==1)
pO=((0: K) ==p0) ;

end

R=Q di ag(sun(Q 2));

pv= (pO(:)" *expn(Rt))";

Example 12.39 Assuming the air conditioner of Example 12.28 is off at time t = 0, calculate the state
probabilities at time t = 3.3 minutes.

The program ai r condpr ob. mperforms the calculation for arbitrary initial state (or
state probabilities) p0O and time t. For the specified conditions, here is the output:

function pv=aircondprob(pO,t) » ai rcondprob(0, 3.3)’

Q[ 0 1/3 0o; ... ans =
1/4 0 1/4; ... 0.5024 0.3744 0.1232
1/6 1/3 0] ) »

pv=cnctprob(Q po,t);

Finding pj (t) for an arbitrary time& may not be particularly instructive. Often, more can be
learned using Theorem 12.23 to find the limiting state probability vertdve implement
the MATLAB function cntst at prob( Q for this purpose.
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function pv = cntstatprob(Q As we did in the discrete Markov chain,
% has zero diagonal rates we replace the first column ofR with
R=Q di ag(sum(Q 2)); [1 --- 1] toimpose the constraint that
n=size(Q1); the state probabilities sum to 1.

R(:, 1) =ones(n, 1);

pv=([1 zeros(1l,n-1)]*R (-1))";

Example 12.40 Find the stationary probabilities of the air conditioning system of Example 12.28.

» [0 1/3 o, ... Although this problem is easily solved by
174 O 1/ 4; ... hand, it is also an easy problem for MAT-
1/6 1/3 0]; LAB. Of course, the value of MATLAB is the
» cnecstatprob(Q’ ability to solve much larger problems.
ans =
0.4000 0.4000 0.2000

Finally, we wish to simulate continuous-time Markov chains. This is more complicated
than for discrete-time chains. For discrete-time systems, a sample path is completely
specified by the random sequence of states. For a continuous-time chain, this is insufficient.
For example, consider the 2 state ON/OFF continuous-time Markov chain. Starting in
state 0 at time = 0, the state sequence is alwayd.(0, 1, 0. . .; what distinguishes one
sample path from another is how long the system spends in each state. Thus a complete
characterization of a sample path specifies

e the sequence of state&®, X1, Xo, ..., XN,
e the sequence of state visit timé&g, T1, T2, ..., Tn.

We generate these random sequences with the functi&rsi ncntst ep( Q, p0, n)

and S=sincnc(Q p0, T) shown in Figure 12.11. The functiorsi ncntst ep. m
produces steps of a continuous-time Markov chain with rate transition ma@ixJsing

si ncntst ep. mas a building block,si ncnt( Q p0, T) produces a sample path with

a sufficient numberN, of state transitions to ensure that the simulation runs for ime
Note thatN, the number of state transitions in a simulation of durafigris a random
variable. For repeated simulation experimermstsncnt ( Q pO0, T) is preferable because
each simulation run has the same time duration and comparing results from different runs
is more straightforward.

As in the discrete-time simulatiosi mdnc. m if parameterpO is an integer, then it
is the starting state of the simulation; otherwigd) must be a state probability vector for
the initial state. The outpuSis a(N + 1) x 2 matrix. The first column,S(:, 1), is
the vector of statefXo X1 --- XN]/. The second column$( : , 2) , is the vector of
visittimes[To T2 -~ TnJ-

The code forsi ncnt. mis somewhat ugly in that it tries to guess a numbeuch
thatn transitions are sufficient for the simulation to run for tifie The gues® is based
on the stationary probabilities and a calculated average state transition rate n{$tie
simulation,si ntntst ep( Q p0, n), runs pasttimd , the outputis truncated to tinie
If ntransitions are not enough, an additiomai= [n/2] are simulated. Additional segments
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function ST=sincnc(Q p0, T);

K=size(Q 1)-1; max no. state

%alc average trans. rate

ps=cntst at prob(Q ;

v=sum( Q 2); R=ps’ *v;

n=ceil (0.6*T/R);

ST=si ntncst ep(Q po, 2*n);

while (sum(ST(:,2))<T),
s=ST(si ze(ST, 1),1);
p00=Q( 1+s, :)/v(1l+s);
S=si ncnest ep( Q p00, n);
ST=[ ST; S ;

end

n=1+sun{ cunmsun{ ST(:, 2))<T);

ST=ST(1l:n,:);

% runcate | ast holding tine

ST(n, 2) =T-sum(ST(1:n-1,2));

function S=sincntstep(Q po,n);
%S=si ntnest ep( Q po, n)
% Sinulate n steps of a cts
% Markov Chain, rate matrix Q
% init. state probabilities pO
K=size(Q 1)-1; %max no. state
S=zeros(n+l1,2);%nit allocation
%heck for integer pO
if (length(p0)==1)

p0=((0: K) ==p0) ;
end
v=sun(Q 2); Y%tate dep. rates
t=1./v;
P=di ag(t)*Q
S(:, 1) =si ndnc (P, po, n);
S(:,2)=t(1+S(:,1))

. *exponential rv(1, n+tl);

Figure 12.11 TheMATLAB functionssi ncntst ep and si ncne for simulation of continuous-
time Markov chains.

of n’ simulation steps are appended until a simulation of durdtimassembled. Note that
care is taken so that state transitions across the boundaries of the simulation segments have
the correct transition probabilities. The progranntnt. mis not optimized to minimize
its run time. We encourage you to examine and improve the code if you wish.

The real work of si ncnt. moccurs in si ncntst ep. m which first generates the
vectors|vo vk |’ of state departure rates arfith tx ] whereti = 1/v is
the average time the system spends in a visit to $tai&fe recall thai;j /v; is the con-
ditional probability that the next system statejigjiven the current state is Thus we
create a discrete-time state transition maf@rby dividing thei th row of Q by vi. We then
useP in a discrete-time simulation to produce the state sequ@ﬁ@e X1 XN]/,
stored in the columnS(:, 1). To generate the visit times, we first create the vector
[txo tx txy |, stored intheVaTLAaB vectort (1+S(:, 1)), where the compo-
nentty; is the conditional average duration of visigiven that visit was in stateX ;. Lastly,
we recall that ifY is an exponentiall) random variable, thelV = tY is an exponential
(1/t) random variable. To take advantage of this, we generate the v[é(nor . YN]’

of N + 1 iid exponentiall) random variables. Finally, the vect@% TN]’ with
Th = tx, Yn has the exponential visit times with the proper parameters. In particular, if
Xn = i, thenT, is an exponentialv;) random variable. In terms &flATLAB, the vector
[To --- Tn] is storedin the columrs(: , 2) .
To display the resulS of a simulation generated by eithei ntnt or si ncntst ep,
we use the functiorsi npl ot ( S, xI abel , yl abel ) which usesthest ai r s function
to plot the state changes as a function of time. The optional argumenébel and
yl abel label thex andy plot axes.

Example 12.41 Simulate the m/M/c/c blocking queue with the following system parameters:

(@) A =8arrivals/minute, c = 10servers, u =1 min~—1, T = 5 minutes.
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Figure 12.12 Simulation runs of thev/M /c/c queue for Example 12.41.

(b) A = 16arrivals/minute, ¢ = 20servers, © = 1, T = 20 minutes

The function si mmmtc implements a simulation of the M/M/c/c queue.

function ... The program calculates the rate
S=si mmtc(l am mu, c, p0, T); transition matrix Q and calls

%5i mul ate M Mc/c queue, tine T. S=sinmcnc(Q 0,20) to per-
% anmFarr. rate, nmu=svc. rate form the simulation for 20 time
%0=init. state distribution units.  Sample simulation runs
%= nunber of servers for the M/M/c/c queue appear
Q=zeros(c+l, c+l); in Figure 12.12. The output of
for i=1:c, Figure 12.12(a) is generated with

Qi,i+l)=lam the commands:

Qi +1,i)=(i-1)*nu; | am=8; nu=1. 0; ¢c=10; T=5;
end S=si mmtc(lam nmu,c, 0, T);
S=sincnc(Q p0, T); simplot(S,"t", "X(t)');

The simulation programssi ndnt and si ncnt can be quite useful because they
simulate a system given a state transition ma®rier Q that one is likely to have coded
in order to calculate the stationary probabilities. However, these simulation programs do
suffer from serious limitations. In particular, for a system wih+ 1 states, complete
enumeration of all elements of& + 1 x K + 1 state transition matrix is needed. This
can become a problem becausecan bevery large for practical problems. In this case,
complete enumeration of the states becomes impossible.
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Matlab Function Output/Explanation

p = dntstat prob(P) stationary probability vector of a discrete MC

x = simdnc(P, po, n) n step simulation of a discrete MC

p = cntprob(Q po,t) state prob. vector at timé for a continuous MC

p = cntstat probQ stationary prob. vector for a continuous MC

S = sintntstep(Q po, n) n step simulation of a continuous-time Markov chain
S = sinmcne(Q p0o, T) simulation of a continuous MC for timé

si npl ot (x, xI abel , yl abel ) stairs plot for discrete-time state sequence
si mpl ot (S, xl abel , yl abel ) stairs plot forsi ncnt output S

IntheseM ATLAB functions, P is a transition probability matrix for a discrete-time Markov
chain, pO is an initial state probability vectorp is a stationary state probability vector,
and Qis a transition rate matrix for a continuous-time Markov chain.

Table 12.1 MaTLAB functions for Markov chains.

Chapter Summary

A Markov chains is a stochastic process in which the memory of the system is completely
summarized by the current system state.

Discrete-time Markov chainare discrete-value random sequences such that the cur-
rent value of the sequence summarizes the past history of the sequence with respect to
predicting the future values.

Limiting state probabilitiesomprise a probability model of state occupancy in the distant
future. The limiting state probabilities may depend the initial system state.

Stationary probabilitiescomprise a probability model that does not change with time.
Limiting state probabilities are stationary probabilities.

An aperiodic, irreducible, finite discrete-time Markov chain has unique limiting state
probabilities, independent of the initial system state.

Continuous-time Markov chaimse continuous-time, discrete-value processes in which
the time spent in each state is an exponential random variable..

An irreducible, positive recurrentontinuous-time Markov chain has unique limiting
state probabilities.

MaTLAB makes it easy to calculate probabilities for Markov chains. A collection of
MATLAB functions appears in Table 12.1.

Further Reading:Markov chains and queuing theory comprise their own branches of
mathematics. [Ros03], [Gal96] and [Kle75] are entry points to these subjects for students
who want to go beyond the scope of this book.
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Difficulty: Easy

chain:

OFF, the system stays off for another second with
probability 02. Once the system is ON, it stays on
with probability 01. Sketch the Markov chain and
find the state transition matrix.

hanced by examining speech in mini-slots of 100
microseconds duration. On this finer timescale, we
observe that the ON periods are interrupted by mini-
OFF periods. In the OFF state, the system goes to
ON with probability 1/14,000. In the ON state,
the system goes to OFF with probabilityp001, or
goes to mini-OFF with probability @; otherwise,
the system remains ON. In the mini-OFF state, the
system goes to OFF with probabilityd@01 or goes
to ON with probability 03; otherwise, it stays in
the mini-OFF state. Sketch the Markov chain wit
states (0) OFF, (1) ON, and (2) mini-OFF. Find the
state transition matriR.

12.1.4 Each second, a laptop computer’s wireless LAN

card reports the state of the radio channel to an ac-
cess point. The channel may be (0) poor, (1) fair,
(2) good, or (3) excellent. In the poor state, the next
state is equally likely to be poor or fair. In states 1,
2, and 3, there is a probability®that the next sys-

Moderate Difficult Experts Only

12.1.1 Find the state transition matri® for the Markov 12.1.5 For Example 12.3, suppose each read or write op-

eration reads or writes an entire file and that files
contain a geometric number of sectors with mean
50. Further, suppose idle periods last for a geo-
metric time with mean 500. After an idle period,
the system is equally likely to read or write a file.
Following the completion of a read, a write follows
with probability 08. However, on completion of a
write operation, a read operation follows with prob-
ability 0.6. Label the transition probabilities for the
Markov chain in Example 12.3.

12.1.6 The state of a discrete-time Markov chain with tran-
12.1.2 In a two-state discrete-time Markov chain, state
changes can occur each second. Once the system is

sition matrixP can change once each secokdde-
notes the system state afteseconds. An observer
examines the system state evenyseconds, pro-
ducing the observation sequerXg, X1, ... where
Xn = Xmn. Is Xo, X1, ... a Markov chain? If so,
find the state transition matriX

12.1.3 The packet voice model of Example 12.2 can be en2.1.7 The state of a discrete-time Markov chain with

transition matrixP can change once each second;
Xn € {0,1, ..., K} denotes the system state after
n seconds. An observer examines the system state
at a set of random time¥, Tq,.... Given an iid
random sequendep, K1, . .. with PMF Pk (k), the
random inspection times are given iy = 0 and

Tm = Tm—1+ K1 form > 1. Is the observation
sequencép = Xy, a Markov chain? If so, find the

transition matrixP.

I,3.2.1.8 Continuing Problem 12.1.7, suppose the observer

waits a random time that depends on the most re-
cent state observation until the next inspection. The
incremental tim&K, until inspectiomn + 1 depends

on the stateYp; however, givenY,, Kp is condi-
tionally independent oK, ..., Kn_1. In particu-

lar, assume thalx |y, (Kly) = gy(k), where each
gy(k) is a valid PMF satisfyinggy(k) > 0 and
ZkK:() gy(k) = 1. IsYp, Y1, ... a Markov chain?

tem state will be unchanged from the previous stafe?-2:1 Find the n-step transition matrixP(n) for the

and a probability @4 that the next system state will

Markov chain of Problem 12.1.2.

be poor. In states 1 and 2, there is a probabilify 012.2.2 Find then-step transition matri®" for the Markov

that the next state is one step up in quality. Whe

chain of Problem 12.1.1.

the channel is excellent, the next state is either goqa 3 1 consider the packet voice system in Example 12.8.

with probability 004 or fair with probability 002.
Sketch the Markov chain and find the state transition
matrix P.

If the speaker is silent at time 0, how long does it
take until all componentgj (n) of p(n) are within
1% of the stationary probabilities; .
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12.3.2 AMarkov chainwith transition probabilitied; has 12.5.5 A circular game board ha& spaces numbered

an unusual statie such thatPk = q for every state
i. Prove that the probability of stateat any time
n>1isp(n) =q.

12.3.3 A wireless packet communications channel suffers
from clustered errors. That is, whenever a packet
has an error, the next packet will have an error with

0,1,...,K — 1. Starting at space 0 at tinme= 0,

a player rolls a fair six-sided die to move a token.
Given the current token positias, the next token
position isXp4+1 = (Xn + Rn) mod K whereRp

is the result of the playeristh roll. Find the station-
ary probability vectorr = [ k1]

probability 09. Whenever a packet is error-free2 5.6 A very busy bank has two drive-thru teller win-

the next packet is error-free with probability99.
In steady-state, what is the probability that a packet
has an error?

12.4.1 For the Markov chain in Problem 12.2.2, find all
the ways that we can replace a transitigp with
a new transition?j» = B to create an aperiodic
irreducible Markov chain.

12.4.2 Whatis the minimum number of transitioRg > 0
that must be added to the Markov chain in Exam-
ple 12.11 to create an irreducible Markov chain?

12.4.3 Prove that if states and j are positive recurrent
and belong to the same communicating class, then
E[Tjj] < oo.

12.5.1 For the transition probabilities found in Prob-
lem 12.1.5, find the stationary distributi@n

12.5.2 Find the stationary probability vector for the
Markov chain of Problem 12.2.2.

dows in series served by a single line. When there
is a backlog of waiting cars, two cars begin ser-
vice simultaneously. The front customer can leave
if she completes service before the rear customer.
However, if the rear customer finishes first, he can-
not leave until the front customer finishes. Conse-
quently, the teller at each window will sometimes
be idle if their customer completes service before
the customer at the other window. Assume there is
an infinite backlog of waiting cars and that service
requirements of the cars (measured in seconds) are
geometric random variables with a mean of 120 sec-
onds. Draw a Markov chain that describes whether
each teller is busy. What is the stationary probabil-
ity that both tellers are busy?

12.5.7 Repeat Problem 12.5.6 under the assumption that

each service time is equally likely to last either ex-
actly one minute or exactly two minutes.

12.5.3 Consider a variation on the five-position randomy 5 8 prove that for an aperiodic, irreducible finite

walk of Example 12.12 such that:

eln state 0, the system goes to state 1 with prob-
ability Pg; = p or stays in state 0 with proba-
bility Pog=1— p.

eln state 4, the system with stays there with

Markov chain there exists a constaht> 0 and
a time stepr such that

min Bjj (7) = 4.
N

probability p or goes to state 3 with probabil-12.5.9 To prove Theorem 12.11, complete the following

ityl — p.
Sketch the Markov chain and find the stationary
probability vector.

12.5.4 Inthis problem, we extend the random walk of Prob-

lem 12.5.3 to have positions 0, ..., K. In partic-
ular, the state transitions are

1-p i=j=0

p J i+ 1 i =0,. -1,
Rij=10p =j=K

1-p J—|—1,|_1,...,K,

0 otherwise.

Sketch the Markov chain and calculate the station-
ary probabilities.

steps.
(a) Define

m;j (n) = min By (n),
|

Mj (n) = maxR;j (n).
|

Show thatn; (n) < mj(n+1)andM;(n+1) <
Mj (n).

(b) To complete the proof, we need to show that
Aj(n) = Mj(n) — mj(n) goes to zero. First,
show that
Aj(n+7)

= T%XZ (Pak(1) = Pgk(1)) Pyj(n).
’ k
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(c) Define Q = {k|Pyk(tr) = Pgk(r)} and show
that

D (Puk(®) — Ppi(r)) Py ()
k

< Aj() Y (Pak(r) — Pp(@)).

is a barrier at the origin so that in state 0, the system
can remain in state 0 with probability-1 p or go

to state 1 with probabilityp. In states > 0, the
system can go to state- 1 with probability 1— p

or to statd with probability p. Sketch the Markov
chain and find the stationary probabilities.

keQ 12.8.2 At an airport information kiosk, customers wait in

(d) Show that step (c) combined with the result of
Problem 12.5.8 implies

Aj(n+7) = 1- AN

(e) Conclude that lim-, 0 Bj (n) = 7 foralli.
12.6.1 Consider an irreducible Markov chain. Prove that

if the chain is periodic, theR; = O for all states.

Is the converse also true? B; = 0 for alli, is the

irreducible chain periodic?

12.6.2 Let N be aninteger-valued positive random variable
withrangeSy = {1, ..., K + 1}. WeuseN togen-
erate a Markov chain with state spg6e. .., K} in
the following way. In state 0, a transition back to
state 0 occurs with probability (1). When the
system is in state > 0, either a transition to state
i + 1 occurs with probability

Plit1=P[N>i+1/N>i],
or a transition to state 0 occurs with probability
P.o=P[N=i+1/N>i].

Find the stationary probabilities. Compare your an-
swer to the solution of Quiz 12.5.

12.6.3 A particular discrete-time finite Markov chain has
the property that the set of states can be partioned
into classeqCq, Co, ..., C__1} such that for all
states € Cj, Bj = Oforall j ¢ Cjy1 modL-
Prove that all states have peridd= L.

12.6.4 For the periodic chain of Problem 12.6.3, either
prove that the chain has a single recurrent commu-
nicating class or find a counterexample to show this
is not always the case.

12.6.5 In this problem, we prove a converse to the claim c.
Problem 12.6.3. An irreducible Markov chain has
periodd. Prove thatthe set of states can be partioned
into classeqCo, Co, ..., Cq_1} such that for all
states € C, Pj =0forallj ¢ Cj11 modd-

12.8.1 Consider a discrete random walk with state space
{0,1,2, ...} similar to Example 12.4 except there

line for help. The customer at the front of the line
whois actually receiving assistance is called the cus-
tomer in service. Other customers wait in line for
their turns. The queue evolves under the following
rules.

olf there is a customer in service at the start of
the one-second interval, that customer com-
pletes service (by receiving the information
she needs) and departs with probabitityin-
dependent of the number of past seconds of
service she has received; otherwise that cus-
tomer stays in service for the next second.

eIn each one-second interval, a new customer
arrives with probabilityp; otherwise no new
customer arrives. Whether a customer arrives
is independent of both the number of cus-
tomers already in the queue and the amount
of service already received by the customer in
service.

Using the number of customers in the system as
a system state, construct a Markov chain for this
system. Under what conditions does a stationary
distribution exist? Under those conditions, find the
stationary probabilities.

12.9.1 Atigeris always in one of three states: (0) sleeping,

(1) hunting, and (2) eating. A tiger’s life is fairly
monotonous, and it always goes from sleeping to
hunting to eating and back to sleeping. On average,
the tiger sleeps for 3 hours, hunts for 2 hours, and
eats for 30 minutes. Assuming the tiger remains in
each state for an exponential time, model the tiger's
life by a continuous-time Markov chain. What are
the stationary probabilities?

12.9.2 In a continuous-time model for the two-state packet

voice system, talkspurts (active periods) and silent
periods have exponential durations. The average
silent period lasts 1.4 seconds and the average talk-
spurt lasts 1 second. What are the limiting state
probabilities? Compare your answer to the limiting
state probabilities in the discrete-time packet voice
system of Example 12.8.



12.9.3 Consider a continuous-time Markov chain with

stateq(1, ..., k}. From every state, the transition
rate to any stat¢ is ¢jj = 1. What are the limiting
state probabilities?

cesses with ratesg and 1. Construct a Markov
chain that tracks whether the most recent arrival was
type 1 or type 2. Assume the system starts at time
t = 0 in state O since there were no previous ar-
rivals. In the distant future, what is the probability
that the system is in state 1?

12.10.FFor theM/M/c/c queue withc = 2 servers, what

is the maximum normalized load= A /u such that
the blocking probability is no more thani(®

12.10.Zor the telephone switch in Example 12.33, sup-

pose we double the number of circuits to 200 in
order to serve 80 calls per minute. Assuming the
average call duration remains at 2 minutes, what is
the probability that a call is blocked?

12.10.3Find the limiting state distribution of thiel /M /1/c

queue that has one server and capacity

12.10.4A set of ¢ toll booths at the entrance to a highway

can be modeled ascsserver queue with infinite ca-
pacity. Assuming the service times are independent
exponential random variables with mean= 1 sec-
ond, sketch a continuous-time Markov chain for the
system. Find the limiting state probabilities. What
is the maximum arrival rate such that the limiting
state probabilities exist?

12.10.%Consider a grocery store with two queues. At either

gueue, a customer has an exponential service time

with an expected value of 3 minutes. Customers

arrive at the two queues as a Poisson process of rate

A customers per minute. Consider the following

possibilities:

(a) Customers choose a queue at random so each
gueue has a Poisson arrival process of kgt

(b) Customers wait in a combined line. When a
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when the new arrival goes into service. Find the
limiting state probabilities for this queue when the
arrivals are Poisson with rate and service times
are exponential with mean 1/u

12.9.4 Let Np(t) and N4 (t) be independent Poisson pro-12.10.7n a cellular phone system, each cell must handle

new call attempts as well as handoff calls that orig-
inated in other cells. Calls in the process of handoff
from one cell to another cell may suffer forced ter-
mination if all the radio channels in the new cell are
in use. Since dropping, which is another name for
forced termination, is considered very undesirable,
a number of radio channels are reserved for hand-
off calls. That is, in a cell withtc radio channels,
when the number of busy circuits exceetds- r,
new calls are blocked and only handoff calls are ad-
mitted. Both new calls and handoff calls occupy a
radio channel for an exponential duration lasting 1
minute on average. Assuming new calls and hand-
off calls arrive at the cell as independent Poisson
processes with ratesandh calls/minute, what is
the probabilityP[H] that a handoff call is dropped?

12.11.1n a self-fulfilling prophecy, it has come to pass that

for a superstitious basketball player, his past free
throws influence the probability of success of his
next attempt in the following curious way. After
consecutive successes, the probability of success on
the next free throw is

an =05+ 0.1min(n, 4).

Similarly, aftern consecutive failures, the probabil-
ity of failure is alsoan = 0.5+ 0.1 min(n, 4). At

the start of the game, the player has no past history
and son = 0. Identify a Markov chain for the sys-
tem using state spade-4, —3, ..., 4} where state

n > 0 denotes consecutive successes and state
n < 0 denotegn| consecutive misses. With a few
seconds left in a game, the player has already at-
tempted 10 free throws in the game. What is the
probability that his eleventh free will be successful.

customer completes service at either queue, ik 11.2A store employs a checkout clerk and a manager.

customer at the front of the line goes into service.

For each system, calculate the limiting state proba-
bilities. Under which system is the average system
time smaller?

12.10.8n a last come first served (LCFS) queue, the most

recent arrival is put at the front of the queue and
given service. If a customer was in service when an
arrival occurs, that customer’s service is discarded

Customers arrive at the checkout counter as a Pois-
son process of rate and have independent expo-
nential service times with a mean of 1 minute. As
long as the number of checkout customers stays be-
low five, the clerk handles the checkout. However,
as soon as there are five customers in the check-
out, the manager opens a new checkout counter.
At that point, both clerk and manager serve the
customers until the checkout counters have just
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a single customer. LeWN denote the number of
customers in the queue in steady-state. For each
A € {0.5,1,1.5}, answer the following questions
regarding the steady-state behavior of the checkout
queue:

(a) What isE[N]?
(b) What is the probabilityP[W], that the manager
is working the checkout?

Hint: Although the chain is countably infinite, a bit
of analysis and solving a system of nine equations
is sufficient to find the stationary disribution.

12.11.3Atan autoparts store, et denote how many brake

pads are in stock at the start of dayEach day, the
number of orders for brake padsis a Poisson random
variableK withmeanE[K] = 50. IfK < Xp,then

all orders are fulfilled an& pads are sold during
the day. IfK > Xp, then Xp pads are sold but

K — X orders are lost. If at the end of the day, the
number of pads left in stock is less than 60, then 50
additional brake pads are delivered overnight. Iden-
tify the transition probabilities for the Markov chain

1 army; otherwise the attacker loses 1 army. Sup-
pose the battle ends when either the defender has 0
armies or the attacker is reduced to 1 army. Given
that the attacker starts withy armies and the de-
fender starts witlly armies, what is the probability
that the attacker wins? Find the answerdgr= 50
anddyp € {10, 20, 30,40, 50, 60}

12.11.6The Veryfast Bank has a pair of drive-thru teller win-

dows in parallel. Each car requires an independent
exponential service time with a mean of 1 minute.

Because of a series of concrete lane dividers, an
arriving car must choose a waiting line. In partic-

ular, a car always chooses the shortest waiting line
upon arrival. Cars arrive as a Poisson process of
rate 075 car per minute, independent of the state
of the queue. However, if an arriving car sees that
eachteller has at least 3 waiting cars, then the ar-
riving customer becomes discouraged and imme-
diately departs. Identify a Markov chain for this

system, find the stationary probabilities, and calcu-
late the average number of cars in the system. Hint:
The state must track the number of cars in each line.

Xn. Find the stationary probabilities. L¥tdenote 13 11 ZConsider the following discrete-time model for a

the number of pads sold in a day. Wha&gY]?

12.11.4The Veryfast Bank has a pair of drive-thru teller win-

dows in parallel. Each car requires an independent
exponential service time with a mean of 1 minute.
Cars wait in a common line such that the car at the
head of the waiting line enters service with the next
available teller. Cars arrive as a Poisson process of
rate 075 car per minute, independent of the state of
the queue. However, if an arriving car sees that there
are six cars waiting (in addition to the cars in ser-
vice), then the arriving customer becomes discour-
aged and immediately departs. ldentify a Markov
chain for this system, find the stationary probabili-
ties, and calculate the average number of cars in the
system.

12.11.9n the game oRisk adjacent countries may attack

each other. If the attacking county hasarmies,
the attacker rolls mifa — 1, 3) dice. If the de-
fending country hasl armies, the defender rolls
min(d — 1, 2) dice. The highest rolls of the attacker
and the defender are compared. If the attacker’s roll
is strictly greater, then the defender loses 1 army;
otherwise the attackerloses 1 army. Inthe eventthat
a > 1 andd > 1, the attacker and defender com-
pare their second highest rolls. Once again, if the
attacker’s roll is strictly higher, the defender loses

traffic jam. A traffic lane is a service facility
consisting of a sequence a&f spaces numbered
0,1,...,L—1. Eachof thd_ spaces can be empty
or hold one car. One unit of time, a “slot,” is the
time required for a car to move ahead one space.
Before space 0, cars may be waiting (in an “exter-
nal” queue) to enter the service facility (the traffic
lane). Cars in the queue and cars occupying the
spaces follow these rules in the transition from time
nton+ 1:

olf spacel + 1 is empty, a car in spademoves
to spacé + 1 with probabilityq > 0.

olf spacel + 1 is occupied, then a car in space
| cannot move ahead.

oA car at spacd. — 1 departs the system with
probabilityq.

olf space 0 is empty, a car waiting at the head
of the external queue moves to space 0.

eIn each slot, an arrival (another car) occurs
with probability p, independent of the state of
the system. If the external queue is empty at
the time of an arrival, the new car movesimme-
diately into space 0; otherwise the new arrival
joins the external queue. If the external queue
already has customers, the new arrival is dis-



carded (which can be viewed as an immediate
departure).
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L =1,2,.... The same hints apply as for the dis-
crete case.

Find the Stationary distribution of the system fOﬂ_leg’rhe game 0M0n0p0|yhas 40 spaces. Itis of some

¢ = 30 andg = 0.9. Find and plot the average
numberE[N] of cars in the system in steady-state
as a function of the arrival ratefor L = 1,2, .. ..
Hints: Note that the state of the system will
need to track both the positions of the cars in the
L spaces as well as the number of cars in the ex-
ternal queue. A state description vector would be
(K, Yo, - - -, YL_1) Wherek is the number of cars
in the external queue ang € {0,1} is a binary
indicator for whether spaceholds a car. To re-
duce this descriptor to a state index, we suggest that

(K, yo, ..., yL_1) correspond to state
L-1
i =ik Yo, Y1, yL_1) = k2" + Z yi2.
i=0

12.11.8The traffic jam of Problem 12.11.7 has the fol-

lowing continuous analogue. As in the discrete-
time system, the system state is still specified by
(K, Yo, - - -, YL_1) wherek is the number in the ex-
ternal queue anyg indicates the occupancy of space
i. Each of the. spaces can be empty or hold one car.
Inthe continuous-time system, cars in the queue and
cars occupying the spaces follow these rules:
olf spacel + 1 is empty, a car in spademoves
to space + 1 atrateu. Stated another way, at
any instant that spade+ 1 is empty, the resid-
ual time a car spends in spacis exponential
withmean 1/u
olf spacel + 1 is occupied, then a car in space
| cannot move ahead.
oA car at spacd. — 1 departs the system with
rates.
olf space 0 is empty, a car waiting at the head
of the external queue moves to space 0.
eArrivals of cars occur as an independent (of
the system state) Poisson process of rale
the external queue is empty at the time of an
arrival, the new car moves immediately into
space 0; otherwise the new arrival joins the
external queue. If the external queue already
hasc customers, the new arrival is discarded.
Find the stationary distribution of the system for
¢ = 30 andpx = 1.0. Pind and plot the aver-
age numbelE[K] of cars in the external queue in
steady-state as a function of the arrival ratéor

interest toMonopolyplayers to know which spaces
are the most popular. For our purposes, we will as-
sume these spaces are numbered 0 (GO) through 39
(Boardwalk). A player starts at space 0. The $m

of two independent dice throws, each a discrete uni-
form (1, 6) random variable, determines how many
spaces to advance. In particular, the positmn
aftern turns obeys

Xn+1 = (Xn + K) mod 40.

However, there are several complicating factors.

eAfter rolling “doubles” three times in a row,
the player is sent directly to space 10 (Jail).
Or, if the player lands on space 30 (Go to Jail),
the player is immediately sent to Jail.

eOnce in Jail, the player has several options to
continue from space 10.

—Pay a fine, and roll the dice to advance.

—Roll the dice and see if the result is dou-
bles and then advance the amount of the
doubles. However, if the roll is not dou-
bles, then the player must remain in Jail
for the turn. After three failed attempts at
rolling doubles, the player must pay the
fine and simply roll the dice to advance.

Note that player who lands on space 10 via an
ordinary roll is “Just Visiting” and the special
rules of Jail do not apply.

eSpaces 7, 22, and 36 are labeled “Chance.”
When landing on Chance, the player draws
1 of 15 cards, including 10 cards that spec-
ify a new location. Among these 10 cards, 6
cards are in the form “Go to” wheren €
{0,5,6,19,10, 39}. Note that the rule “Go to
10" sends the player to Jail where those spe-
cial rules take effect. The remaining 4 cards
implement the following rules.

—Go back three spaces

—Go to nearest utility: from 7 or 36, go to
12; from 22 go to 28.

—Go to nearest railroad: from 7 go to 15;
from 22 go to 25; from 36 go to 5.

Note that there are two copies of the “Go to
nearest Railroad” card.
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eSpaces 2, 17 and 33 are labeled “Community
Chest.” Once again, 1 of 15 cards is drawn.
Two cards specify new locations:
—Go to 10 (Jail)

—-Go to 0 (GO)

Find the stationary probabilities of a player’s po-

sition Xp. To simplify the Markov chain, suppose

thatwhen you land on Chance or Community Chest,
you independently draw a random card. Consider
two possible strategies for Jail: (a) immediately pay
to get out, and (b) stay in jail as long as possible.
Does the choice of Jail strategy make a difference?




Appendix A

Families of Random
Variables

A.1 Discrete Random Variables

Bernoulli (p)
ForO< p <1,
1-p x=0
Px(X)=1 P x=1 ¢x(s) =1— p+ pe
0 otherwise
E[X]I=p

Var[X] = p(1— p)

Binomial (n, p)
For a positive integemand 0< p < 1,

Px (X) = (2) p*L—p)"* ox(s) = (1— p+ pe’)"

E[X] =np
Var[X] =np(1— p)
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Discrete Uniform (k, I)
For integerk andl such thak < I,

_f1d-k+1D x=kk+1,....] ekt
Px (0 = { 0 otherwise O =TT i e
k+1
ElXl ==~
1=kl -k+2)
Var[X] = 12
Geometric (p)
ForO< p<1,
[ pa-p*t x=1,2,... B pe’
Px () = { 0 otherwise xS =T " e
E[X]=1/p
VarX] = (1~ p)/p?
Multinomial
Forintegem > 0, p; > Ofori =1, ..., n,andpy+---+ pnh =1,
Py, xe (X1, ..., Xr) = <x1, ,Xr) prt- P
E[Xi] =np
Var[Xi] = np(1— pi)
Pascal(k, p)
For positive integek, and O< p < 1,
Px (X) = X1 K1 — p)** ox(s) = e\
= k1) PP - a-pe
E[X]I=k/p

Var[X] = k(1 — p)/p?



A.2 CONTINUOUS RANDOM VARIABLES

Poisson(«)
Fora > O,
aXe @
0 otherwise
E[X]=«
Var[X] = «
Zipf (n, @)

For positive integen > 0 and constart > 1,

c(n, o)
PX(X):{ e x=12..n
0 otherwise

where

A.2 Continuous Random Variables

Betad(i, j)
For positive integersand j, the beta function is defined as

R e )
’B(I’J)_(i—l)!(j—l)!

For ag(i, j) random variableX,

[ B X TIA-xI"t 0<x<1
fx 09 _{ 0 otherwise
i
E[X] = ——
[X] 3

i
Var[ X] =
B ey S
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504 FAMILIES OF RANDOM VARIABLES

Cauchy (a, b)
For constanta > 0 and—oco < b < o0,

1 a
fx () = 7 a2+ (X —b)2

$x(s) = €57

Note thatE[ X] is undefined sincg@‘fooo x fx (x) dxis undefined. Since the PDF is symmetric
aboutx = b, the mean can be defined, in the sense of a principal value,lio be

E[X]=b
Var X] = oo

Erlang (n, 1)
Fora > 0, and a positive integer,

knxn—le—)\x
fx (x) = [ - =0
0

otherwise
E[X] =n/A
Var[X] = n/?

Exponential (1)

Forix > 0,
re M x>0
fx () = { 0 otherwise
E[X] = 1/4

Var[X] = 1/22

Gamma(a, b)
Fora > —1 andb > 0,

0 otherwise
E[X]=(@+ Db
Var[X] = (a+ 1)b?

Xae—x/b
fx (X) = [ apart X0

5 n
ox(s) = (A——S)

Px(S) = ——
x(S) 5

S —_—
Px(S) (1 — bs)at+l



A.2 CONTINUOUS RANDOM VARIABLES

Gaussian(u, o)
For constants > 0, —oo < 1 < o0,
ef(xfu)z/Z(r2

o 21

fx (0 = Px(s) = 1572

E[X]=wn
VarX] = o2

Laplace (a, b)
For constanta > 0 and—oco < b < 00,

2.bs
a _aix_ a<e
fx (x) = € ax—bl Px(s) = 2Z_2
E[X]=b
Var[X] = 2/a®
Log-normal (a, b, o)
For constants-oco < a < o0, —00 < b < o0, ando > 0,
ef(ln(xfa)fb)z/Zoz
_ X>a
fx () = V2mo (X —a)
0 otherwise
E[X] = a+ e>o?/2
var[X] = e?b+o” (e"2 — 1)
Maxwell (a)
Fora > 0,
Fx (X) = «/2/718.3X2e_a2x2/2 x>0
X 0 otherwise

E[X]=\/g

37—8
Var[ X] = Zaz
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506 FAMILIES OF RANDOM VARIABLES

Pareto (o, 1)
Fore > 0 andu > 0,

—(a+1)
fx X) = { éa/ﬂ)(X//L) + X >

otherwise
E[x] = -2 oo
a—1
2
o
varfX] = —  —» ,
alxl (@ —2)(a—1)2 (@ > 2)
Rayleigh (a)
Fora > 0,
2y a—a?x2)2 0
x (0 { 0 otherwise
b
E[X]=.|—
2—m/2
Var[X] = ag/
Uniform (a, b)
For constanta < b,
i a<x<b gbs _ gas
0=} b-a Px(S) = ————
0 otherwise s(b—a)
a+b
E[X] = —
_ )2
Var[ X] = b-2a

12



Appendix B
A Few Math Facts

This text assumes that the reader knows a variety of mathematical facts. Often these facts
go unstated. For example, we use many properties of limits, derivatives, and integrals.
Generally, we have omitted comment or reference to mathematical techniques typically
employed by engineering students.

However, when we employ math techniques that a student may have forgotten, the result
can be confusion. It becomes difficult to separate the math facts from the probability facts.
To decrease the likelihood of this event, we have summarized certain key mathematical facts.
In the text, we have noted when we use these facts. If any of these facts are unfamiliar, we
encourage the reader to consult with a textbook in that area.

Trigonometric Identities

Math Fact B.1 Half Angle Formulas

cos(A+ B) = cosAcosB — sinAsinB sin(A + B) = sin AcosB + cosAsinB
cos2A = cos A — sir? A sin 2A = 2 sinAcosA

Math Fact B.2 Products of Sinusoids

1

sinAsinB = 5[cos(A— B) — cos(A+ B)]
1

cosAcosB = E[cos(A— B) + cos(A+ B)]
1

sinAcosB = 5[sin(A—i- B) +sin(A— B)]

Math Fact B.3 The Euler Formula

The Euler formula!? = cosd + j sind is the source of the identities
el 4 g0 . el _g-if
coso = & € sing = ————

2 2]
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508 A FEW MATH FACTS

Sequences and Series

Math Fact B.4 Finite Geometric Series
The finite geometric series is

n 1_qn+1
>d=1+q+a%+ "=
i=0 1-q

To see this, multiply left and right sides 9% — q) to obtain

n
A-> d=A-pA+g+g*+ - +gH=1-g""
i=0

Math Fact B.5 Infinite Geometric Series
When|q| < 1,
o0 n
. ) . ) 1— n+1 1
Eq':llmgq':hm 1q =T a
e n— oo n—oo —q —q

i=0

Math Fact B.6
iiqi _qd-g"1+nd-q)

Y
=] 1-a
Math FactB.7 If |q| < 1,
Zlql = (1_ )2
i=1 q
Math Fact B.8
X”: . n(n+1)
2.0 =75

Math Fact B.9

X”: o, n(n+1)@2n+1)
J=1J - 6
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Calculus

Math Fact B.10 Integration by Parts
The integration by parts formula is

b b
/ udv:uv|g—/ vdu.
a a

Math Fact B.11 Gamma Function
The gamma function is defined as

o0
I'(2) = / tZle tdt.
0

If z = n, a positive integer, their(n) = (n — 1)!. Also note thatl'(1/2) = /7,
I'(3/2) = /7 /2, andl'(5/2) = 3./7 /4.

Math Fact B.12 Leibniz’s Rule
The function

b(a)
R(a) = / r (o, X)dx
a(w)

has derivative

dR@) _ db(a) +/b<a> ar (a, X)
do do a(a) o

In the special case whexiw) = a andb(«) = b are constants,

da(a)

—r (Ol, a(a))w +r (Ol, b(a)) dax.

b
R(a) = / r (o, X)dx,
a
and Leibniz’s rule simplifies to

dR@) /b ar (e, x)
a

dx.
da o X

Math Fact B.13 Change-of-Variable Theorem
Letx = T(y) be a continuously differentiable transformation froffl to R". Let R be a
set inU{" having a boundary consisting of finitely many smooth sets. Suppos&thatl
its boundary are contained in the interior of the domaii pfl is one-to-one oR, and
det(()T’), the Jacobian determinant ®f is nonzero orR. Then, if f (x) is bounded and
continuous orT (R),

/ f(x)dVg = / f(T(y))|det(T)" | dVy.
T(R) R
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Vectors and Matrices
Math Fact B.14 Vector/Matrix Definitions

(a) Vectorsx andy areorthogonalif x'y = 0.

(b) Anumber is aneigenvaluef a matrixA if there exists a vectorsuch thalAx = Ax.
The vectoix is aneigenvectoiof matrix A.

(c) A matrixA is symmetridf A = A’.
(d) A square matriA is unitaryif A’A equals the identity matrik
(e) A real symmetric matriA is positive definitéf x’Ax > 0 for every nonzero vector

X.

(f) A real symmetric matrixA is positive semidefinité x’Ax > 0 for every nonzero
vectorx.

(9) A set of vectorgxz, ..., Xn} is orthonormalif x’ix; = 1ifi = j and otherwise
equals zero.

(h) A matrixU is unitaryif its columns{uy, ..., uy} are orthonormal.

Math Fact B.15 Real Symmetric Matrices
A real symmetric matriXA has the following properties:

(a) All eigenvalues oA are real.

(b) If X1 andxz are eigenvectors & corresponding to eigenvalugs # A, thenx; and
X2 are orthogonal vectors.

(c) A canbe written ad = UDU’ whereD is a diagonal matrix and is a unitary matrix
with columns that are orthonormal eigenvectors #f.

Math Fact B.16 Positive Definite Matrices
For a real symmetric matri&, the following statements are equivalent:

(a) A is apositive definitenatrix.

(b) X’Ax > 0 for all nonzero vectors.

(c) Each eigenvalug of A satisfies. > 0.

(d) There exists a nonsingular matki such thatA = WW'.

Math Fact B.17 Positive Semidefinite Matrices
For a real symmetric matrig, the following statements are equivalent:
(a) A is a positive semi-definite matrix.
(b) X’Ax > 0 for all vectorsx.
(c) Each eigenvalug of A satisfies. > 0.
(d) There exists a matriw/ such thatA = WW'.
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A

A/S/n/m naming convention for
queues, 481
k-combination, 29
k-permutation, 29
M-PSK communications system,
322,324

M/M/1 queue, 482
M/M /oo queue, 483
M/M/c/oco queue, 486
M/M/c/c queue, 484
n-step transition probabilitiei48
a priori probability, 16
a priori probabilities, 302
acceptance set, 300
accessible statd55
ai rcondpr ob. m 489
alternative hypothesis, 301
aperiodic state}56
arrival process

deterministic, 481

general, 481

memoryless, 481
arrival rate in state, 480
arrival, 60
arrivals, 362

Bernoulli decomposition, 366
Bernoulli process361
Bernoulli random variable
expected value, 67
Bernoulli random variables5, 57,
501
bernoul I'i cdf . m 88
bernoul I'i pnf. m88
bernoul l'irv. m88
beta random variable, 338-340,
503
bias
in estimators, 280
bi gpoi ssonpnf. m 100
binary hypothesis test, 301-306,
315
minimum cost, 308
discrete Neyman-Pearson, 311
maximum a posteriori
probability, 305-306
maximum likelihood, 312-313
minimum cost, 309
Neyman-Pearson, 310
binomial coefficient, 30
binomial random variableq7, 69,
96, 98, 262—-263, 338, 501
expected value, 69

asymptotically unbiased estimator, bi noni al cdf. m 88

280
autocorrelation function, 35371
Brownian motion, 371
random sequence, 371
wide sense stationary process,
377
autocovariance function random
sequence370
autocovariance function, 35370
Brownian motion, 371
stochastic process, 371
average powel377-378
wide sense stationary process,
377
axioms of probability12, 212
conditional probability, 17
consequences of, 15

B

Bayes’ theorem, 20
bell curve, 257

bi nom al pnf . m 88, 274
bi nom al rv. m 88
birth-death procesg.80
birth-death queue, 481
blind estimation, 328
branch probability, 447
Brownian motion proces868
Brownian motion, 368

joint PDF, 369
br owni an. m 386

C

Cauchy random variable, 504
CDMA communications system,
323-324, 351
central limit theorem, 258, 295
applications of, 261
approximation259
confidence interval estimation,
290
significance tests, 301

Index

Chapman-Kolmogorov equations
continuous-time, 477
discrete-time, 448, 468
finite Markov chain, 449
Chebyshev inequality, 277-278
Chernoff Bound, 265
chi ptest. m41
circuits. mz210
circular convolution, 436
cntprob. m 489, 493
cntst at prob. m 489, 493
collectively exhaustive sets, 5
collectively exhaustive, 5
combinations, 29
communicating classe455
multiple, 464
communicating stated55
communications system
M-PSK, 322, 324
CDMA, 323-324, 351
packet voice, 446, 451-452, 460,
494, 496

QAM, 322

QPSK, 315-316, 322-323, 356,
390

ternary amplitude shift keying,
321

ternary ASK, 322

compact disc, 261

complement, 5

complementary CDF
standard normall.22

components in parallel, 38

components in series, 38

conditional expected valué4
as a random variabléd,84
given a random variable, 182
given an event]39
of a function given an event, 178
of a function,184

conditional joint probability

density function178
conditional joint probability mass
function, 177

conditional mean square error, 329

conditional PDF
given an event]37

conditional probability density
function, 182
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INDEX

continuous random variables,

183

conditional probability mass
function, 81,181

conditional probability17, 42

conditional variancel79

confidence coefficient, 286-287,
289

DC voltage, 378

De Moivre—Laplace formule263
De Morgan'’s law, 6

decision regions, 316

decision statistic, 302
decorrelation, 323

delta function, 125

departures, 386

confidence interval, 286-287, 289 derived random variabl&0

Gaussian, 290
consistent estimato280
continuous random variable, 51,

101,104
cumulative distribution function,
104

expected valuel 11
continuous-time proces358

sampling, 399
continuous-value proces358
convergence

almost always, 284

almost everywhere, 284

almost surely, 284

in probability, 283-284

with probability 1, 284
convolution, 247, 395
correlation coefficientl75

in linear estimation, 333
correlation matrix

Toeplitz, 405

probability density function, 131
deterministic arrival process, 481
diabetes test, 151

erl angpdf. m143
erl angrv. m143
estimator
asymptotically unbiase®80
consistent280
linear mean square error
(LMSE), 333
maximum a posteriori
probability, 337
minimum mean square error
(MMSE), 330
unbiased280-281

digital signal processor (DSP), 399event spacel0

discrete Fourier transforrd31
inverse, 434
discrete Neyman-Pearson binary
hypothesis test, 311
discrete random variabl&l
conditional PMF, 181
variance, 77
discrete uniform random variable,
59, 69, 502
expected value, 69
discrete-time differentiator, 404
discrete-time Fourier transform
(DTFT), 417
discrete-time Fourier transform,
418
table, 418
discrete-time integrator, 403

correlation of a random vector, 225gjscrete-time linear filtering, 400

correlation,173
of random vectors, 225
count . m89, 268, 385
count equal . m 48
counting process362
counting
fundamental principle of, 28
methods, 28
covariance matrix, 225
random vector225
covariancel73
of random vectors, 225
cross spectral densit21
cross-correlation functior880
cross-correlation, 227-228, 353
of random vectors226
cross-covariance, 227-228
of random vectors227
cumulative distribution function
of a pair of random vector215
continuous random variablép4
discrete random variablé2
joint, 154
random vector215
standard normall.20

discrete-time Markov chaim45
discrete-time proces858
discrete-value proces358
disjoint events, 22

disjoint sets, 5

dispersion, 77
distinguishable objects, 29
dntst at pr ob. m 487, 493
Drunken Sailor, 447
dtriangl erv. m200
duni f or ncdf . m 88

duni f or mpnf . m 88

duni fornrv. m88

E

event,9-10, 41
expectation, 52, 66
expected value, 52, 66, 276
Bernoulli random variable, 67
binomial random variable, 69
conditional, 84
continuous random variablé11
discrete random variablég
discrete uniform random
variable, 69
exponential random variable, 117
geometric random variable, 68
given an event].39
of a function, 112
Pascal random variable, 69
random matrix224
random sum, 256
random vector224
stochastic proces8y70
experiment, 7
exponential random variablé 15,
504
expected value, 117
variance, 117
exponenti al cdf. m143
exponent i al pdf. m 143
exponenti al rv. m143

F

factorial.m87
false acceptance, 301
false alarm, 303

false rejection, 301

eigenvalue, 234, 449, 451, 454,510 ax3pnf . m 86

eigenvector, 449, 510
elements of a set, 3

ensemble averages, 355
ensemble354

equally likely outcomes, 14
erf.m142

ergodic, 378

Erlang random variable,18, 504
Erlang-B formula, 485

erl angcdf . m 143

faxl engt h8. m 99

find. mol

finest-grain, 8

finite random variable51

finitecdf.m88

finitepnf.m86, 88,91, 197,
266, 488

finiterv.ma88,197-198, 488

first moment, 78

floor.m88



Fourier transform412
discrete-time418
table, 413
frequency response, 422
fregxy. m199

G

gamma random variable, 504
gausscdf . m 143
Gaussian PDF
bivariate, 393
multivariate, 229, 393
Gaussian process
white noise 383
wide sense stationary, 383
Gaussian random variabl&]9,
505
Gaussian random variables
bivariate,191
Gaussian random vectd?29
Gaussian stochastic proce383
gausspdf . m 143
gaussrv. m143
gaussvect or. m 236, 387-388
gaussvect or pdf . m 235-236
general arrival process, 481
genetics, 44-45
geometric random variable, 5657
502
expected value, 68
geonetriccdf. m88
geonetri cpnf. m86-88
geonetricrv. m88-89, 100,
152
georv. m 152
Gray code, 325
gseq. m 388

H

handoffs, 43
hi st. m41, 48, 90, 199
hop
Markov chain, 447
human granulocytic ehrlichiosis,
45
hypothesis test, 300
binary, 302
maximum a posteriori
probability, 306
Neyman-Pearson, 310-311
maximum a posteriori
probability, 306
multiple, 314
maximum a posteriori
probability, 315
maximum likelihood, 315

i cdf 3spin. m144
icdfrv. m144,152
i cdf w. m 152
identically distributed, 219
iid random sequence, 361
i mgepnf.m 197
i magerv. m198
i magesi ze. m 197-198
i mgest em m 199
improper experiments, 50
increments process, 392
independence
3 events23
Gaussian random vector, 230
more than two event24
N random variables218
random variables] 88
random vectors219
independent and identically
distributed,219
independent eventgl, 42
independent increments, 368, 371
independent random variablel<88
independent trials, 35
independent, 21
indicator random variable, 279
interarrival times, 364-366
Poisson process, 364-365
intersection of sets, 5
inverse discrete Fourier transform,
434
irreducible Markov chain
continuous-time476
discrete-time459

J

jitter, 99
joint cumulative distribution
function, 154
derived from joint PDF, 162
multivariate,211
joint probability density function,
160
conditional,178
multivariate,212
properties, 161
joint probability mass functior,55
conditional,177
multivariate,212

jointly Gaussian random variables,

229
jointly wide sense stationary
processes380
cross-correlation, 382
jul ytenps. m237

L
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Laplace random variable, 505
Laplace transform, 248
last come first served (LCFS)
queue, 497
last come first served queue, 497
law of averages, 276
law of large numbers
validation of relative frequencies,
283
weak, 283
law of total probability, 19
likelihood functions, 303
likelihood ratio, 306
limiting state distribution, 479
limiting state probabilities451
linear estimation, 328, 332
using a random vector, 341-342
linear estimator, 408
Gaussian, 334
minimum mean square error, 411
linear filter, 395
causal, 401
feedback section, 402
Finite impulse response (FIR),
401
forward section, 402
Gaussian input process
continuous-time, 398
discrete-time, 406—-407
Infinite impulse response (IIR),
402
input-output cross power spectral
density, 426
order, 401
output power spectral density,
422
linear mean square error (LMSE)
estimator, 333
linear prediction filter
minimum mean square error, 409
linear prediction, 344
linear predictor, 408
Markov property, 409
linear time invariant filter
discrete-time
input-output cross-correlation,
400
output autocorrelation, 401
wide sense stationary input,
400
input-output cross-correlation,
396
output autocorrelation, 396
wide sense stationary input, 396
linear transformation
Gaussian random vector, 231
moment generating function, 250
of a random vector, 223, 227
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INDEX

log-normal random variable, 505 MaATLAB function

lottery, 47, 95, 97-98, 240, 242
Lyme disease, 45

M

marginal probability density
function, 165-166
marginal probability mass
function, 158-159
Markov chain, 445
multiple recurrent
communicating classes,
465
n-step transition probabilities,
448
n-step transition probabiliy, 449
accessible state, 455
birth-death proces4.80
Chapman-Kolmogorov
equations, 448
communicating class, 455-456,
472
communicating states, 455
continuous-time, 474
limiting state probabilities, 479
state probabilities, 478
departure rate, 475
discrete-time445
embedded discrete-time, 476
finite state, 458
hop, 447
irreducible, 459, 476
limiting n-step transition
probabilities, 473
limiting state probabilities, 451,
460
limiting state probability vector,
452
null recurrent state471
path, 447
period, 456
positive recurrent statd,71
positive recurrent476
recurrent class, 457
recurrent state469—-470
state probabilities, 450
state probability vector, 450
state visits, 470
stationary probability vector,
452-453, 455, 460,
464-465, 495
steady-state, 453
transient state469
transition probabilities, 445
two-state, 446
Markov inequality, 277
mar kovdi sk. m 487

ai r condpr ob, 489
bernoul |i cdf, 88
bernoul |i pnf, 88
bernoul lirv, 88

bi gpoi ssonpnf, 100
bi nom al cdf , 88

bi nom al pnf, 88, 274
bi nom al rv, 88

br owni an, 386

chi ptest,41
circuits, 210
cntprob, 489, 493
cntst at pr ob, 489, 493
count, 89, 268, 385
count equal , 48
dntst at pr ob, 487, 493
dtriangl erv, 200
duni f or ncdf, 88
duni f or npnf , 88
duni fornrv, 88
erf,142

erl angcdf, 143

er| angpdf, 143

erl angrv, 143
exponenti al cdf , 143
exponenti al pdf, 143
exponenti al rv, 143
factorial,87

f ax3pnf , 86

f axl engt h8, 99
find, 91
finitecdf,88

finitepnf, 86,88, 91,197,

266, 488

finiterv,88,197-198, 488

floor, 88
fregxy, 199
gausscdf, 143
gausspdf, 143
gaussrv, 143

gaussvect or, 236, 387-388
gaussvect or pdf , 235-236

geonetri ccdf, 88
geonetri cpnf, 86-88

geonetricrv, 88-89, 100,

152
georv, 152
gseq, 388
hi st , 41, 48, 90, 199
cdf 3spi n, 144
cdfrv, 144, 152
cdf w, 152
magepnf , 197
mager v, 198
magesi ze, 197-198
magest em 199
j ul yt enps, 237

mar kovdi sk, 487

meshgri d, 197
nmodenr v, 152
nmse, 346

ndgri d, 48, 196-197, 266—-267
newarrival s, 394

pascal cdf, 88

pascal pnf, 88
pascal rv, 88-89

phi , 142

pl ot, 274

pl ot 3,199

pnf pl ot , 90

poi ssonarrival s, 384, 394
poi ssoncdf, 88

poi ssonpnf , 87-88, 100
poi ssonprocess, 385

poi ssonrv, 88-89

qui z31rv, 152

qui z36rv, 152

rand, 40, 89, 102, 135, 141-143
randn, 142, 236, 266-267
si nbuf f er, 488-489

si ntnt, 490-493

si ncnest ep, 490-491, 493
si mdnt, 488, 490, 492-493
si mmtc, 492

si npl ot , 491, 493

si mswi t ch, 386
stairs,491

st enB, 199

sunx1x2, 266

svd, 236

t2rv, 144

t hr eesum 267
toeplitz, 388
triangl ecdf pl ot, 210
uni fornill2, 268

uni f or ncdf , 143

uni f or mpdf , 143

uni fornrv, 143

uni que, 91, 197, 199

urv, 152

vol t power, 90
wrvl, 152,210
wrv2,210

x5, 235

xytriangl erv, 200

maximum a posteriori probability
binary hypothesis test, 305

maximum a posteriori probability
estimator, 337

maximum likelihood binary
hypothesis test, 312-313

maximum likelihood decision rule,
312

maximum likelihood estimate337
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maximum likelihood multiple Neyman-Pearson binary hypothesis discrete-time419
hypothesis tes815 test, 310 power spectral density
Maxwell random variable, 505 nonergodic, 467 discrete time
McNabb, Donovan, 271 normal random variable, 118 properties, 420
mean square erro281, 327 normal, 119 discrete-time moving-average
mean value, 66, 276 null hypothesis, 300-301 filter, 425
mean, 65, 276 null set, 4 properties, 415
median, 65-66 o wide sense stationary process,
memoryless arrival process, 481 414
memoryless process, 366 observations, 7 prediction, 327
memoryless, 364 one-tail significance test, 302 prior probabilities, 302
meshgri d. m 197 order statistics, 239 prior probability, 16
minimum cost binary hypothesis ~ ordered sample, 32 probability density function, 102,
test, 309 orthogonal random variable$74 106
minimum mean square error orthogonality principle, 334 derived random variable, 131
(MMSE) estimator, 330 orthonormal, 510 joint, 160
miss, 303 outcome§, 10, 41 marglna_l, 165—16_6
mixed random variable, 12829 multivariate marginal, 217
mode, 6566 of a pair of random vector15
model pacemaker factory, 319 random vector215
of an experiment, 7 packet voice communications probability mass functiorb2
models, 7 system, 446, 451-452, 460, conditional,81,181
modem, 107, 114, 152, 305, 314 494, 496 joint, 155
2400 bps, 322 Pareto random variable, 146, 506 ~Marginal, 158-159
nodent v. m 152 Pascal random variablgg, 69, 502 ~ Multivariate marginal, 216
moment generating functio248 expected value, 69 of a pair of random vectorg15
sums of random variables, 251 Pascal cdf. m 88 andom vector215
table of, 249 pascal pnf. m 88 probability measure, 42
moments pascal rv. m 88-89 procedure, 7
. . ath projection, 334
exponential random variable, 250P )
random variable78 M‘ark.0v chain, 447 Q
Monopoly, 499 periodic ;tates456 o
moving-average filter permutations, 29 QAM communlgathns system, 322
; - phi . m 142 QPSK communication system, 315
continuous time, 397 pl ot. m274 QPSK communications system,
continuous-time, 398 pl ot 3. m 199 315-316, 321-323, 356,
d|scritlegt|me Fourier transform, pnf pl ot . m 90 390
discrete-time, 401-402, 407, P0|s_son proces863 quan:!zatlon noise, 151
425,429, 432, 436, 438~ ovalrae 363 duatizer
. ' ’ ' ’ Bernoulli decomposition, 367 uniform, 138, 151-152
moving-average process, 400 interarrival times, 364—365 queue
mse. m 346 memoryless property, 364 M/M/1, 482, 486
mult!mod_al, 65 . Poisson processes M/M /oo, 483
mult!nom!al coefficient, _33—34 competing, 368 M/M/c/oo, 486
multinomial random variable, 213, ¢y, of, 366 M/M/c/c, 484
502 . Poisson random variablép, 503 as birth-death process, 480
multiple hypothesis test, 314-315 i ssonarri val s. m 384,394 last come first served, 497
maximum !lk_ellhood,315 poi ssoncdf . m 88 qui z31rv. m 152
mult!var!ate !o!nt CDFR211 poi ssonpnf . m 87-88, 100 qui z36rv. m 152
multivariate joint PDF212 poi ssonpr ocess. m 385
multivariate joint PMF212 poi ssonrv. m 88-89 R
mutually exclusive sets, 5 positive definite matrix, 234, 510 radar system, 303-304, 311, 320
N positive recurrent Markov chain, rand. m 40, 89, 102, 135,
476 141-143
ndgri d. m 48, 196-197, positive semidefinite, 510 randn. m 142, 236, 266-267
266-267 power spectral density function, random matrix, 224

newar rival s. m 394 412 expected value224
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as Markov chain, 445
autocorrelation function, 371
autocovariance functior370
Bernoulli, 361
iid, 361
in digital signal processing, 399
joint PMF/PDF, 361
noisy estimation, 441
stationary373
wide sense stationary, 376, 404
random sum, 254—-255
random variable, 49-50
nth moment, 250
Bernoulli, 55, 501
beta, 338-340, 503
binomial,57, 69, 96, 338, 501
Cauchy, 504
derived,70
discrete uniform59, 69, 502
discrete 51
Erlang,118, 504
exponential 115, 504
finite, 51
gamma, 504
Gaussian119, 505
geometric57, 502
indicator, 279
Laplace, 505
log-normal, 505
Maxwell, 505
momentsy/8, 249
multinomial, 213, 502
normal, 118
Pareto, 146, 506
Pascal58, 69, 502
Poissong0, 503
Rayleigh, 506
standard normall 20, 233
uniform, 114, 506
Zipf, 95, 100, 503
random variables
jointly Gaussian, 229
maximum of, 221
minimum of, 221
uncorrelated, 244
random vector214
correlation,225
covariance matrix225
cumulative distribution function,
215
expected value224
function of, 220, 222
Gaussian229
probability density function215
probability mass functior215
sample value215
standard normaR32—-233

random vectors
independence219
range, 49
Rayleigh random variable, 506
receiver operating curve (ROC),
303
recurrent state457
Markov chain,469
region of convergence, 248
rejection set, 300

signal constellation, 316

signal space, 316

significance level, 300

significance test, 299-300
central limit theorem, 320

si mbuf f er . m 488-489

si ntnc. m 490-493

si ntnetst ep. m 490-491, 493

si mdnt. m 488, 490, 492-493

si mmmece. m 492

relative frequency, 12-13, 283, 288si npl ot . m 491, 493
and laws of large numbers, 283 si mswi t ch. m 386

reliability problems, 38
right hand limit, 64
Risk, 498

S

sample function354

sample mean trace, 292

sample mean, 275-27876
as estimator, 281
consistent estimator, 282
expected value, 276
mean square error, 282

stationary stochastic process, 37

unbiased estimator, 282
variance, 276
sample space grid, 196
sample space, 41
sample value
random vector215
sample variance
biased, 284
unbiased, 285
sample, 29
ordered, 32
sampling, 29
continuous-time process, 399
with replacement, 29
without replacement, 29, 31
second moment, 78
second order statistics, 224
second-order statistics, 227
sequential experiments, 24
service rate, 480
set of states, 445
set, 3
complement, 5
sets
collectively exhaustive, 5
difference, 5
disjoint, 5
intersection, 5
mutually exclusive, 5
union, 4
sifting property
of the delta function, 126

singular value decomposition,
233-234, 236

shake eyes, 295

stairs. m491

standard deviatior] 7

standard error, 282

standard normal complementary
CDF,122

standard normal cumulative
distribution function 120

standard normal random variable,
120, 233

gtandard normal random vector,

232-233
standardized random variable, 99
state probability vecto450
state space, 445
state transition matrix, 447
state, 445
stationary distribution, 479
stationary probabilities, 452
stationary probability vecto452
stationary random sequen&,3
stationary stochastic proce§§,3
properties, 374
sample mean, 378
statistic, 66
statistical inference, 275, 299
steady-state, 478
stenB. m 199
Stirling’s approximation, 471
stochastic matrix, 447
stochastic proces854
autocorrelation function, 371
autocovariance function,
370-371
expected value370
Gaussian383
stationary 373
wide sense stationar$,/6
strict sense stationary, 377
subexperiments, 24
subset, 3
sums of random variables variance,
244
sums of random variables, 243
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exponential, 253
Gaussian, 253

triangl ecdf pl ot. m210
two-tail significance test, 302
Type Il errors, 301

moment generating function, 251 Type | errors, 301

PDF, 246

Poisson, 252

variance, 244
sunx1x2. m 266
SVD, 234, 236
svd. m 236
symmetric, 510

T

t2rv. m1l44

tails, 122

ternary amplitude shift keying
communications system,
321

ternary ASK communications
system, 322

three-sigma event, 122

t hreesum m 267

time average, 355

time sequence, 353

Toeplitz correlation matrix, 405

Toeplitz forms, 344, 405

toeplitz. m388

transient state457

Markov chain 469

transition probability, 445

tree diagram, 24

tree diagrams, 24

trial, 13

trials

independent, 35

typical value, 276

u

unbiased estimato280-281
uncorrelated random variablek?5
uniform quantizer, 138, 151-152
uniform random variablel 14, 506
uni forml2. m 268

uni f or ncdf . m 143

uni f or npdf . m 143

uni fornrv. m143

union, 4

uni que. m 91, 197, 199

unit impulse function125

unit step function 126

unitary, 510

universal set, 4

urv. m 152

\%

variance,’7
conditional, 179
discrete random variable, 77
estimation of, 284

INDEX 519

weak law of large numbers, 283
white Gaussian nois&83,
397-398, 439, 441
white noise, 400
wide sense stationary process
input to linear time invariant
filter, 396
autocorrelation function, 377
average power, 377
wide sense stationary random
sequence, 344, 376
wide sense stationary sequence
input to discrete-time linear time
invariant filter, 400
wide sense stationary stochastic
process376
wide sense stationary
Gaussian process, 383
Wiener filter, 426
Wiener-Khintchine theorem, 414
continuous time, 414
discrete time, 419
wrapped signal, 438
wrvl. m152, 210
wrv2. m210

x5. m 235

exponential random variable, 117Xyt ri angl er v. m 200

sums of random variables, 244
vectors

orthogonal, 510
Venn diagrams, 4
vol t power. m 90

w
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Zipf random variable, 95, 100, 503
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